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switching functions (GSFs). GSFs are a generalization of binary switching func 
(Boolean functions) with domain and range assuming values from finite (Galois) : 
GF(p^) and GF(p“) respectively, where p is a prime and integer k is not necessarily 
to integer n. The treatment of GSFs in this thesis is confined to the practically impo 
case of p = 2. Although GSFs are of interest in a wide range of areas such as swit 
systems, error control coding, cr 3 rptography and image processing, applications of 
considered in this thesis are restricted to the areas of characterization, classificatioj 
synthesis of switching functions, and error control coding. | 

Switching functions over finite fields have been studied by several authors. Hot 
only few results are available on algebraic structures emd properties of these functions 
aspect of GSFs is emphasized in this thesis and properties of signals representable by; 
are studied in an algebraic framework. 

Advantages of spectral characterization of discrete signals and systems definei 
finite index sets are well known. Specifically, discrete Fourier transform (DFT) ovei 
fields has been employed extensively in error control coding for characterization of 
However, the utility of DFT is restricted to those signal lengths that are relatively pr 
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the characteriatic of the finite field. One solution to this problem is to impose alternative 
structures on the index set of signals irnder consideration so that a finite field tremsform 
which can accommodate signed lengths that are not reledively prime to the characteristic of 
the field, can be defined on them. One such structure is that of a cyclic monoid. The 
algebra of discrete signads whose index set has the structure of a cyclic monoid is called a 
cyclic monoid algebra. 

GSFs qualify to be members of a multiplicative cyclic monoid algebra M(2^) of 
dimension 2^. The nonzero elements of index sets of GSFs constitute a multiplicative cyclic 
group of order 2^—1. However, the multiplicative inverse of the 'O’ element of the index set 
is not defined, thus giving rise to the structure of cyclic monoids to the index sets. The two 
binary operations in the cyclic monoid algebra are p>ointwiae addition and an appropriately 
defined coiivolution. The cyclic monoid algebra is isomorphic to a residue class polynomial 
algebra over an appropriate finite field extension. The two binary operations in this algebra 

are polynomial addition and polynomial mxdtiplication modulo (x — x). The isomorphism 
between these two algebras is a finite field transform, cadled Galois Transform (GT), which 
transforms convolution in the function domain to pointwise multiphcation in the spectral 
domain. This transform is essentially an extension of DFT over finite fields, thus making it 
possible for conjugacy relations in the case of the latter to be extended to the former. 
Polynomials representing GSFs imder this isomorphism (transform) are called Galois 
polynomials (GPs). It follows that the coefficients of the GP representing a GSF are the 
GT coefficients of the signal vector over GF(2“) of length 2^. If the transform vectors lie in 
an extension field of GF(2“), then the GP representing a GSF is shown to have remarkable 
properties which provide a means for their realization through parallel processing 
techniques. This is because conjxigacy relations permit the terms in the GP to be grouped 
into disjoint Frobenius cycles which can be realized independently. Since computation cl 
Frobenius sum in a Frobenius cycle involves repeated squaring of an element in that cycle 
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the efficiency of computation can be increased by exploiting normal basis (NB) 
representation of finite field elements, as squaring of an element represented in NB 
amoxmts to mere cyclic shift of the components of its cartesian representation with respect 
to that basis. 

A class of functions where the theory of GSFs can be immediately applied is the 
class of k~variable Boolean functions (BFs), since they are a subclass of the general class of 
GSFs, where the mapping is from GF(2^) to GF(2). It is shown that any k— variable BF 
has a Frobenius polynomial (FP) representation, ie., its GP coefficients satisfy conjugacy 
constraints, allowing the terms in its GP representation to be grouped into Frobenius 
cycles. A study of the BFs as members of a monoid algebra over GF(2) is carried out, and 
stemdard classes of BFs like the linear emd /S-«elf dual (SD)/anti self dual (ASD) BFs are 
characterized in the tr 2 msform domain. Spectral domain study of linear Boolean functions 
(LBFs) reveeJs the fact that they are ideals in monoid idgebras over GF(2). This result is 
then applied to the class of generalized Beed— Muller (GUM) codes to show that they can 
also be described by ideal structures in appropriate monoid algebras over GF(2), as they 
are constructed from LBFs. 

Although transform domain studies on fiSD/ASD BFs do not show any specific 
algebraic structures in monoid algebra, the tremsform coefficients are shown to satisfy 
certain constraints which help in their identification. Characterization of fiSD/ASD BFs 
for 2, 3 and 4 variables is carried out in terms of their GP coefficients and constraints on 
the coefficients are derived. 

Classification problem of BFs is considered and the existing equivalence relations for 
classification of BFs (commonly known as the five invariance operations) and thar effect 
on the coefficients of GPs representing BFs are studied, as a consequence of which a class 
identification procedure for 2 and 3 variable BFs by verification of their GP coefficients is 
formuledied and a finite field model which synthesizes any BF of a class from a prototype 
function of that class is proposed. Alternately, an attempt is made to see whether certain 
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operatioM connected with the monoid algebra model of BFs would be suitable for 
classification purposes of the same. The case of 2 and 3 variable BFs is examined and it is 
shown that each of these classes have members from different ideals in appropriate monoid 
algebras. A finite field model for BF synthesis, which sums up elements firom ideals, is 
proposed. This is a Frobenius sum computer which can make use of NB for implementation 
purposes. 

Traditional transform domztin characterization of linear block codes adopts the 
priw:tice of representing individual code vectors in the spectral domain by finite field DFT 
techniques. But, as pointed out earlier, this is not possible for all code lengths since DFT of 
all lengths does not exist in the finite field case. A possible way to overcome this limitation 
is to regard linear block codes as mappings from the k— tuple vector space to the n-tupic 
vector space and view them as signals over multiplicative cyclic monoids M(2^) which 
assume values from a finite field GF(2’^), thus making all linear block codes amenable to 
transform domain studies, and allowing them to be characterized by single variable GPs 
over an appropriate extension field. It is shown that any linear (n,k) block code is a 
linearized GSF (LGSF) which represents a one-to-one miq>ping, and that the linearized 
Galois polynomial (LGP) representing this mapping has, in general, k coefficients belonging 
to GF(2^), where L = L.O.M. of n and k. These LGPs representing linear mappings 
constitute a subclass of the general class of GPs. Depending on whether conjugacy relations 
among the LGP coefficients are nontrivial or trivial, the corresponding polynomials are 
called linearized Frobenius polynomials (LFPs) and linearized polynomials (LPs) 
respectively. 

The fact that any one-to-one linear mapping is representable by a LGSF admits 
the possibility of any general linear mapping, which is not necessarily one-to-one, also to 
be represented by a LGSF. Thus a study of the general class of LGSFs which also includes [ 
those which represent linear block codes as a subclass, is taken up and an isomorphism! 
between linear (n,k) traiuformations (linear transformations from the k— tuple vector space 



to the n-tuple vector space where k is not necessarily equal to n) and LGSFs represented 
by LGPs over GF(2^, is established. It is further shown that the class of LGSFs 
constitutes eui ideal in the corresponding monoid algebra over GF(2*^), out of which the 
subclass of LGSFs representing one-to-one mappings (and hence Unew (n,k) block codes) 
have LGP representations whose coefficients satisfy certain nonzero determinant property. 
Glasses of LGSFs are studied in terms of the nature of the mappings generated by them. 

The algebra of LGPs is studied with specific reference to linear block codes in terms 
of an operation of composition known as symbohc multiplication of LGPs. The class of 
LGSFs represented by single term LGPs is examined in detail. It is shown that any single 
term LGP representing a lineeu: (n,k) transformation, where k divides n, always represents 
a one— to— one mapping and hence a linear (n,k) block code. Groups of sing)e term LGPs are 
shown to have the structure of finite fields isomorphic to GF(2*^) with the operations of 
addition and symbolic multiplication. 

Coefficients of a LGP representing a linear block code are obtzuned firom the basis 
vectors of the code. Consequently, there are as many LGP representations of a linear block 
code as the number of ways a basis can be chosen for the same. Thus given two LGPs 
which are known to represent linear block codes, it would be desirable to know whether 
they represent the same code or different codes. Results m this direction are achieved for 
codes generated by single term LGPs which are members of the finite fields mentioned 
earlier. A study of distinctness of the codes in these fields is conducted and the number of 
distinct codes in each field is computed. It is shown that when n and k are relatively prime, 
all the codes in the respective finite field are distinct. 

A study of the roots of LGPs representing linear (n,k) block codes is conducted 
next. It is observed that the roots of LGPs need not necessarily belong to the same field; 
Further, it is shown that they characterize groups of codes rather than individual codes. II 
is also shown that they cannot assume nonzero values from GF(2^). 

Standard basis and normal basis LGP representations of cyclic codes are derive< 
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from a canonic form of their basis vectors. It is shown that for some (n,k) cyclic codes 
whose k divides n, the NB LGP representation is simply a q-^lynomial over GF(q), ie., a 
LGP with coefficients from the ground field (if the ground field under consideration is 
GF(p), then the LGP is denoted as p— polynomial). 

Standard array decoding problem of linear block codes is considered. Since the 
standard array is essentially a two-dimensional (2— D) truth table, it has been possible to 
compactly represent standard arrays using 2— D GSFs, on lines similar to those for 
representing the usual one— dimensioniJ (1— D) truth tables as 1— D GSFs. It is shown that a 
wide variety of options are open for both 1— D and 2— D GSF implementation of standard 
array decoders depending on whether the received vector is to be decoded into a k-tuple 
message vector or an n— tuple code vector. It is shown that any 1— D GSF which mzq)s the 
received vector into a k-tuple message can be implemented by a Frobenius sum computer 
and hence NB representations and parallel processing techniques can be used to advantage 
in such situations for fast decoding of linear block codes. GP representation of syndromes u 
considered and it is pointed out that any syndrome ted)le has a linearized Frobenim 
polynomial (LFP) representation, ie., a LGP whose coefficients satisfy conjugacj 
constraints. In general, the roots of these polynomials belong to an extension field q 
GF(2”). However, those roots which lie in GF(2^) are shown to be the code vectors of thi 
corresponding linear block code. 

Possibility of characterizing linear block codes by the roots of i^ppropriate LGP 
leads to an alternate characterization of linear block codes by means of syndrom 
polynomials (SPs). A SP is a LP of degree 2^ over GF(2“) whose roots are non-repetitiv 
and constitute the code vectors of a linear (n,k) block code. They represent special types j 
LGSFs characterizing many-to-one linear mappings finm GF(2“) to GF(2“) of ; 
particular land: These mappings are such that any element of GF(2*^) which is a member * 
a given k-dimensional subspace of GF(2*^) gets mapped into the '0* element of GF(2 
whereas any other element which is not a member of that subspace gets mapped into 
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member of an (n— k) dimensional subspace of GF(2®) which constitutes the root space of 
another SP called its dual polynomial which abo represents a similar mapping. In other 
words, every SP of degree 2^ has associeited with it a k— dimensional subspeice as its root 
space and an (n-k) dimensional subspeicc as its range space which constitutes the root 
space of a dual SP of degree 2”~^, and vice versa. Except the fact that the roots of a LP 
have the structure of a subspace, very few results are available on these polynomials (SPs) 
as far as characterisation of the subspaces are considered. An investigation of properties of 
SPs is carried out and it has yielded fruitful results. It is shown that any LP in x of degree 

TL _ ^ 2^ 

2r over GF(2 ) with the coefficient of x nonzero, and which divides x — x, uniquely 
characterizes a linear (n,k) block code; the code vectors being the roots of the polynomial. 
Using this property of LPs and the associated duals, it is proved that SPs can be used for 
decoding of linear block codes which they represent as root spaces. It is shown that they in 
fact can be used for computation of syndromes of the respective codes, thus accounting for 
the name SP, the syndromes being members from the root space of the diial SP. Thiis these 
syndromes are n— tuples in contrzist to the syndromes usuzdly associated with a stemdard 
array, which are (n— k) tuples. 

Reference to representations of finite field elements with respect to NB so far has 
been from the point of view of certain implementational advantages. Their role in the 
characterization and study of linear block codes using SPs has turned out to be even more 
significant. SPs representing linear block codes whose code vectors are considered as 
elements with respect to some NB of GF(2’‘) have been called normal basis syndrome 
polynomials (NB SPs). Such representations are noteworthy because of the following facts : 

First, it is shown that it is possible to identify codes of the same weight distribution ; 
from their NB SPs. Secondly, NB SP representation helps in the characterization of 
t-cyclic codes (quasi-cyclic codes which are closed under t cyclic shifts, t > 1). Specifically, 
it is shown that any linear (n,k) t— cyclic code has a NB SP representation whose 
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coefficients belong to a subfieid GF(2^) of GF(2“), and conversely, any SP with coefficients 
t . . . 2” 

from GF(2 ), which divides x — x, represents a t-cyclic code. 

The third fact which goes in favour of NB representations follows from the second. 
For t = 1, we get the characterization of the important class of cyclic codes which has a 
NB SP representation in the form of a p— polynomial. A different proof of this result on 
cyclic codes is also given to emphasize the fact that a cyclic subspace has the structure of a 
modulus when represented with respect to a NB. The dual of the SP of any linear block 
code, in general, does not represent the SP of the corresponding dual code. However, in the 
case of cyclic codes represented in NB, the dual polynomial and the SP representing the 
dual cyclic code are shown to be the same. This follows from the theory of p— polynomials 
where conventional polynomial arithmetic and symbolic arithmetic are related through the 
notion of q— associates. The NB p— polynomial representation of a cyclic code is easily 
derivable from the generator polynomial of its dual cyclic code and is shown to be equal to 
the linearized q— assotiate of the same. 

The final point in favour of NB representations is a new approach to the study of 
weight distribution of cyclic codes. This is based on factorizing their NB p-polynomial 
representations. An algorithm for factorizing polynomials over finite fields, based on DFT 
over finite fields, is developed. This algorithm is particularly efficient if there are no 
repetitive roots and if the field in which the roots lie are known; both of these conditions 
are satisfied by a SP. It is shown that the niunber of cycles in a cyclic code is equal to the 
mnnber of irreducible polynomieds in the factorization of its NB p— polynomial, the nmnber 
of members in each cycle is equal to the degree of each irreducible polynomial in the 
f 2 u:torization, and a cycle representative of the code is given by a representative root of 
each irreducible polynomial. Examples of NB p— polynomial representations of 
Bose— Chaudhuri— Hocquenghem (BGH) md Golay codes are given and their weight 
distributions are studied by factorization of respective NB p-polynomial representations. 
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Self dual (n,k) cyclic codes are characterized in terms of their NB p-polynomial 
representations and it is shown that these polynomials split in GF(2^), as a consequence of 
which the study of their weight distributions reduces to finding the number of Frobenius 
classes in GF(2^), the order of each Frobenius cletss, and the weight of a representative 
member of each class expressed in NB cartesian form in GF(2“). This respectively gives the 
number of cycles in the code, number of members in eew:h cycle, and information about its 
weight distribution. 
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CHAPTER 1 


INTRODUCTION 


1.1 Scope of the Work 

This thesis gives the results of a study of Galois switching functions (GSFs) with 
regeurd to their algebraic structures and applications. GSFs are a generahzation of binary 
switching functions (Boolean functions) where the input and output variables belong to 
finite fields of characteristic p. The treatment in this thesis is confined to p = 2. Earlier, 
studies of GSFs [1—11] have concentrated on topics such as finding closed form expressions, 
minimization techniques and computational zwlvantages. Here, GSFs are considered in an 
algebraic firamework. For this purpose, the algebraic models proposed in [12] are employed, 
where GSFs are considered as discrete signals over finite index sets with the structure of 
multiplicative cyclic monoids M(2^). Accordingly, the study of GSFs is essentiadly viewed 
as a study of cyclic monoid algebras over finite fields. 

An advantage resulting firom attributing the structure of a cyclic monoid to the 
domain values of GSFs is that it is then possible to conduct transform domain studies on 
si^al lengths that aie not relatively prime to the characteristic of the finite field. Further, 
the transform domain study results in compact representations of discrete signals defined 
over multiplicative cyclic monoids which include switching functions and error control 
codes, as a consequence of which zdtemative structures for their realization becomes 
possible. In these structures, the basic building blocks would consist of multi output 
modules based on finite field arithmetic suitable for polynomial computations. It is hoped 
that such realizations may lead to better systems in terms of chip coxmt and computation 
time. Further, the so-called conjugacy relations among the coefficients of Galois 
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polynomials (GPs) representing GSFs provide a natural means for their realization and 
processing through parallel processing techniques. 

Appliceition areas considered in this thesis have been confined to those of switching 
functions and error control codes, even though there is considerable scope for their utility 
in other areas like cryptography, image processing and fault tolerant computing. 

GSFs corresponding to the following mappings have been investigated in detail: 

(1) General mappings firom GF(2^) to GF(2*), with particular reference to specific 

mappings from GF(2^) to GF(2) resulting in Boolean functions (BFs) and 

their chareicterizzitions. 

(2) General lineeir mappings from GF(2^) to GF(2“), where k is not necessarily equal 

to n and the mapping not necesseurily one— to— one, representing linear (n,k) 
transformations, described by a special class of GPs, called linearized Galois 
polynomials (LGPs); corresponding GSFs are called linearized GSFs (LGSFs). 
The LGPs are called linearized Frobenius polynomials (LFPs), if their 
coefficients satisfy nontrivial conjugzu:y relations and called simply linearized 
polynomials (LPs) if the conjugacy relations are trivial. The associated 
LGSFs are respectively called linearized Frobenius functions (LFFs) and 

linearized functions (LFs). 

(3) Specific hnear mappings fi'om GF(2^) to GF(2*^), where k < n, «md the 

mapping is one— to— one, giving rise to linear (n,k) block codes, and their 
representations by LFPs and LPs as the case may be. 

(4) Specialized linear mappings fi-om GF(2“) to GF(2*^) which are many-4o-one and 
described by a pair of LPs of degree 2^ and 2*^“^ respectively, with 
the k— dimensional root space of the former constituting the range space of the 
latter and vice versa, both spaces being subspaces of GF(2’^). These mappings 
provide alternate characterizations of linear (n,k) block codes. Their linearized 
polynomial (LP) representations are called syndrome polynomials (SPs). 
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1.2 Historical Background 

Boolean algebra has been conventionally used for switching function analysis luid 
synthesis. In Boolean algebra, given a truth table of a ’k* input, 'n' output digiteJ system, a 
set of *n' Boolean functions (BFs) fj(xQ, x^, .... Xj^_j), j = 0, ...., n— 1, of ’k' variables 

over GF(2) is constructed. We get 'n' Boolean sums— of-i>roducts (SOP) expressions which 
may be minimized using Karnaugh map or Quine— McClusky procedure to give networks 
with fewer AND and OR gates. Use of Galois fields has been suggested as an alternative to 
Boolean algebra [10]. Because then any given truth table can be represented by a 
one— dimensional (1— D) GSF over an extension field of GF(2), in pl«ice of ’n' functions of 
'k’ vauriables as in Boolean algebra. 

Study of switching functions based on GaJois fields was initiated by Ninomiya [1, 2]. 
Use of extension fields for this purpose was considered by Bartee and Schneider [3] and 
Benjauthrit and Reed [4, 5]. Menger, Jr. [6] pointed out the discrete Fourier transform 
(DFT) relationship between the coefficients and the function values of a GP representing a 
GSF, if the domain values are represented as a power of a primitive element in the 
corresponding extension field. Further, he proposed the use of multi output modules for BF 
synthesis which eure capable of handling arithmetic in finite field extensions, in place of 
conventional two— state systems. The finite field modules which perform addition amd 
multiphcation m finite field extensions have been called respectively as PLUS and TIMES 
modules by Menger and he has suggested the possible use of VLSI technology for theii 
fabrication. Minimization of GSF expressions to give networks with fewer modules has alsc 
been considered by him. He has proposed a minimizeition techmque based on factorizatioi 
of polynomiaJs. Minimization problems in GSFs have also been taken up by Pradhan an) 
Patel [7] besides Mtikhopadhyay and Schmitz [8]. Their ideas are based on Reed-Mull« 
codes. Pradhan has abo formulated a theory of GSFs in [9]. 

Authors mentioned in the above paragraph have considered switching functioi 
where the input, output and the function values belong to the same finite field. Takahas 
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[10] has considered switching iFunctions whose input— output pairs are not restricted to the 
same field, because of which, the coefficients of the GPs representing these switching 
functions are forced to be chosen from a larger field which contains both the input and 
output fields as subfields. In other words, in Takzthashi's representation, the coefficients of 
GPs belong to a field whose extension order is equal to the least common multiple 
(L.C.M.) of the extension orders of the input and output fields. By this, he has been able to 
exploit the DFT relations between the function values and the coefficients to their fullest 
extent. 

Literature on the algebraic structures of GSFs is scant. Davio, Deschamp and 
Thayse [11] have discussed hnesur algebra structure of GSFs. Recently, Siddiqi and Sinha 
[12] have formulated isomorphic algebraic models for GSFs, In one model, GSFs are 
considered as members of a cyclic monoid algebra over a finite field, with the two binary 
operiktions being pointwise addition and an i^propriately defined convolution. An 
isomorphic algebrmc model which they have described is a residue class polynomial algebra 
model. In this model, 1— D GSFs are described by single variable polynomials with 
appropriate polynomial arithmetic defined on them. In this thesis, we show that these 
models allow us to view Takahashi's polynomial representation of GSFs in an algebraic 
firamework. Frobenixis properties of GPs are regarded as a consequence of the monoid 
algebraic structure of GSFs because of which an appropriate DFT— like transform 
exhibiting conjugacy relations could be defined on these functions. 

Problems encountered in switching theory have been dealt with by several authors 
[13, 14, 15, 16, 17] and spectral techniques over the field of real numbers have been 
suggested to tackle them. Certain transforms like Hadamard, Paley— Walsh (P— W) [15], 
and Rademacher— Walsh (R— W) [13, 14, 17] transforms have been used as tools for 
transforming Boolean data into the spectral domain. Use of the five invariance operations 
for classification of BFs based on R— W transform is given in [13, 14, 17] where 
classification of BFs has been carried out using them for 2, 3, 4 and 5 variable cases. The 
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number of classes axe respectively found to be 2, 3, 8 *uid 48. The five invariance operations 
are so called because they do not change the meignitude of the R— W coefficients. These 
operations collectively constitute a group known as the restricted affine group (RAG) as 
observed in [16] . 

Finite field spectral domain study of linear block codes hw appewed in literature in 
the form of Mattson— Solomon (M— S) polynomieds [18]. Generalized Reed— Muller (GRM) 
codes and their M— S polynomial representations are given in [19]. Blahut [20, 21] has used 
DFT over finite fields to study codes in the spectral domain. He has abo discussed GRM 
codes firom a spectral point of view using the notions of radix q— weight of integers 
suggested by Kasami, Lin and Peterson [22]. 

Origin of LPs can be traced back to the fxmdamental papers of Ore [23, 24, 25, 26] 
which contain their theory in detail, including the study of LPs imder the operation of 
83 anbolic multiplication. Lidl and Niederreiter, in their book [27] give an extensive 
bibliography on LPs, besides discussing their theory. Other books on this topic are by 
Berlekamp [28] imd Msw:Williams & Sloane [19]. Theory of LPs followed in this thesis is 
mainly on the lines of Lidl Sc Niederreiter [27] with occasional references to Berlekamp [28] 
and MacWilliams Sc Sloane [19]. 

LPs have been associated with linear transformations when the output vectors in 
the transformation belong to a finite field which is either same as, or a subfield of the input 
field, the associated polynomial being a trewre function in the latter case [27]. To our 
knowledge, association of a linearized Galois polynomiid (hGP) over GF(2^), where L = 
L.C.M. of n and k, with general linear (n,k) transformations, where k is not necessarily 
equal to n, has not been considered in literature. We have conducted a study in this 
direction. 

As far as syndrome pKjlynomials (SPs) we concerned, most of the text books on 
finite fields and coding theory [19, 27, 28, 29] discuss these polynomials for associating 
them with k— dimensioned subspaces and dued polynomials, but the properties of these 
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polynomials which help in characterizing lineitr block codes have not been dealt with. A 
reference to these polynomials as root polynomials is given by Jamison [30], who applies 
them to the problem of covering vector speices with cosets of subspaces. We have utilized 
these polynomials for characterization, decoding and weight distribution studies of linear 
block codes in general eind cychc codes in pjirticular. Further, we have shown that their 
interesting properties are revealed only if their normal basis (NB) representations are 
considered. 

1.3 Outline of Chapters 

Chapter 2 deals with the general theory of GSFs. The theory of GSFs presented in 
this chapter has been formulated in an aJgebrmc framework. The existing representations of 
GSFs are viewed through an edgebraic approach. Thus Frobenius cycles in GPs 
representing GSFs have been regarded as members of minimal ideals in a monoid algebra. 
Procedures for the computation of GP coefficients and function values are discussed. Two 
polynomial computation techniques are discussed for function evaluation. First is based on 
Frobenius sum computing which is used when the GP coefficients satisfy nontrivial 
conjugacy relations. Second technique is based on Homer's rule which may be used for 
polynomial evaluation irrespective of the type of the GP imder consideration. 

Multi-dimensional GSFs are briefly discussed with special reference to 
two-dimensional (2— D) GSFs which have been used later on for decoding of linezur block 
codes. 


Chapter 3 is on the class of linearized GSFs (LGSFs), representing linear mi^pings, 
irhich constitutes an ideal in a monoid algebra. A LGSF is represented by a linearized 
Jtdois polynomial (LGP). An isomorphism between LGSFs and Unear transformations is 
stablished. It is shown that any linear transformation from the vector space of k— tuples, 
IF(2^), to the vector space of n— tuples, GF(2’^), k not necessarily equal to n, is 
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representable by a LGP whose coefficients are determined from the vectors which generate 
the linear transformation. Further, the conjugacy relations in these LGPs we examined. 
LGPs whose coefficients satisfy nontrivial conjugacy constraints have been called linearized 
Frobenius jxilynomials (LFPs) whereM those LGPs whose coefficients satisfy trivied 
conjugacy relations are called simply as linearized polynomials (LPs). Classes of sin^e term 
LGPs which exhibit interesting algebraic structures under the operation of symbolic 
multipH cation, are studied. It is shown that these classes possess the structure of a finite 
field isomorphic to GF(2”). 

In Chapter 4, the monoid algebra model of GSFs is utilized for characterization, 
classification and synthesis of BFs. The class of BFs are represented by a monoid algebra 
over GF(2), as a consequence of which the subclass of linear Boolean functions (LBFs) are 
viewed as ideals in this algebra. Generalized Reed— Muller (GRM) codes which are 
constructed from LBFs are adso cheuracterized in terms of ideal structures in this algebra. 

Existing equivalence relations, known as the five invariance operations, for 
classification of BFs are examined and the effect of these operations on the corresponding 
GP coefficients is studied, based on which a class identification procedure for 2 and 3 
variable BFs by verification of their GP coefficients is proposed. Further, a finite field 
model which realizes BFs based on these invariance operations is suggested. Alternately, 
some equivalence relations based on the monoid algebra structure of BFs are STiggested and 
classification of two and three variable BFs is carried out based on them. It is shown that 
these classes contain elements which are members of ideals in a monoid algebra. A finite 
field model which synthesizes BFs as sum of elements from minimal ideals in a monoid 
algebra u suggested. This turns out to be a Frobenius sinn computer, which can be 
efficiently realized if NB is employed. Classes of /J-self durd (SD)/anti self dual (ASD) BFs 
are characterized using GSFs emd the constraints on their GP coefficients are derived for 2, 
3 and 4 variable cases. 
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The theory of LGSFs dealt with in Chapter 3 is applied in Chapter 5. It is shown 
that any LGP which represents a hnear mapping and whose coefficients satisfy certain 
nonzero determinant property, represents a one— to— one mapping and hence a linear block 
code. The analogy between LGP representjU;ion and the generator matrix (basis) 
representation of a hnear block code is brought out thus explaining the fact that there can 
be as many number of different LGP representations for a linear block code as the ntimber 
of ways a basis can be chosen for the same. 

Classes of LGSFs, not necessarily one-to-one, are studied in terms of the nature of 
the linear transformations generated by them. First, it is shown that by representing the 
transformations with respect to some NB, it is possible to group them into classes having 
the same wei^t distribution. Thus if the LGP representing one transformation in a class is 
known, then the LGP representations of others in that class may also be found out. 
Secondly, it is shown that by grouping LGSFs in a particular mzmner, it is possible to 
distinguish between one-to-one emd many— to— one mappings, if the nature of at least one 
mapping in a class is known. Thirdly, a study of single term LGPs is attempted in detail 
and it is shown that any single term LGP representing a linear (n,k) transformation, k|n, 
always represents a one-to-one mj^ping and hence a linear block code. The nature of the 
codes generated by single term LGPs having the structure of a finite field (discussed in 
Chapter 3) are examined and a study of the distinctness of these codes, ie., finding the 
number of LGPs representing distinct codes in each field, is conducted. This helps partially 
in finding LGPs representing distinct linear block codes given some LGPs which are known 
to represent one-to-one mi^>pings. It is shown that when n and k are relatively prime, all 
the codes geners^ed by LGPs in such a finite field are distinct. 

It is known that the roots of a LGP form a subspace. A study on the roots of LGPs 
representing LGSFs of linear block codes is conducted to see if they chariicterize individual 
codes. It is argued that only groups of linear block codes and not individual ones can be 
characterized by their roots. Further, the roots may not lie in the same field. It is also 



9 


shown that the roots cannot assume nonzero values from GF(2^). 

Canonic representations of cyclic codes in terms of LGPs, both in standard basis 
(SB) and in normal basis (NB), are derived. It is shown that NB LGPs representing some 
(n,k) cyclic codes whose k|n, have a p— polynomial representation, ie., a LGP with 
coefficients from the ground field. 

The role of GSFs for decoding of linear block codes is abo discussed. It is shown 
that any standard array has a compact representation in the form of a 2— D GSF and that 
implementation of standard array decoders is possible using both 1— D and 2— D GSFs. The 
fact that a variety of options are open for the implementation of standard array decoders 
using both 1— D and 2— D GSFs depending on the choice of the decoded vector as a k-f;uple 
message vector or as an n— tuple code vector, is illustrated with suitable examples. If a 1— D 
GSF is employed for decoding a received vector into a k— tuple message vector, then it is 
shown that a linear block code always has a decoder based on Frobenius sum computation 
and hence NB representations may be used to advanteige in such situations, besides 
exploiting the parallelism in Frobenius poljmomial representediions. The chi^ter concludes 
with the GSF representation of syndrome tables connected with standard arrays and it is 
shown that the GSFs associrtted with syndrome tables are LFFs which are represented by 
LFPs, whose roots in GF(2^) constitute the code vectors of the corresponding linear block 
code. 

In Chester 6, special types of GSFs represented by LPs, called syndrome 
polynomials (SPs), are studied with reference to coding theory. These LPs have the 
property that their root space forms the code vectors of a linear block code, and the range 
space forms the root space of its dual LP, and vice versa. It is shown that the code vectors 
of any linear (n,k) block code have a unique characterizzdiion in terms of the roots of a 
monic LP oyer GF(2“) of degree 2^, and conversely, any monic LP of degree 2^ with 
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nonrepetitive roots and which divides x — x, uniquely represent a linear (n.k) block code; 
the roots of LP constitute the code vectors. Because of this one— to— one correspondence of 

linear block codes and LPs, the number of LPs which divide x* — x is shown to be equal to 
the number of distinct hnear (n,k) codes of a given pair of n and k. It is further shown that 
the LP whcffle roots form the code vectors of a linear (n,k) code can in fact be used for 
computing syndromes for the same (the syndromes being n— tuples instead of the usual 
(n— k) tuples), thereby finding utility in decoding aind accounting for its name. 

Next, the usefulness of considering the code vectors of a linear block code as 
elements with respect to some NB of GF{2“) is considered. First, it is shown that this helps 
in identifying the normal basis syndrome polynomials (NB SPs) of linear block codes 
having the same weight distribution. Secondly, it is brought out that this helps in 
characterizing the class of t-cyclic codes (quasi cyclic codes which are closed under t cyclic 
shifts, t > 1) by their NB SP representations. It is shown that any linear (n,k) t— cyclic code 
is uniquely representable by a monic NB LP of degree 2^ with coefificients from GF(2*), 
where GF(2^) is a subfield of GF(2“). Thirdly, characterization of the important class of 
cyclic codes by their NB SP representations is given. It b shown that any linear (n,k) 
cyclic code has a NB SP representation in the form of a p— polynomial , ie., a LP with 
coefficients from the ground field, and therefore the well known theory of p— polynomials is 
i^plicable in the characterization of cyclic codes. 

A new approach to the study of the weight distributions of cyclic codes, by 
factorization of their NB p— polynomial representations, is formulated. It is shown that the 
number of irreducible polynomials in the factorization of the NB p— polynomial 
representing a cyclic code is equal to the number of cycles in that code, and a 
representative root of each irreducible polynomial in the factorization gives a cycle 
representative of the code. The theory of p-polynomials is applied to 
Bose-Chaudhuri— Hocquenghem (BGH) and Golay codes, since they are essentially cyclic 
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codes, and their NB p— polynomial representediionfl and the determination of their weight 
distribution are illustrated with suitable examples. 

Finally, the NB p— polynomial representations of self dual (n,k) cyclic codes are 
derived to show that they spht in GF(2^), thus revealing the fact that the number of cycles 
in this code is equal to the number of Frobenius classes in GF(2^), with the number of 
members in each cycle being equal to the order of the Frobenius class. Further, their 
weight distribution is determined by examining the weight of a representative member of 
each Frobenius class of GF(2^) expressed in NB cartesian form in GF(2*^). 

Chapter 7 is the concluding chapter where the residts of our investigation are 
summarized and suggestions for further research are given. 

Appendix A gives the necessary mathematical background needed for understanding 
the theory outhned in this thesis. This appendix is divided into 3 sections. The first section 
briefly describes the basic algebraic structures utilized in this thesis. Section 2 is on DFT 
over finite fields whose extensions are used for transform domain studies in this thesis. Last 
section is on the theory of LPs which has been applied in the study of linear block codes. 

Appendix B gives a procedure which has been developed for factorization of 
polynomials over finite fields using the concept of DFT over finite fields. 

Appendix C gives the SB and NB finite field tables for QF(2*‘), for 2 < n < 5. 



CHAPTER 2 


THEORY OF GALOIS SWITCHING FUNCTIONS 


A combinational network with k inputs and n outputs may be represented by a set 
of n switching functions of k variables over GF(2). Boolean algebra has been conventionally 
used for the analysis and synthesis of such switching functions. Use of finite fields or Galois 
fields for these purposes in place of Boolean algebra has been investigated by several 
authors. By employing finite fields, it is possible to represent a set of n functions of k 
variables by a single variable polynomial over an appropriate extension field of GF(2). 
Such polynomials which we call Galois polynomials (GPs) have a weU defined algcbrai< 
structure and possess remarkable properties based on Frobenius cycles, which help in th< 
design and synthesis of switching circuits, besides aiding the construction of encoders an< 
decoders for error control codes. The functions described by these polynomials whic] 
essentially represent mappings firom GF(2^) to GF(2“) are called one— dimensional GaJoi 
switching functions (1— D GSFs) or simply Galois switching functions (GSFs). In genera 
finite fields can be of characteristic p; p a prime number. However, we consider only th 
case p = 2. 

The concept of 1— D GSFs described by single veuriable polynomials may be extende 
to multi-dimensional GSFs, especially two dimensional (2— D) GSFs described 1 
two— variable GPs, and their properties may be studied. The 2— D GSFs are particular 
useful for representation and implementation of standard arrays used for decoding of line 
block codes. Besides, they may be effectively employed for representation and processing 
images (pictorial data) represented in the form of two variable GPs. 
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This chapter diBcusses the general theory of GSFs. Algebraic models for GSFs are 
suggested. Frobenius properties of GPs representing GSFs are discussed. Computational 
techniques for coefficients as well as function values of a GP are presented. Finally, 
multi-dimensional GSFs, with special reference to 2— D GSFs, are studied. 

Hereafter, we use the term *GSF’ for 1— D Galois switching functions unless 
otherwise stated. 

2.1 Notion of a Galois Switching Function (GSF) 

To begin with we introduce the notion of GSFs. Towards this end consider, as an 
example, a system of n = 2 Boolean functions (BFs) of k = 3 variables given by the 
conventioned truth table of Table 2.1. In this table, the output of the system is listed with 
the input (binary 3— tuples) arranged in ascending order 0, 1, 2, ...., 7 (in general, 0, 1, 2, 
..., 2^—1). This order is called the natural order. 

Table 2.1: Truth Table Representation of a System of 2 Boolean Fimctions of 3 Variables 


Input 

Output 

X, 

^1 

*0 

yi 

^0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

1 

0 

1 

0 

1 

1 

0 

1 

1 

1 

0 

1 

0 

0 

1 

0 

1 

0 

1 

0 

1 

1 

1 

0 

1 

0 

1 

1 

1 

0 

1 


Any truth table correspondence (x^_j , , x^j) to (yj^_j » • i Yj . Yq) car 




a 


also be expressed in terms of appropriate finite field elements. In this connection, note that 

any non— zero element of a finite field, say GF(2^), can be represented by a power or* (polar 

k 

form) of a primitive element o (of GF(2 )), iind at the same time this can be represented 
by a polynomial of a 

<l_i o + C„ ; <.t am). 

if the minimal polynomied over GF(2) of a is given. Thus we can take the set of coefficients 
of (2.1.1) 

^k -1 ’ ^k -2 ’ - ’ ^0 

as cartesian representation of finite field elements. Accordingly the contents of any 
conventional truth table can be interpreted and expressed in terms of impropriate field 
elements. 

With reference to the example under consideration, let a be a primitive element of 

3 ... 2 

GF(2 ) and be a primitive element of GF(2 ). K we take the minimal polynomial of a to 

be X + X +1 and the minimal polynomial of /9 to be x + x + 1, then the mimpiiig given 

3 2 

in Table 2.1, interpreted as a mapping firom GF(2 ) to GF(2 ), becomes as shown in Table 

2 . 2 . 

Finally, the mapping of Table 2.2 can be rearranged such that the input index set 
corresponds to increasing powers of a (this order being called the field order), resulting in 
the mapping shown in Table 2.3 which defines a typical Galois switching function (GSF). 

In genereJ, GSFs can be dffined as mappings from one finite field GF(p^) to another 
finite field GF(p”), where p is a prime number and integer k is not necessarily equal to 
integer n, and the input index set (domain of the mapping) is ordered to correspond to 
increasing powers of a primitive element of GF(2^). In this thesis we restrict ourselves to 
the practically important case p = 2. The definition of a GSF given here will be refined in 
the next section where we consider them in an algebraic framework. 
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Table 2.2: Truth Table of the System of Boolean Functions of Table 2.1 Considered aa a 
Mapping from GF(2^) to QF(2^) with the Input Variables in Natural Order 


Input 

Output 

pdaj 

cartosian 


cartesian 

polar 

form 


form 


form 


form 

X 

X 

2^1 ^0 


y 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

1 

0 

1 

1 

a 

0 

1 

0 

1 

1 

? 


0 

1 

1 

1 

0 


2 

a 

1 

0 

0 

1 

0 



1 

0 

1 

0 

1 

1 

6 

a 

1 

1 

0 

1 

0 

P 

4 

a 

1 

1 

1 

0 

1 

1 


Table 2.3: Truth Table of the Mapping Given in Table 2.2 
with the Input Variables in Field Order 


Input 

Output 

pdar 

cartesian 


cartesian 

polar 

form 

form 


form 


form 

X 


"^1^0 


yi^o 


y 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

1 

0 

1 

1 

a 

0 

1 

0 

1 

1 

/ 


1 

0 

0 

1 

0 



1 

0 

1 

0 

1 

1 


1 

1 

1 

0 

1 

1 


0 

1 

1 

1 

0 

0 

6 

a 

1 

1 

0 

1 

0 

0 
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2.2 Algebraic Models for Galois Switching Functions (GSFs) 

We continue our discussion on GSFs by describing the algebraic models of signals 
given in [12]. The equividence between these models and the one given in [10] will be 
brought out in Section 2.3 to show that the existing represent«d;ions of GSFs can be studied 
in M algebraic framework. 

2.2.1 Monoid Algebra Model of GSFs 

In the previom section, GSFs have been defined essentially as mappings from one 

finite field GF(2^) to another finite field GF(2”). Let us closely examine the structure of 

the index set GF(2^) over which the GSFs are defined. The nonzero elements of GF(2*'^) 

constitute a multiphcative cyclic group of order 2^—1. However, the multiphcative inverse 

k 

of the element 0 of GF(2 ) is not defined. Under the multiplication operaition, the elements 
of GF(2^) accordingly have the structure of a cyclic monoid (for definition and properties of 
monoids see Appendix A). We detfote this monoid by M(2^). 

For notationzd uniformity, we denote the element 0 of GF(2^) and M(2^) by oT®, 
where a is a primitive element of GF(2^). Thus the elements of GF(2^) as well as M(2^) 
are a®, a^, , cr^ , where ^ = 2*^—2. 

Consider signals defined as functions on a finite index set with the structure of the 
finite multiplicative cyclic monoid M(2^). If we denote the value of such a function f at the 
index or* by f^^ , the function takes the form of the finite sequence 

f = . f„, f^) i ( = 2-2- (2-2.1) 

With the above discussion in view GSFs, such as defined in Section 2.1, can now be 
viewed as signals or functions on a finite index set having the structure of a multiplicative 
cyclic monoid , say M(^ ), and taking their values from a finite field, say GF(^ ). 

It may be noted that the set of all GSFs defined over M(2^) and assuming values 

k 

from a finite field F = GF(2**) has the structure of a vector space over F of dimension 2 . 
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2 ^ 

This vector space is denoted by F . 

Consider the set of all signals with domain M(2^) and range GF(2“). 
Let f = f^) ; ( = 2^—2 

S= (®a-“’®crO : ^ = 2^-2 

be two elements of this set. We define two operations on them as follows; 

(i) pointwise ewidition (+) of f and s , denoted by f + s , produces another 
element from the set given by 

f + S = (f„-„ + 8^-00 . V + + ®ai • ••' 

and 

(ii) convolution (*) of f and g, denoted by f ^ g (= g * f) , produces another 
element g from the set whose components g^_^ , g^ , g^j , g^ are given by 

®a-« ‘ (2.2.3a) 

and 

g^i = £ s^iej g : ^ = 2^-2 , i = 0. 1, t, (2.2.3b) 

j-o 

The set of all signals over the index set M(2^) with the two binary operations of 
pointwise ewldition and convolution, as given by (2.2.2) and (2.2.3) respectively, can be seen 
to have the structure of a commutative algebra which will be called a cyclic monoid algebra 
of dimension 2^. 

The GSFs may now be interpreted to be members of a cychc monoid algebra with 
domain M(2^) and range GF(2*^). 

The convolution matrix S, with respect to the standard basis, has the following 


block diagonal structure 
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8 

a “ 

0 

0 

. 0 



0 

V 

®oC 

1 

®Qf* 


s = 

0 

««« 

®orO 

• ®cr2 

(2.2.4) 


0 

i 

V 

®cr<-» 

• V 



where ^ = 2^—2, euid the matrix formed by deleting the first row and first column of S, say 
, is a cyclic matrix of order 2^ — 1 with 

(V " C=2^-2 

as its generating vector. 

The block diagonal structure of the convolution matrix S may be compactly 


expressed as 



(2.2.5) 


where the blank spaces denote zeroes. 

One of the important consequences of the above structure of the convolution 
matrix is described below: 


k 

Define the following set of (2 —1) permutations on f; 



(2.2.6a) 

i. j = 0.1, ...2^-2 


(2.2.6b) 


where ©stands for subtraction modulo 2*'’— 1. The relations in (2.2.6) may be expanded as 

i — (^g-oo I » •“> 





2 

Thus in the case of GSFs over M(2 ) we have 

f ’ ^cfi ’ ^£*1^ 

^a2 f = (V“ ’ ' ^£*2 ’ ^cro)- 

It is noted from the above relations that these permutations have the effect of 
keeping the value of f at the index ^ fixed, and cyclically permuting the remaining values 
towards the right by j positions. 

It is easy to verify that the set {P^i} of all the permutations as defined above has 
the structure of a cyclic group of order (2*^—1). 

2 ^ 2 ^ 

‘ The input— output pedrs for the class of lineeir transformations from F to F , 
defined by the convolution operation given by (2.2.3), preserve the effect of the 
permutations defined by (2.2.6) (A linear transformation is said to preserve the effect of 
permutations on the input signal, if the output of the same is permuted in the same 
m ann er as the input [31]). Thus, if S is any member of such a class of linear 
transformations with input and output signals f and g respectively, i.e., 

g = S f (2.2.7) 

then we have 

S = Pd S ! j = 0. 1. 2, ...2*-2. (2.2.8) 

2.2.2 Transform Domain Description of GSFs 

We now proceed to obtain an appropriate transform for describing the GSFs 
belonging to a monoid algebra. Towards this end, we take note of the fact that any cyclic 
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matrix can be diagonalized by a discrete Fourier transform (DFT) matrix of the same 
order. So if we tedce a matrix H of the form 



1 


H = 




(2.2.9) 


k 

where is a DFT matrix of order 2 —1 over an expropriate extension field, then it may 
be easily seen that the inverse of the matrix H, say, H"^, diagonalizes the block diagonal 
convolution matrix S defined in (2.2.5). ie., H S = A where A is ^ diagonal med;rix, 
whose first diagonal entry is s ^ = A ^ , (say), and the remaining diagonal entries can be 
shown to be the DFT coefficients of the generating vector of the cyclic matrix given by 
its first colvimn. 

It should be noted that also diagonalizes zdl the permutation matrices of the 
permutation operators P^j , j = 0 , 1 , 2 , ... , 2^—2. 

For GSFs belonging to the monoid algebra, we can now define a transform pair, 
fi — t F , as follows; 

E = Hf 

and f=H-*£, (2.2.10) 

wh«e I = (F„^ , . F^, , , , F J ; f = 2*^-2, 

Consider the convolution of two GSFs f and s, u defined by (2.2.3). Let g = f * s. 
This relation in matrix form is g = S f , where S has the structure of the matrix of (2.2.5). 
Mrdtiplying by H on both sides, we get 

Hg = HSf 

which may be written as 


or 


G = H S f 

G = AE, 



Zi 


where f < — * £ , g * — * Q and s < — > A = H S H'* define three treutiaform pairs. Since, A is a 
diagonal matrix with , i = —m, 0, 1, 2^—2, as the diagonal elements, it follows that 

°al = 1 ^‘-2. 

Thus the operation of convolution in the function domain gets translated to the opereition 
of point wise multiplication in the transform domain. Formally, we have 

Convolution Theorem ; Let f « — * F and s < — > A Le two transform pairs, then 

({•s)^(E.A) 

and 

(E*A) — (£. 5 ) 

where stands for the convolution operidion as defined in (2.2.3) and stands for 
pointwise product. 

If we represent the functions f and s, in terms of their transform coefficients F and A 
respectively, then the set of all transformed signals, with the following two binary 
operations defined on them in the transform dommn: 

(i) pointwise addition £ + A ^ 

+ A^i , i = 0, 1, 2 2^-2. (2.2.11) 

(ii) pointwise multiplication £.A : 

0 , 1 , 2 . 2 ^- 2 . ( 2 . 2 , 12 ) 

constitutes & commutative algebra of dimension 2 . This algebra is, in fact, isomorphic to 
the cyclic monoid algebra introduced earlier; the transform defined in (2.2.10) acting as the 
isomorphism between these two algebras. 

Transform domain description of cyclic monoid algebra leads to an alternative 
characterization of GSFs in terms of finite field polynomials, to be called Galois 
polynomials (GPs). 



2.3 Galois Polynomial Representation of GSFs 

In this section we show that GSFs can be represented by single variable polynomials 
over appropriate extensions of finite fields. Such a polynomial representation of GSFs will 
be seen to be the one given by Tak 2 ihashi [10]. A polynomial representing a GSF is called a 
Gedois polynomial (GP). The set of all GPs constitutes a residue class polynomial algebra 
with suitable polynomial operations defined on them. 

A polynomisd expression, say f(x), for a GSF f may be obtained in which the value 
of the polynomi 2 il f(x) at x = is set equal to the value of the GSF at the index o?. Key 
results on GSFs that foUow from such an approach lire given below. 


(a) Consider the convolution matrix of the form (2.2.5) for signals with domain *uid 
range as M(2 ) mid GF(2 ) respectively. Eigenvectors of the convolution matrix, as given 
by the columns of the matrix are specific examples of GSFs. They can be described by 
the following polynomisds 


= (X r 

h>) = ; i = 0, 1, 2^-2, 



the value of the eigenvector at the index tr*. 


(b) The polynomial representation of eigenvectors leads to a poljmomial 
representation of any GSF in a natural manner. Using the relation f = H'^F , we obtain a 
polynomial expression f(x) given below 


i *0 


f(x) 


The value of f(x) for x = is equal to the value of the GSF at the index a^ Note 
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A , . 1 for X = o'” 

Since (x^ )'= . , 

0 for X = or* , j = 0, 1, 2*— 2 

2^—1 f 2^ 1 

we may write (x ) ‘ = 1 + (x ). Thus f(x) may be written as 

2^ 2 

fW = + F^) + S F„i 

i«l 

k k 

or f(x) = a^.^ + a^ x^ + S a^i 


(2.3.1) 


where a^.„ = , a^ = (F^.„ + F^), and a^i = F^i , i = 1, 2, .... 2 -2. 

Expression (2.3.1) provides the desired polynomial representation of a GSF. A 
polynomial of the form (2.3.1) representing a GSF f will be called a Galois polynomial 
(GP). It may be seen that the GP representation of a GSF is of the same form as that 
given in [10]. 

(c) The coefficient vector 

- “ (V“> ’ ^ ~ 

and the function value vector 

£=(fa-’fa0.f„ fa<)i f = 

can be seen to be related through a nonsingular 2^ x 2^ matrix given below. 


f(0) 

f(l) 

f(a) 

f(a2) 


1 0 0 
1 1 1 

1 1 (J) 

1 1 {Jf. 

1 1 (Jf. 

1 1 a 
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from which we get 




8 

. _ 1 


1 

1 

0 

1 

0 

1 

0 

1 

0 

. 1 


( — " — 

1 



0 

1 

a 


. (c)( 


r(a) 


== 

0 

1 

2 

a 


. («=)« 


f(a2) 



0 

1 

0? 

a® . 




1 

t 


0 

1 



a 


f(a^) 


or 



(2.3.2) 


where a is the coefficient vector on the left hand side (LHS), f is the function value vector 
on the right hand side (RHS), and the matrix j^is the 2^ x 2^ matrix on the RHS. The 
function value vector can be obtainedAom the coefficient vector by 


f = a (2.3.3) 

Equations (2.3.2) and (2.3.3) define a tremsform pair for GSFs which we will call Galois 
transform (GT) pair ; the matrix j^will be referred to as Galois transform matrix. 


(d) The GT relationship (2.3.2) in a slightly modified form can be expressed as 
follows: 





and 
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E n — 0* 

cr a ^ 


1 

1 

1 1 . 

1 


■ f{i) ■ 

a 

a 


1 

a 

2 

a 

cf 


{{a) 

a *51 
a- 


1 


4 

a 

(a^)« 


f(«^) 



1 

3 

Of 

. . 

(c?)( 


f(«^) 



1 



a 


1 

1 


( 2 . 3 . 4 ) 

where ^ = 2^— 2 and the 2^— 1 x 2^—1 matrix on the RHS can be recognized as a DFT 
matrix. Thus the coefficients are related to the function values by a DFT relation. 

2.3.1 Residue Class Polynomial Algebra Model of GSFs 


Let 

II 

v» + V ^ + ••• 


and 

s(x) = 

a„-.+ a^/-‘ + a„/-^ + 

..,+A^x;«=2‘-; 


be two GPs representing GSFs f and s respectively. We define two binary operations on 
them as follows: 

(i) Polynomied addition : 

f(x) + 8(x) = (a^^ + A^.J + (a^ + A^) x^ + + (a^ + A^)x 

(2.3.5) 

(ii) Polynomial multiplication f(x)s(x) modulo (x + x). 

It may be verified that the set of all GPs of the kind given above with the two 

binary operations of polynomial addition and polynomial multiplication modulo (x 4- x) 
constitutes a commutative algebra of dimension over the field F = GF(^). This algebra 

is called residue class polynomial algebra modulo (x -f x). 
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2 ^' 

Let m(x) = f(x)s(x) modulo (x + x). Then m(x) can sdso be expressed in the form: 

= + .., + M^x i { = 2'‘-2, 

It can be verified that the coefficients of GPs f(x), s(x) and m(x) are related by the 


convolutional relationship M = F of the kind given by 


— a A « 

Q* 00 0^ ^ Q* 


and 


(2.3.6a) 


M .-M 1 

Q" a °° 


A — £i 

oP a « 


A n*“A 

oP O' * 

M 


a 


A 

Of 


a 


a 


= 

^q,2 

© 








(2.3.6b) 

where ( = 2*^—2 euid®denotes cyclic convolution. 

Thus for k = 2, we have 


M o-M 1 

oP a “ 




a 

a 


1 

> 

M 

a 

= 

a 

a 




A 

a 

M 2 

QlJ. 


% 

a 

1 

a 

a 



! 

> 

I 


3.2 Modified Cyclic Monoid Algebra Model for GSFs 

(a) We take note of the fact that the Galois transform matrix p given by 


1 


1 





(2.3.7) 
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1 

0 

0 

0 

0 


1 

1 

1 

1 

1 


0 

1 

Or 

. 

(a)^ 

= 

0 

1 

0 

or 

4 

a 

■ 


0 

1 


«« . 

- («¥ 


0 

1 



a 


can be obtained from the block diagonalized matrix H of (2.2.9), by putting a 1 in the first 
location of the second row. This modifies the coefficient F ^ which is now equal to the sum 
of ^lll the function values including fCa""*”) can be said to serve as a parity check) 

unlike the former case where f(Q!”®) is dehnked from the remaining fimction values. We 
will hereafter use the Galois tramsform matrix for studying GSFs in the transform 
domain. The inverse of the Galois transform matrix * is given by 



r ij 


1 



(2.3.8) 


10 0 . .00 

111 .11 

1 1 (a^) . . c? a 

1 1 (cr^)^- • 0^ oc 

1 1 (o^)^- o' 


a 



1 


1 
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(b) With the above modification in the nature of the tremsform matrix, the 
convolutional relationship in the function domevin takes the following form: 

g=f*8 = 8 *f 


with 

^^“OO ^-00 > 

„k n 

2 -2 


(2.3.9a) 


+ C.8^.„+ E 

j-0 

;i = 0, 1, ...2^-2 

(2.3.9b) 

where 

b = S s^i , i = 0, 1, . 

.... 2‘-2, 

(2.3.10) 

and 

c = Ef i , i = 0, 1, .. 
1 a' ’ ’ ’ 

. , 2^-2, 

(2.3.11) 


(c) The corresponding convolution matrix S which may be diagonalized by and 
which satisfies the permutation preserving property defined in Section 2.2.1, for example, 
for k = 2, is shown below: 


s 0 0 0 

oT® 

^ ®a+®cr-» 

^ 



(d) The set of all signals over the index set M(2^) with the two binary operations of 
pointwise addition and convolution as given by (2.3.9), can be seen to have the structure of 
a commutative algebra which may be called a modified cyclic monoid algebra, of dimension 

2^. This algebra is isomorphic to the residue class polynomial algebra modulo (x^ + x) 
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given in Section 2.3.1. 

In what follows the GSFs will be interpreted to be members of the cyclic monoid 
algebra (as modified above) with domain M(2^) and range GF(2*‘). 

(e) Consider two GSFs f and g and their convolution f * s = g as defined by (2.3.9). 
The coefficients of the polynomieJ g(x) representing g are related to the coefficients in the 
polynomial representation of f and s as given below. 

G„i = F^jS^ii i = 2^-2. (2.3.12) 


2.3.3 Takahashi's Representation of GSFs 


We have seen in the beginning of Section 2.3 that any GSF can be represented by a 
GP of the form (2.3.1). We have edso shown that the coefficients of the GP can be 
evaluated by (2.3.2). Here we give Takahashi’s [10] approach for obtaining coefficients of 
GPs representing GSFs. This approach is equivalent to the approeu:h based on cyclic 
monoid algebra. The relations given in [10] may accordingly be viewed in the monoid 
algebraic framework. 

Consider a GSF f represented by the following GP given eeurher in (2.3.1) as 


where ^ = 2^—2, x € GF(^), f(x) 6 GF(^) (h not necessarily equal to n), coefficients € 
GF(^), and L is the L.C.M of n and k. The coefficients of the GP given above will be 
shown to be given by 


and 


a^.„ =f(0) = f(a--) 

a^i = S x^(x), i = 0, 1, 2, 2^-2. 

x6GF(2^) 


(2.3.13) 


The coefficient a^^ is obtained on substituting x = oT® = 0 in (2.3.1). 

For obtaining the remaining coefficients a^£ , i = 0, 1, .... 2^—2, we multiply (2.3.1 
throughout by x* and sum over all x € GF(2^), to get 



a 




-fa ^jX 


-f ... -f a i IjX 


■r... ta^z^x 


Since the sum of all the elements of GF(2 j is zero, all the terms on the RHS of the 


2 —1 2^—1 

above equation except the term a^j; S x , vanish. Now a^j S x = a^j , because 

Is 

S , x"^ ~^ = 1. Thus, a j = S xV(x), i = 0, 1, 2, ...., 2^—2. 

> x6GF(2^ 

The following well known result in finite field theory may be used at this point to 
prove that the coefficients belong to GF(2^, L being the L.C.M of n and k: 

GF(2^) has one and only one subfield GF(2™) iff m|L. Further, if 7 is a primitive 
element of GF(2^), then is a primitive element of GF(2™) where v = 2^— 1/2™— 1. 

Therefore if n ^ ’k, then we have to work in a leirger field, say GF(2^), which 
contains both GF(2^) euad GF(2“) as its subfields. If we choose L as the L.C.M of n and k, 
then GF(2^) contains unique subfields GF(2^) and GF(2“), since k and n both divide L. 
Thus the coefficients can be chosen from GF(2^. Q.E.D. 


Note: In aU our future disciissions on GSFs, we drop the term ’a’ from their index 
sets for notational convenience. Thus hereafter, the function f which was denoted earlier as ( 
^ofi ^ denoted simply as (f_^ f^ fj^ .., f^). ^4 similar change in 

notation will be adopted for the GP coefficients representing GSFs also, which will now be 

denoted as » ^'O ’ ’ ' ^ ~ 1 ^— 2 . 

In the next section, we discaiss Frobenius cycles in GPs representing GSFs: 

2.4 Frobenius Cycles in GPs • 

When a finite field GF(2^) has a subfield GF( 2 ^), then the transformation 

( 2 . 4 . 1 ) 

is defined as a Frobenius transformation where 0 € GF(2^) and Q = 2^. 

Now, if © also belongs to GF( 2 “), then ©^ = © , ie., © remains invariemt by 



Frobenius transformation. 

Thus Frobenius cycles exist only if GF(!^ ) is a proper subfield of GF(^ ). 

If © 6 GF( 2 ^), but does not belong to its subfield GF( 2 ’'^), then 

{©, ,©^ , . . . . , ©^ } is defined as a Frobenius cycle if ©^ = © amd ©^ ^ © for j < i. 

GSFs have remarkable properties connected with Frobenius cycles. From the above 
discussion, we observe that Frobenius cycles exist only when the field to which the function 
values of the GSF belong, say GF( 2 ”), is a proper subfield of the field to which the 
coefficients of the GP representing the GSF belong, say, GF( 2 ^)). Then the GP coefficients 
are related by conjugacy constraints. Such properties lire absent in the case of GPs where 
the coefficients and fimction values belong to the same field. 

2.4.1 Conjugacy Relations 

When Frobenius cycles exist in GPs, the coefficients of GPs satisfy conjugacy 
constraints. We discuss these constraints under two broad cliuBsifications of GSFs, namely, 
those GSFs whose k^^n and those whose k (n. 

Two possibilities can arise in either case: 

(a) Function V2due8 belong to GF( 2 “), and not to any of its subfields. 

(b) All the function values belong to GF( 2 ’') as well as to a subfield of it, say, 
GF( 2 “i) (Since the latter is a subfield of the former, nj |n). 

(a) kj'n 

K , we note that the field to which the function values belong (GF( 2 “) or 

GF( 2 ^^) as the case may be) is a proper subfield of the field to which the coefficients 
belong. This is because, since k^^n, it also does not divide a factor of n (nj, in this case), 
and hence the L.C.M. of k and n as well as the L.C.M. of k and nj are respectively not 
equal to n and nj. Therefore, nontrivial conjugacy relations exist among the coefficients 



when k^^n. 

We state the following theorem on conjugacy relations; 

Theorem 2.4.1: If k^^n, the coefficients a. , i = -o) ,0, 1, ...., 2^—2, of a GP, settisfy the 
conjugeicy relations given by 

= \q Mod M - 1 ' i = <>■ 1 2^-2 

and (a )^ = a , (2.4.2b) 

where M = 2^, and Q is equed to 

(1) 2®, if the function values belong to GF(2”) emd not to any subfield of it. 

(2) 2^*, if all the function vjilues belong to GF(2^) as well as to a subfield 
of it, namely, GF(2”^). 

The coefiBcients belong to GF(2^), where L = L.C.M of k and, n or nj in (1) and (2) 
respectively. 

Proof: When k/p^n, it also does not divide nj , a factor of n, and hence the field to which 
the function values belong, is not equal to the field to which the coefficients belong, and 
will always be a proper subfield of the latter. Therefore conjugacy relations exist among the 
coefficients of the GP. This is similar to the conjuge«:y relations among the DFT 
coefficients of a sequence over GF(q) of length N , in which case the relation is 

mod N ’ 

where the 's are in an extension field of GF(q). 

Since the GT is an extension of the DFT over finite fields, in the former case, we 
have the DFT of a sequence over GF(2^) (or GF(2®^)) of length 2^—1. Hence the conjugacy 
relations used for DFT can be extended to GTs, to get (2.4.2a). Fxirther (2.4.2b) is valid 
since a_^ = f(“~^ € GF(Q). Q.E.D. 


For an alternate proof, see [10]. 



Example 2.4.1; We consider an example of a GSF where , emd all the function 

values belong to GF(2“‘), a subfield of GF( 2 ^). Let n = 6 , k = 4 and Uj = 3. Then L = 12. 
Let X 4 -x+x+x + lbea primitive polynomijd for generating GF(2 ), with 7 as a 
primitive element. Then the subfield GF (2 ) is generated by the primitive polynomiid 
x® + x^+l. 

Let the function vedues represented as a power of a primitive element ^ in GF (2 ) be given 
by 

-CD, 36, 54, 45, 36, 18, 0, 45, 27, 45, 18, 0, 18, 54, 36, 27 
(where only the exponents of ^ are listed). It may be noted that all the function values 
given above are also members of the subfield GF( 2 ^). 

The GSF which realizes this mapping may be found to be (Computational 
procedures for GSFs are discussed in Section 2.5): 

f(x) = 7 ""'° x'^ + 7 ^'' ^ ^926 ^12 ^ ^1993 ^11 ^ ^3120 ^10 ^ ^3187 ^9 

+ 7^'' x8 + 7'®' x^ + 7 ^'' x« + 7'^ x® + 7'®°" x^ + 7''^ x® + x^ + 

7^'^x. 

It is easy to verify that the coefficients satisfy conjugeK:y relations given by 


“ "Si mod 16 ’ * “ ^ 


(b) k|n 

If k|n , we note that the fields to which the function vidues and the coefficients 
belong, is same if 

( 1 ) the fimction values belong to GF( 2 “), and not to any of its subfields. 

( 2 ) all the function values belong to GF( 2 *^) as well as to a subfield of it, namely, 
GF(2“i), and »/Jblni. 

Thus in cases ( 1 ) and ( 2 ), the GP coefficients exhibit trivial conjugacy relations 
and they belong to GF( 2 “) and GF( 2 ”*) respectively. 



However, conjugeicy relations exist if 

all the function values 6 GF( 2 ''^) as well m to a subfield of it, namely, GF( 2 ^*), and 
, in which case the coefHcients belong to GF( 2 ^), where L = L.C.M. of nj 

and k. 

Conjugacy relations are same as in Theorem 2.4.1 except that now Q is taken as 2*'. 


Example 2.4,2; In this example, we consider a case where k|n , but all the function values 

belong to a subfield GF( 2 ^^), where k^Kni , and hence nontrivial conjugacy relations exist 

among the GP coefficients. Let n = 12, k = 3 and nj = 4 so that kyj^n^. L = 12 . Let 

X + X + X + x + 1 be a primitive polynomial for generating GF (2 ), with 7 as a 

primitive element. Let the function values be represented as a power of a primitive element 
12 

7 in GF (2 ), the exponents of which are given by 


-XD, 273, 1365, 819, 0, 1092, 1638, 546. 

The above values are also members of GF(2^), a subfield of GF(2^^). 

The GSF which realizes this mapping may be found to be 

f(x) = 7*"® + 7 "“ X® + 7 "“* X® + 7 ='®® X® + 7 "“ X® + 7 “®’ x' + 7®®® X. 

The coefficients satisfy conjugacy relations given by 

^ 16 _ . 


(a-/ 


I64 mod 


y, i = 0 , 1 , ...., 6 . 


2.4.2 Number of Frobenius Cycles 

In the following theorem, we give an expression for the number of Frobenius cycles 
in a single variable GP exhibiting Frobenius properties: 

Theorem 2.4.2: The number of Frobenius cycles existing , in a single variable GP 
representing a GSF mapping firom GF( 2 ^) to GF( 2 ^), is given by 

nfirob=l+ S ^i(D)/expQ(D), (2.4.3) 

DjMl 



where Ml = 2^—1, Q = 2”, expgD = e is the least positive integer such that Q® = 1 mod 
D, and is the Euler's phi function. 

Proof: Since GT is an extension of DFT over finite fields, expression for the number of 
conjugate classes (say Nodft) in the case of DFT can be employed with a suitable 
modification to calculate the number of Frobenius cycles in single variable GPs. The only 
modification required will be the addition of a '1' to Ncdft, to account for the term a . 
Ebq>re8Bion for Ncdft can be derived as follows [32]: 

Let S be the set [0, 1, 2, , Ml— 1]. Let D be an integer such that (Q, D) = 1 (ie., 

Q is relatively prime to D), D|M1, and fexpg(D) = e (ie., e is the least positive integer 
such that Q® = l(mod D)). 

Then Si = [1, Q, Q^, ...., forms a cycle of length 'e*. Now take an integer 

such that <T>, Si and the greid;est common divisor (G.C.D.) of and D (denoted 

as (^j,D)) = 1. Using the number theoretic result that if ax 5 ay (mod m) and (a,m) = d , 

then X s y(mod m/d), we have i'jQ* = (mod D). Now we form another set S2 = 1^^, /^Q, 
2 c 1 

^lQ^ , ‘ 1 which is also of length 'e*. It can be proved that Si and S2 are disjoint. 

Because, if this were not so, then we would have (mod D), 0 < i, j < e— 1. As 

(Q, D) = 1 , this implies, (mod D), which means € Si , which is contradictory 

to our initial assumption. Hence Si and S2 are disjoint. 

Next we choose another integer < D , such that S2 and D) = 1, 

and obtain an Ss similsu to S2 , which will be disjoint both with Si and S2. 

It may be noted that integers which are relatively prime to D form a group under 
multipUcation, whose order is ^(D), and Si forms a subgroup of this group of order 'e'. 
Since the order of a subgroup divides the order of its group , we have ej ^(D), or ^(D)/e is 
an integer. Now we have covered ^(D) elements of S and obtained the nrimber of cycles in 
this ^(D) elements as i^(D)/e. The cycles in S corresponding to Si , S2 , .... are [m', m’Q, 
m'Q*~^], [m'^j, m’^jQ, ..., m'.^jQ®"’^], .... respectively, where m’ = Ml/D. Since from 



number theory, we have the result, S ^(D) = Ml, we repeat the above steps for other 

D|M1 

divisors D of M 1 to exhaust S. 

ThusNcdft= S ^(D)/expQ(D) 

DjMl 

and nfrob = 1 + Ncdft Q.E.D. 

Examples: We illustrate the above theorem with some examples. 

Example 2.4.3: Let n = 1, and k = 4. This is an example of a 4 vairiable boolean function. 
The Frobenius cycles in this case, listed in terms of the GP coefficients are: 

( 1 ) 

(2) {a^} 

(3) {a^, a^, a^, ag} 

(4) {ag, ag, a^} 

(5) {ag, ajg} 

(6) {a^, aj^, ajg, a^^} 

Using the formula derived, the number of cycles can be calculated as follows: 

Here Ml = 2^ — 1 = 15; the divisors (D) of 15 are 1, 3, 5 and 15. 

Q = 2^ = 2. 

By convention, expg (1) = 1, 
and expg (3) = 2, exp 2 (5) = 4, exp 2 (15) = 4. 

^(1) = 1, m = 2. <i(5) = 4, ^(15) = 8. 

Thus nfrob = 1 + + ^ + = 1+ 1 + 1 + 1 + 2 = 6. 

1 J 4 4 


Example 2.4.4: Let n = 2, and k = 4. This is an example of a distal system with 4 input 
variables and 2 output variables. The Frobenius cycles in this case, listed in terms of the 



GP coefficients are: 

(1) 


(2) 


(3) 

{»! . %} 

(4) 


(5) 

’ ^12^ 

(6) 

K> 

(7) 


(8) 

' “ 13 } 

(9) 

^0> 

(10) 



The number of cycles can be cedculated using (2.4.3) as follows; 

Here Ml = 2^ — 1 = 15; the divisors (D) of 15 are 1, 3, 5 and 15 ‘as in Example 2.4.3. 

Q = 2^ = 4. 

By convention, exp^ (1) = 1, 

and exp^ (3) = 1, exp^ (5) = 2, exp^ (15) = 2. 

^(1) = 1, ^(3) = 2, ^(5) = 4, ^(15) = 8 as before. 

Thus nfrob = 1 + = l+ l + 2 + 2 + 4= 10. 

Ebcample 2.4.5: Let us consider n = 4, and k = 4. This is an example of a mapping which 
has a domain and a range assuming values from the same finite extension field, such as a 
permuter. We illustrate the fact that conjugeicy relations among the GP coefficients are 
trivial in this case and all the coefficients are independent of each other. 

Using (2.4.3), the number of cycles is calculated as follows; 

Here Ml = 2^ — 1 = 15; the divisors (D) of 15 are 1, 3, 5 and 15. 

Q = 2^ = 16. 



By 

1 1 cro 3^ 

and expjg 


Thus nfrol 
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From the discussion in Section 2.4.3, we may say that any FF may be represented 
as a sum of elements of minimal ideals in the corresponding monoid algebra. 



2.5 Computational Procedures 

In this section, we discuss various procedures for computation of GP coefficients and 
fimction values of a GSF mapping from GF(2^) to GF(2“). 

2.5.1 Computation of Coefficients 

We saw that the Galois Transform matrix pof size 2^ x 2^, is an extension of the 
corresponding DFT matrix of size 2^—1 x 2^—1. Hence the problem of computation of the 
GP coefficients reduces to the problem of computing the corresponding DFT coefficients of 

a sequence of function values f(o*), i = 0, 1, 2^—2, over GF(2“) of length 2^--l, and 

then adding the coefficient a_^ = f(a~^ to the first coefficient, (a^ — in the resulting 
DFT sequence. Various standard algorithms collectively known as Jast Fourier transform 
(FFT) algorithms, are available for the fast computation of DFT for different data lengths 
[20], and the same can be employed for computing the GP coefficients. 

2.5.2 Computation of Function Values 

Given the coefficients of a GP, several methods are available to compute the values 
of the corresponding function. The method used depends on the requirement and the type 
of the GP under consideration. 

If the requirement is to compute all the function values, then an obvious method 
would be to compute the inverse DFT of the sequence [(aQ— a , a^ , a 2 , a^] where ^ 

= 2*^—2, to get f(Qr*), i = 0, 1, 2^—2, using FFT techniques, and then put f(Qr®) = a_ ^ . 

If the requirement is to compute only some values, then we can use any of th( 
following two techniques depending on whether Frobenius cycles exist or not. 

2.5.2. 1 Frobenius Sum Computing 

This method cam be used only for those GPs which may be expressed as a Frobenii 
polynomial (FP). Therefore the function value computation reduces to Frobenius su 



computing. A simple procedure exists for computing the values of a FP, say f(x). Let us 

assume for the present that the constant term is 0. Then let f(x) = E a^x^ , where 

L 2 2^^ — ^ 2^ 

a. € GF(2 j, and j is a member of the conjugacy class {j, jQ, jQ jQ } where jQ'^ 

= j modulo 2^ — 1, and Q = 2 ”. 

The value of f(x) = - yg > ®^y * ~ \_1- - ^0 ’ computed as 

follows; 

(1) Express Xj^_j.... x^ x^ as a power of the primitive element a in GF(2^) say, 
a [ie., convert x from cartesian form to polar form]. 

(2) Express in terms of the primitive element 7 in GF(2^); o* = 7^'^ = 7* 
(say), since or = y^, where u = 2^— 1/2^— 1. 

( 3 ) Find the arguments of each Frobenius term, ie., Sj x^ = a^ 7*'^ = (say). 

( 4 ) Compute each of the Frobenius sums fr8(7^^) and take their sum to get y = 


yu-r- yi yo- 


If we work in normal basis (NB), the computation of Frobenius sum becomes very 
easy, as squaring of a field element can be done in NB by a mere cyclic shift. 


Example 2 . 5 . 1 : We illustrate the computations with GPs in this example. For this 
purpose, we use the mapping which was considered in Section 2.1, with its truth table 
given in Table 2.3. Here k^l'^n and thus conjugacy relations exist among the GP 
coefficients. Let n = 2 emd k = 3 . Then the GP coefficients lie in GF(2 ) since L = L.C.M. 
of 2 and 3 = 6. Let 7 be a primitive element of GF (2 ) and let its minimal polynomial over 
GF(2) be x” + X + 1. We choose this polynomial for generating the finite field GF(2 ). 

Let or = primitive element of GF(2^) and ^ — primitive element of GF( 2 ^). 

Then n = = 7“ end ;S = = 7“. 

Minimal polynomial of a over GF( 2 ) = (x — 7®)(x — 7^®)( x — 7^®) = x^ + x^ + 1. 

Minimed polynomial of /? over GF( 2 ) = (x — 7^^)(x — 7^^) = x^ + x + 1 . 



3 2 

Thus the subfields GF(2 ) and GF(2 ) are generated by the minim al polynomieds of 
7® and 7^^ respectively. 

The GP coefficients representing this mapping can be calculated as 

. n n 32 8 28 2 49 7 

- 0,aQ-0,aj-7 ,a2-7,a2~7 ,a^-7,ag-7 ,ag-7. 

Thus f(x) = 7®' X® + 7® + 7^® x" + 7^ X® + 7"^ x^ + 7^ X 

= firs(7^ x) + fr8(7^ x^), 

(since f(x) is composed of two Frobenius cycles). 

It may be noted that 

£r8(7^ x) = (7^ x) + (7^ x)^ + (7^ x)^® = 7^ X + 7^®x^ + 7*^x^ and 
frs(7V) = (7' x^) + (7^ x^)^ + (7^ x 3 )l« = 72 x 3 ^8 ^6 ^ ^ 32^6 

Now let us compute the value of f(x) at, say x = x^ x^ = 0 1 1 . 

o c 

Xj Xj Xq expressed as a power of a in GF(2 ), from Table 2 . 3 , is a . 
a® expressed in terms of the primitive element 7 in GF(2^ = 7^® = 7^®. 

The two arguments of the Frobenius function are obtained as 7 x = 7 . 7 = 7 

and 7' = tV® = 7''. 

Computing the Frobenius smns firs(7 ) and 6:8(7 )> gc* 

6^(7®^) = 7 ®^ + 7 ^^ + 7 ^® = 7 ® = = 1 . 

M 7 “) = 7 “ + 7 ^+ 7 “= 7 “=^. 

Thus f (0 1 1 ) = f{ «') = / + = /J = 1 0 . 

It may be verified from the truth table (Table 2 . 3 ) that the above is true. 


2.5.2.2 Homer's Rule 

The Horner’s rule is a standard method for polynomial computation, irrespective o 


the type of GP under consideration. To describe the method of computation, let us conside 
the GP: 



fW=»-„+»0>'* * + a,x2 2+,„ + ax2 l‘+ + ,^x, 

vhere ^ = 2 ^— 2 . 

This may also be written as 

f(x) = ((...(((aQ X + a^ X + a^) X + a^) x + .... + a^_j) x + a^) x + a_^. 

(2.5.1) 

( 2 . 5 . 1 ) suggests a recursive procedure for polynomied computation and is illustrated in 
Figure 2.1. 

The Horner's Polynomial Computer consists of a finite field multiplier and a finite 
field adder, working, in general, in GF(2^), L being the L.C.M. of n and k. Initially, 
assume that the multiplier output is zero, so that a^ is availeible at one of the inputs to the 
multiplier, the other input being the value x € GF( 2 ^) represented in GF( 2 ^, ad; which it is 
required to compute the function. Thus, at the arrival of the first clock pulse, is 
multiphed by x and a^ gets atdded to it, and becomes available at the input to the 
multiplier before the arrived of the second clock pulse, and so on. Lastly, after the final 
midtiplication, a ^ is added, to get the value of the function at x, at the adder output. It 
tedces 2 ^ —1 multiphcations and additions to compute one function value. 


Example 2.5.2: We take the same function as in Example 2.5.1 to illiastrate Horner's 
polynomial computation. 

We had f(x) = 7 X+7X+7 x 4 - 7 X +7 x+ 7 x. 

32 8 28 2 49 7 

“o = "■ .“2 =T',»8=y ,»^=7.«6=7 ,»J=7- 

Now let us compute the vadue of f(x) at x = X 2 x^ x^ = 0 1 1 = a® = 7 ®^ = 7 ^^. 



= «y21^^=10. 


' be seen from the truth table given in Table 2.3 that the above is true. 




Fig 2.1; Horner’s Polynomial Computer 





2.6 Multi-Dimensional Galois Switching Functions 

Although our studies are confined to 1— D and 2— D GSFs, we state a theorem on 
multi— dimensional GSFs and prove it for the 2— D case: 


TTieorem 2.6.1: Any m— dimensional GSF f(x, , x. ,..., x ) can be represented by an 

ji A m 

m— variable GP 


Ji 


f(x, , x„ X )=S S....S a X, x« j^... X j® , 

^ 1 2 ’ ’ Jl J2 Jm Jm 1 2 m ’ 

— OD, 0, 1, 2 —2, i = 1, 2, ..., m, where — j. is taken modulo 2 — 1 

( 2 . 6 . 1 ) 


The coefficients are given by 


a 

— OD — OD 

— r/ 

^ = ’“2 

' m ^ 


(2.6.2a) 

a. 

—00 — OD 

= S xl^ f(x , 

— <D XI 1 ^ 1 ' 

“tJO 

®2 ’ “3 ’ 

' m ' 


a 

— oo J 2 —00 

... =Sxj2f(a7 

—CD X2 2 ' 1 

-00 

’ *2 ’ ’ 

.... cT^ 

* m ' 



“Cj coefficients 


(2.6.2b) 



a. . 

Jl J2 “® 

-® h 


=S S xj‘xj2f(v 
=S S x|® f(x, 

XI X3 1 3 '• 1 




coefficients 


a ... . =E S X ^ X ^ " 

Jm-Um “ 


f(ai 


-tD -<D 

,^0 » -1^ 


m— 1 


X ) 

m'' 


(2.6.2c) 


a. . . 


Jxn 


=S S ,.E ^ 

XXX 12 m 

1 2 m 


f(Xi , 


^ )) 


(2.6.2d) 


j. = 0, 1, ..... 2 ^—2, X € GF(!^’), a. is a primitive element of GF(2^’), i = 1,2, m. 

f(Xj,X 2 , ...., x^) 6 GF(2“), and the coefficients (a*s) € GF(2^, L being the L.C.M. of n 


and k , i = 1, 2, ..... m. 


Note; It may be noted that in (2.6.1), any xj®, i = 1, 2 ,..., m, is taken as 1. Thus for 
j. = -tD, i = 1, 2, ... m, we get 

f(a7*’, al®, ... o~®) = a ... = the constant term. 

For proof, it is sufficient to consider the two— variable case, since it may then be 


formally extended to the m variable case. 



2.6.1 


Two-Dimensional GSFs 


The theorem may be reformulated for two variable GPs as follows; 


Theorem 2.6.2: Any 2— D GSF, f(Xj , X 2 ), cim be represented by a 2 variable GP 
f(x., , X-) = S S a. . X , 

^12^ jl J2 JiJ2 1 2 

j. = — 00 , 0, 1, ...., 2 —2, i = 1, 2, where — j. is taken modulo 2 —1. 

[assuming that (x.)~® is taken as 1 for i = 1, 2]. 

The coefficients are given by 



(2.6.3) 


(2.6.4a) 


a. 

Jl-® 


= E xj' f(Xj , 0,7) 



= 2 coefficients 


a 

-® J2 




(2.6.4b) 


a. . = SS xi^x^^f(x , x„), (2.6.4c) 

J1J2 *2 1 2 M ’ 2^’ 

k 

j. = 0, 1 , ..., 2 —2, X. € GF(2^’), a. is a primitive element of GF(2^’), i = 1, 2, 

f(x, , x„) € GF(2“), and the coefficients (a's) € GF(2^), L being the L.C.M. of n and k. , 

X j£ 1 

i = 1. 2. 


Proof: With the assumption that when ji, j2 = -® 1 and x^^ becomes unity, whereas 
the argument x^ and x^ of f(Xj , x^) becomes 0 = a~°°, we multiply f(Xj , x^) by xj^ x^2 
both sides and then sum over all x^ € GF(2^^) and x^ € GF( 2 ^ 2 ) where j. = — m, 0, 1, ...., 
2^’— 2, i = 1, 2. Summation over all x^ € GF(2^^) and x^ € GF( 2 ^ 2 ) forces all the terms on 



the right hand side of the expression to zero except the term corresponding to j. , i = 1, 2, 

k k k* 

which becomes a. . S E x^ x^ Since in any finite field GF(2^’), x? = 1, the 

summation reduces to unity. Thus we get, 

E E x|^ x^^ f(x, , X.) = a. . 

XX 1 2 '' 1’ 2-' j, J2 

The fact that the coefficients belong to GF(2^), L being the L.C.M. of n and k, 
i = 1, 2, may be proved by noting the following; 

If we arrange the function values f(Xj , x^), x. 6 GF(2^’), i = 1, 2, in the form of a 
2^^ X 2^^ matrix, then the coefficients of the 2 variable GP can be obtained by 

(1) computing the 1— D Galois transform (GT) coefficients of the rows of the 
matrix, which represent a mapping from GF(2^^) to GF(2®), and replacing 
the rows with the resulting coefficients which belong to say, GF(2^^), Li 
being the L.C.M. of n and ki, followed by 

(2) computing the 1— D GT coefficients of the resulting columns, which now 
represent a mapping from GF(2^^) to GF(2^^). The resulting final 
coefficients belong to GF(2^), L being the L.C.M. of ka and Li , which is the 
same as the L.C.M. of ki , ka and n. 

[The computation of the coefficients can also be done by taking the columns first and then 
proceeding to the rows.] 

2 .6 . 1 . 1 Conjugacy Relations 

The conjugacy relations for single variable GPs can be extended to the two— veuriable 
case, and is stated below without proof; 

Theorem 2.6.3; If at least one k. >Kn , the coefficients a. . , j.= -w, 0, 1, ...., 2^’— 2, 

1-^ JiJa » 

i = 1, 2, of the two variable GP defined in (2.6.3), satisfy the conjugacy relations given by 



( 2 . 6 . 5 ) 


— 00 , 


, 0 , 1 , . 


Q 2^*-l) j 2 Q (mod 2^2_2) ’ 

, 2 ^’- 2 . 


with the asstimption that when j. = — oo, i = 1, 2, 
where Q =: 2“. 




a. 

1 


(mod 2 -i) jg 2;aken as a~ 


Note: Situations arising due to all the function values values belonging to a subfield 
GF(2“i) of GF(2“), in cases of at least one k^^^n , and kj|n for all i, are similar to the 
single variable case and hence we do not consider them here. 

2.6.1. 2 Number of Frobenius Cycles 

We extend the result on the number of Frobeni\is cycles in single variable GPs to 
the two— variable case. The theorem is stated eis follows: 


Theorem 2.6.4: The number of Frobenius cycles in the case of two— variable GPs, is given 
by 

n£rob2D = 1 + S ^(Dj)/expQ(Dj) + S ^(D 2 )/expQ(D 2 ) + 

dJm, dJmj 

S S 4l(D,)^(Dj)/L.C.M(expQ(Dj),expQ(Dj)). (2.6.6) 

Dj|m, DjIm^ 

Proof: The term *1* accoimts for the coefficient a . The second and third terms 

— flO —03 

account for the number of 1— D Frobenius cycles (Frobenius cycles corresponding to the 
single variable GPs of the first row and first column). The last term accounts for the 
number of 2— D Frobenius cycles formed by taking pairwise products of the 1— D Frobenius 
cycles, and may be obtained as follows [32]: 

Consider a 1— D Frobenius cycle corresponding to a divisor of M^. We know from 



the single variable case that there are such cycles each of length , where 

= expQ(Dj). Similarly, there are , 1 — D cycles each of length , where 

— exf ^{D^), corresponding to a divisor D 2 of M^. Therefore the nximber of product terms 
formed by ttddng peurwise products of the 1 — D cycles corresponding to a divisor of 
and a divisor of is equal to Now we count the number of 2— D 

Frobenius cycles in each product. It is known that the length of such a 2— D cycle is equal 
to the L.C.M. of and Thus the number of 2 — D cycles in each product is equal to 
/^/ 2 /L.C.M.(/j , i^) (which is equal to the G.C.D. of and i^). Therefore the total number 
of 2— D Frobenius cycles corresponding to and is equal to 

^(Dj)^(D 2 )/L.C.M.(/j , £^). Summing over all and D 2 , we obtain the third term in the 
expression for nfrob 2 D. Q.E.D. 

Examples 

Example 2.6.1: Let n = 2, ki = 3, k 2 = 2. 

Then = 2^^1 = 7; M 2 = 2^^-l = 3; Q = 2’' = 4. 

The divisors of 7 = = 1, 7. 

The divisors of 3 = Dg = 1, 3. 

exp^Cl) = 1; exp 4 ( 7 ) = 3; exp^(3) = 1. 

Thus nfrob2D = 1+2 ^(D,)/exp.(D,) + 2 ^(DJ/exp.(D,,) + 

Dj ^ ^ ^2 ^ ^ 

Dj|7 D 2 I 3 

2 2 ^(D )<^(D )/L.C.M(exp (D ),exp (D )) 

Dj Dj ^ 4 1 4 .i 

Dj|7D2|3 

= 1 + ^(l)/exp^(l) + ^(7)/exp^(7) + ^(l)/exp^(l) + ^(3)/exp_^(3) 
+ ^(l).^(l)/L.C.M(exp^(l), exp^(l)) + ^(l).^(3)/L.C.M(exp^(l), 
exp^(3)) + (exp^(7), exp^(l)) + 

<6(7).<i(3)/L.C.M(exp^(7), exp^(3)) 





Now we list these conjugacy classes to verify the above number; 

In each class, the exponents ji and 12 of a. . , are listed. 

h J2 

The conjugsicy relations in this case, is 

3 ^ ~ (mod 7) d.jj (mod 3) ’ 
jl = -®. 0i 1, •••, 6, j2 = -w, 0, 1, 2. 

Now we list the conjugEicy clsisses to verify their number obtained by (2.6.6): (In each class, 
the exponents jj and j 2 of a. . , are listed.) 


(1) 

{{-(n,-a))}, (2) {(-tD,0)}, 

(3) 

{(“®>i)}, ( 4 ) 

•{(-<d,2)}, 

(5) 

{(0,^)}, (6) {(0,0)}, 

(7) 

{(0,1)}, (8) 

{(0.2)}. 

(9) 

(4,— to), (2, -to)}, 

(10) 

{(1,0), (4,0), (2,0)}, 


(11) 

{(1,1), (4,1), (2,1)}, 

(12) 

{(1,2), (4,2), (2,2)}, 


(13) 

{(3,-to), (5,-ot), (6,-®)}, 

(14) 

{(3,0), (5,0), (6,0)}, 


(15) 

{(3,1), (5,1), (6,1)}, 

(16) 

{(3,2), (5,2), (6,2)}. 



We consider one more example before concluding this chapter. 

Example 2.6.2: Let n = 1, ki = 3, k 2 = 4. 

Then Mj = 2^^1 = 7; = 2^^1 = 15; Q = 2. 

The divisors of 7 = = 1,7. 

The divisors of 15 = = 1, 3, 5, 15. 

exp2(l) = 1; exp2(7) = 3; exp2(3) - 2, exp2(5) = 4; exp2(15) = 4. 



Now 1+ S ^(Dj)/exp2(Dj) = 1 + ^(l)/exp2(l) + ^(7)/exp2(7) = 1 + 1 + 2 = 4. 

Djl7 

jimilarly, 

S ^(D2)/exp2(D2) = ^(l)/exp2(l) + <^(3)/exp2(3) + ^(5)/exp2(5) + <^(15)/exp2(15) 

^2 

^2115 

= l + l + l + 2 = 5. 

Lastly E S ^(Dj)^(D2)/L.C.M(exp2(Dj),exp2(D2)) 

Dj D2 

Dj7 D2I15 

= L.C.M(exp2(l).exp2(l)) + ^(l).<i(3)/L.C.M(exp2(l).exp2(3)) + 

^(l).fli(5)/L.C.M(exp2(l).exp2(6)) + 4i(l).^(15)/L.C.M(exp2(l),exp2(15)) + 

fli(7).^(l)/L.C.M(exp2(7).exp2(l)) + ^(7).^(3)/L.C.M(exp2(7),exp2(3)) + 

^(7).^(5)/L.C.M(exp2(7),exp2(6)) + fli(7).^(15)/L.C.M(exp2(7),exp2(16)) 

= 1 + 1 + 1 + 2 + 2 + 2 + 2 + 4 = 15. 

Thus irfrob2D = 4 + 5 + 15 = 24. 

Now we list these conjugacy cleases. As in Example 2.6.1, the exponents ji and j2 of a. . , 

Jl J2 

are listed in each class: 

The conjugacy relations in this case, are 

'}) ~ ^2.ji (mod 7) 2.j2 (mod 16)’ 
jl = “Wi 0. I."” > 6, jj = -®, 0, 1,...., 14. 

( 1 ) 

(3) (-®,2), (-01,4), (-00,8)} 

(4) {(-®,3),(-w,6),(-o),12),(---od^ 

(5) {(-tB,5),(-a),10)} 

(6) {(-«,7), (-a(,14), (-a),13), (-00,11)} 



(7) {(0,-^)} 



’) {(ll"®)* (^,“<»)} 


(9) {(3,-00), (6,-®), (5,-®)} 


0) {(O'O)} (11) {(0,1), (0,2), (0,4), (0,8)} 

12) {(0,3), (0,6), (0,12), (0.9)} (13) {(0.5), (0,10)} 

14) {(0,7), (0,14), (0,13), (0,11)} 

15) {(1.1), (2,2), (4,4), (1,8), (2,1), (4,2), (1,4), (2,8), (4,1), (1,2), (2,4), (4,8)} 

16) {(1,3), (2,6), (4,12), (1,9), (2,3), (4,6), (1,12), (2,9), (4,3), (1,6), (2,12), (4.9)} 

17) {(1,5), (2,10), (4,5), (1,10), (2,5), (4,10)} 

18) {(1,7), (2,14), (4,13), (1,11), (2,7), (4,14), (1,13), (2,11), (4,7), (1,14), (2,13), (4,11)} 

.19) {(2,0), (4,0), (1,0)} (20) {(3,0), (6,0), (5,0)} 

(21) {(3,1), (6,2), (5,4), (3,8), (6,1), (5,2), (3,4), (6,8), (5,1), (3,2), (6,4), (5,8)} 

(22) {(3,3), (6,6), (5,12), (3,9), (6,3), (5,6), (3,12), (6,9), (5,3), (3,6), (6,12), (5,9)} 

(23) {(3,5), (6,10), (5,5), (3,10), (6,5), (5,10)} 

(24) {(3,7), (6,14), (5,13), (3,11), (6,7), (5,14), (3,13), (6,11), (5,7), (3,14), (6,13), (5,11)}. 



CHAPTER 3 


LINEARIZED GALOIS SWITCHING FUNCTIONS 


In this chapter, we study linearized GSFs (LGSFs), a class of GSFs representing 
k n 

ineeu: mappings from GF(2 ) to GF(2 ) and represented by linearized Galois polynomials 
'LGPs). LGSFs are shown to constitute an ideal in the monoid algebra of GSFs. We 
jstablish a one-to-one correspondence between LGSFs and linear (n,k) transformations 
(hneeu: mappings from GF(2^) to GF(2^)), where k is not necessarily equal to n. Depending 
on whether k|n or k^^n , the class of LGSFs is broadly divided into two subclasses, and 
their algebraic structures are studied. 

3.1 Conditions for GSFs to be Linear 

We first derive the conditions for GSFs to be linear. A function f(x) is said to be 
linear, if f(Xj+X 2 ) = f(Xj) + f(x 2 ). Now, any GSF mapping from GF(2^) to GF(2*^) 
described by a GP with coefficients from GF(2^, L being the L.C.M. of n and k, has been 
represented in (2.3.1) as 

f(x) = a_^+ S a.x-J :e = 2^-2, 
j-o 

where — j is taken modulo 2^—1 and the a ‘s in the indices of a ’s in (2.3.1) has been 
omitted. 


C 

At ic = Xj , f(x) = f(Xj) = a_^ + E a. Xj K 

j-0 ^ 



c 

At X = Xj , f{x) = {(xj) = + E a x^ 

j-0 


c 

At X =Xj+X2 , f{x) = f(Xj+X2) = a_^ + S a (Xj+X2) ^ 

Now, f(xp + {(x^) = S a. (x^ •* + Xg ^). 

j-0 


(3.1.1) 

(3.1.2) 


For fvmction lineeurity, we require that (3.1.1) euid (3.1.2) be equal. At this point, we 

r r r 

use the well known result that, for any field of chauracteristic p , (x^ + x^)*^ = x^^ + X2^ . 
In our case, we have p = 2 , and the result simply means that squaring is a hnear operation 
in fields of characteristic 2. Equating (3.1.1) and (3.1.2), we see that, for f(x) to be linear, 
the only nonzero coefficients can be those corresponding to j = —2* , i = 0, 1, 2, .., k— 1. All 
the remaining coefficients including the constant term a_^ must be equal to zero. 

We call GSFs with the above constraints by the term linearized GSFs (LGSFs), and 
the corresponding GPs representing them by the term linearized Galois polynomials 
(LGPs). 


Definition 3.1.1: A LGSF is a GSF described by a LGP of the form 

k-l i 

f(x) = 


E a . x"^ 


(3.1.3) 


i-O -2' 

where —2^ is taken modulo 2^ — 1. 


Note: A LGSF is a signal vector of length 2^ over GF(2’‘^). Therrfore it can be described in 
terms of its Galois spectrum (Galois transform (GT) coefficients) as follows: 

A LGSF is a signal vector of length 2^ over GF(2^) whose Galois spectrum is 
identically equal to zero except in those indices i = 0, 1, k—l, where —t is taken 
modulo 



3.2 Linearized Frobenius Functions 


We have seen that the coefficients of any GP representing a mapping from GF(2'^) 
to GF(2“) satisfy nontriviad conjugacy relations if the field to which the function values 
belong (which is GF(2“) or a subfield of it) is a proper subfield of the field to which the 
coefficients belong. We called such functions as Frobenius Junctions (FFs) and the 
associated polynomials as Frobenius polynomials (FPs). This property is naturally ceuried 
over to LGSFs representing linear mappings of a simileir nature. We call such LGSFs as 
linearized Frobenius functions (LFFs) and the LGPs representing them as linearized 
Frobenius polynomials (LFPs). 

Definition 3.2.1: A LFF is a LGSF representing a linear mapping from GF(2^) to GF(2“), 
and described by a LFP, where a LFP is an LGP whose coefficients satisfy nontrivial 
conjugiicy relations and hence the linearized terms can be grouped into Frobenius cycles. 

Note: A LFF is a LGSF whose LGP representation satisfy nontrivial conjugacy relations 
among its coefficients. It can be described in terms of its Galois spectrum as follows: 

A LFF is a signal vector of length 2^ over GF(2“) whose Galois spectrum is 
identically equal to zero except in those indices — i = 0, 1, k—1, where —t is taken 

modulo ^ —1, and whose GT coefficients satisfy nontrivial conjugacy relations. 

3.3 Linearized Functions 

K the field to which the function values of a LGSF belong (which is GF(2“) or a 
subfield of it) is same as the field to which the coefficients belong, then the conjugacy 
relations among the coefficients are trivial and we call such LGSFs simply as linearized 
functions (LFs) and the LGPs representing them as linearized polynomials (LPs), to 
distinguish them from LFFs eind LFPs respectively. 



!)efimtion 3.3.1: A LF is a LGSF representing a linear mapping from GF(2^) to GF(2“), 
Old described by a LP, where a LP is an LGP whose coefficients seitisfy trivial conjugacy 
elations and are independent of each other. 

Note: A LF is a LGSF whose LGP representation satisfy trivial conjugeuiy relations among 
its coefhcients. It can be described in terms of its Galois spectrum as follows: 

A LF is a signal vector of length 2^ over GF(2“) whose Galois spectrum is identically 
equal to zero except in those indices i = 0, 1, ..., k—1, where is taken modulo ^—1, 
and whose GT coefficients satisfy trivial conjugacy relations. 

3.4 The Class of Linearized GSFs as an Ideal in Monoid 
Algebra 

It may be shown that the class of LGSFs forms on ideal in the cyclic monoid algebra 
of GSFs. To show this result, we receiU the transform domain description of GSFs discussed 
in Chapter 2. It is easy to see that pointwise addition of the GP coefficients representing 
two LGSFs gives another LGSF. In other words, LGSFs are closed under pointwise 
addition. Similarly, consider the pointwise multiplication of the GP coefficients of a LGSF 
with that of any GSF. This obviously results in the product being a LGSF, since pointwise 
multiplication forces all the remaining GP coefficients in the product, other than the 
linearized terms, to zero. Thus the cleiss of LGSFs constitutes an ideal in the cyclic monoid 
algebra of GSFs. 

Next we shall establish a one-to-one correspondence between LGSFs and linear 
transformations. But before doing this, we first define linear (n,k) transformations and take 
up some of the related counting problems. Our studies are limited to finite fields of 
characteristic 2. 



.5 Linear (n,k) Transformations 

We define a lineai (n,k) transformation as follows: 

lefinition 3.5.1: A linear (n,k) transformation is a linear trsmsformation from a vector 
>ace GF(2^) to the vector space GF(2“), where k is not necessarily equal to n. 

In general, the linear transformation may be one-to-one or many— to-one in nature, 
f k = n , and the mapping is one— to— one, the corresponding linear transformation 
epresents a permutation of the vector space GF(2^). H k < n , and the mapping is 
me— to-one, the corresponding linear transformation represents a k dimensional subspace 
»f the vector space GF(2’^), which qualifies to be a linear (n,k) block code. 

L5.1 Number of Possible Linear (n,k) Transformations for a 
given pair of n and k 

The number of possible linear (n,k) transformations (not necessarily one-to-one) 
for a given pair of n and k may be foimd as follows: 

Every linear (n,k) transformation may be generated by a set of k vectors belonging to 
GF(2“), not necessarily linearly independent. Since each of the k vectors can assume any of 
the 2® values, the number of possible linear (n,k) transformations for a given pair of n and 
k, is equal to 2^’^. 

3.5.2 Number of Linear (n,k) Transformations Representing 
One-to-One Mappings (Nj^) 

If the set of k vectors 6 GF(2^) which generates the hnear (n,k) transformation are 
hnearly independent, then the same would represent a one— to— one mapping, and hence a 
k— dimensional subspace of GF(2”). The number of such linesu: (n,k) transformations (Nj^) 
representing one— to— one mappings is equal to the number of ways of choosing a 
k— dimensional subspace of an n-dimensional vector space over GF(2), and the same is 



U'V/ 


)btained as follows [33]: 

There axe 2” —1 wajrs of choosing the first basis element, since the 0 element cannot 
be chosen for a basis. There are 2^—2 ways of choosing the second basis element, excluding 
the 0 element and the first basis element. Similarly, there axe 2 —2 ways of choosing the 
third basis element, since we exclude the 0 element and linear combinations (2 in number) 
of the first two. In the same way, the basis element can be chosen in 2” — 2^""^ ways. 
Thus 

= (2^-1) (2^-2) (2''-2^) (2*'-2*'“^). (3.5.1) 

3.5.3 Number of Distinct Linear (n,k) Transformations 
Representing One-to-One Mappings 

This number is calculated as follows [33]: 

The number of ways of choosing a k— dimensional subspace of an n— dimensional 

vector space over GF(2), is equal to , as given in the previous section. Now, each such 

k 

k-dimensional subspace containing 2 n— tuples can be generated in different ways, 
where is given by 

Nj^ = (2^-l)(2^-2)(2^-2^) (2^-2^“^). (3.5.2) 

Thus the number of distinct k— dimensional subspaces, equal to the number of distinct 
linear (n,k) transformations representing one-to-one mappings, say , is given by 

N<li« = (3.6.3.) 

A simplified expression for may be obtained as follows: 

We may write as 

k 

n (2^-1). 

1*1 

Similarly, may be written as 



jj (2^_i). 

i*n - k+l 

n k 

I"” N^. = N./Nj = [ n (^-1)] / [ H (2*-!)]. {3.5.3b) 

\*n - k^l i « 1 

.6 Correspondence Between Linearized GSFs and Linear 
(n,k) Transformations 

We show in the following theorem that there exists a one— to— one correspondence 
etween LGSFs representing linear mappings from GF(2^) to GF(2“), and linear (n,k) 
.•emsformations, for given pair of n and k. 

.Tieorem 3.6.1: A linear (n,k) transformation over GF(2), can be represented by a LGSF 
f the form (3.1.3) given by 

k-i i 

f(x) = E a . x^ , 

i-O -2 

^rhere f(x) € GF(2“), x € GF(2’'), a . € GF(2^, i = 0, 1, ... k-1, L = L.C.M. of n and k, 

- 2 * 

ind —2* is taken modulo 2^—1. 

Proof: A linear (n,k) treinsformation is a mapping from GF(2^) to GF(2^). Hence it can be 
represented by a GSF described by a LGP with coefficients from GF(2^), L being the 
L.C.M. of n and k. 

To prove that the above is a LGSF, let us consider two k— tuples x^ and € 
GF(2^). Let the corresponding n— tuples generated by the transformation which belong to 
GF(2*^) be f(xj) and f(x 2 ) respectively. Now, since the transformation is hnezur, the n-tuple 
vector generated corresponding to the sum of the Ed>ove two k— tuple vectors ie., Xj^ + X 2 , 
^ould be equal to the sum of the corresponding ur-tuple vectors generated, ie., f(Xj) + 
f(x 2 ). In other words, f(Xj + X 2 ) should be equal to f(Xj^) + f(x 2 ). According to the 



diacussioiis in Section 3.1.1, this is possible only if f(x) is a LGSF. 

Q.E.D. 

3.7 Relating the Coefficients of a Linearized GP to the Vectors 
Generating the Corresponding Linear (n,k) Transformation 

In the next theorem, we derive the reliitions between the LGP coefficients of a 
LGSF and the vectors generating the corresponding linear (n,k) transformation: 

Theorem 3.7.1: The coefficients of the LGP representing a linear (n,k) transformation are 
related to the vectors which generate the transformation, by the relation A = V“* f , where 
V"^ is the inverse of a Vander monde matrix V , of size k x k, of the form 


V = 


1 

1 

1 

1 ■ 


a 


/ . 




/ 2^2 
(a ) 

(/f 

(<,2 f 

(3.7.1) 

(af 

CO 

CO 

(O^ f 



/ 2^k-l 
{« ) 

r 2\k-l 
(a ) 

(or ) 



where A is the coefficient vector € GF(2^), L = L.C.M. of n and k, of length k , f 
a k— length vector whose components belonging to GF(2“^) are the vectors which genera 
the linear transformation, and a is a primitive element of GF(2^). 


Proof: The LGSF representing the linear (n,k) transformation is described by (3.1.3). 
Substituting x = a*, i = 0, 1, ..., k— 1, in (3.1.3) we get the following relation: 
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f(aO) ■ 


1 

1 

1 

1 


f(a) 


a 

^2 

2^ 

a 



f(a2) 



( 0^)2 


2^-1 2 




(«)^ 

{a^f 




1 

,1 


(a)^l 






orf=VA (3.7.2) 

It may be readily seen that the k x k matrix on the right hand side, V , has the 

structure of a Vander monde matrix, with the distinct elements being o , i = 0, 1, k— 1. 
Since V is always known to be invertible, we can write A = f- 


Q.E.D. 


In the following two corollaries, we study the nature of the matrix V"^ when 
standard basis (SB) and normal basis (NB) are respectively employed for representing the 
elements of GF(2^). In the former case, we denote as Y®”^ ^d in the latter as Y^i'^- 

Corollary 3.7.1: The inverse of the Vander monde matrix in (3.7.1), ie., Ys”^ is of 


the form 



\JJU 



^00 ^01 ^02 

^^ 00 ^ ^^ 02 ^ 

k-1 k-1 k-1 

(^ 00 ^ ^^ 01 ^ ^^ 02 ^ 


,tf SB is used Jor representing 


the elements ofGF(^), 


^^0 k -1^ 


0 k-1 
2 


(^k-l)^ 


,k-l 


(3.7.3) 


where b ^ = S a“^ G GF(2^), t = 0, 1, ...., k— 1; (3.7.4) 

^ j=o 

^ = 2^—2, a is a primitive element of GF(2^) in SB, Qf* is represented in SB 

or* = m^ + + m^^ + m^^ + m^^j a®, (3.7.5) 

t k 

a , t = 0, 1, ..., k— 1, being the SB vectors used for representing GF(2 ), and m^^ G {0,1}, is 

the coefficient of o^. 


Proof: The coefficients a^ eure related to the function vedues f(.) by the relation 

a^= S x*f(x),t = 0, 1,2, ..., 2^-2. 
xGGF(2^) 

This can also be expressed in terms of a, the primitive element of GF(2^), as 

C . . , 

a, = S (aVf(£<'),t = 0, 1,2, 

J=° 

We are interested only in those t = 2^— 1—2^ = —2^ (mod 2^—1), i = 0, 1, .., k— 1, since we 
are considering LGSFs. 

Thus the coefficients of the LGP representing the linear (n,k) transformation, are 
given by 

a . = S (a ^)-’f(cr’), 1 = 0, 1, 2, ..., k-1. 

-2 i-O 


(3.7.6) 



63 


Since j = 0, 1, k— 1, are the vectors which generate the transformation, £( 0 ^), j = k, 

k+1, , 2^-2, caji be expressed as a hnear combination of f(cr’), j = 0, 1, k— 1. The 

k 

linear combination depends on the modulo polynomial chosen for generating GF(2 ). Thus 

k-i 

f(c^)= S m.J(a') (3.7.7) 

t 

where m. € {0,1}, is the coefficient of x , in the polynomial representation of or*, in x of 
degree < k— 1, in SB. 

Therefore, a . = S (a )^( S m. f(Q'^)) 

-2^ j=0 t.O ^ 

C . J 

= S S m f(a ) 

t*:0 j«C 

-J 

= S S (m.^a"^)^ f(a^), i = 0, 1, ..., k— 1. (3.7.8) 

t=o j=o ^ 

Thus Vs'^ will consist of elements of the form 

b.^ = S (m 6 GF(2^), i,t = 0, 1, ...., k-1. Q.E.D. 

j-o 

We have thus seen in Corollary 3.7.1 that it is necesseiry only to calculate the first 

row of the matrix Vs'^ However, the matrix V'^ has an even simpler structme, if NB is 

k 

used for representing the elements of GF(2 ), rather than SB, as shown in the next 
corollary: 

Corollary 3.7.2: The inverse of the Vander monde matrix, ie., Vn"^ , is of the form 


i 



KTX 


(3.7.9) 


,if NB is used for representing the elements ofGF(^ ), 

^ V 

where = S m.^ 6 GF(2 ); (3.7.10) 

j»o ^ 

( = 2^—2, 5 is a primitive element of GF(2^) in NB, ^ is represented in NB as 

^ = m. ^ + + m.2 + m.j e? + m.^ e , (3.7.11) 

Gr , t = 0, 1, ..., k— 1, being the NB vectors used for representing GF(2 ), € {0, 1}, is 

the coefficient of ©. 


Proof: To prove this corollary, we need prove that the elements in the first row of , 


given in Corollary 3.7.1, have the additional relation that b^j^ = ^^00^ > ^ = 1» 2, .., k— 1. 
Substituting for b^^^ and b^p respectively in the above equation, we get 


S m. 
i-o 


“• i 2* 

= (S m 

j*0 


= S (m ri'^'),t=l k-l,;f = 2‘-2 

j-0 


(the exponent j.2* taken modulo 2^—1). 

Expanding the summation terms on both sides, 

“^Ot ^ + “it + “3t ^ “k 


^2^—2) 


2 -2 t 



=“00 + “10 + -^0 + “30 + + “ 


(3.7.12) 


from which it is evident that 


m = m (3.7.13) 

j.2 t ^ 

should be true in order that the required relation be satisfied. Hence we prove the relation 
given by (3.7.13) as follows; 

We have = m. , . ^ + + m.. 6? + m.. ^ + m.. © , 

j k— 1 j2 jl jO ’ 

and P = m^t j + ••■ + m^t • j 6? + ... + j ^ e? + m^t ■ q © , 

(3.7.14 a) 

i2* . i 

Now r' cem also be expressed in terms of the coefficients of S' , with the latter cyclically 

shifted to the left by t places, since each squaring in NB cyclically shifts the coefficients left 

by one place. 

i2* 

Thxis S'' can also be written as 

^ = “j + ... + m. + m. e? + m. e , 

(3.7.14b) 

where the second subscript of m is taken modulo k. 

Comparing (3.7.14a) and (3.7.14b), we can write m-f . = m. . . 

Putting i = t, we get (3.7.13). Q.E.D. 


3.8 Conjugacy Relations in Linearized GPs 

In the following theorems, we discuss the conjugacy relations in LGPs. As in the 
general case, here also we study these relations xmder two broad classifications, namely, 
those LGSFs whose and those whose k|n. The rel«rf;ions are same as in the general 

case, except that now, in general, only k coefficients will be nonzero, and hence the 
expressions are simplified. 



(a) k^n 

Theorem 3.8.1: If , then a linear (n,k) transformation can be represented, in general, 

by a linearized Frohenius polynomial (LFP), as 

g-i j 

f(x)= E frs( 7 . x^), (3.8.1) 

i*0 

where 7 . £ GF( 2 ^), fr8(e) = e + 0 ^ + + + = e, Q = 2“, L = L.C.M 

of n and k, g = G.C.D. of n and k, and t = L/n , 

( 1 ) if the vectors in the linear transformation belong to GF( 2 ^) and not to any of its 
subfields, and 

(2) n is replaced by nj , if the the vectors in the linear trimsformation belong to GF( 2 “) as 
well as to a subfield of it, namely, GF( 2 *^^). 

Proof: If , then L n. Hence the coefBcients belong to an extension of GF( 2 ®), the 

extension order being, say, t = L/n. The conjugacy constraints are nontrivial in this case. 

The k terms in the LGP can be grouped into Frobenius cycles, each cycle containing t 

k k 

terms. The number of such Frobenius cycles will be thus equal to — = nk/L = 
g = G.C.D. of n and k, since any n and k seitisfy the relation 

n.k = G.C.D(n,k) . L.C.M(n,k). ( 3 . 8 . 2 ) 

If the code vectors € GF(2“^), a subfield of GF(2’‘), then (3.8.1) is valid with n 
replaced by n^ , since now the mapping is from GF( 2 ^) to GF( 2 ^*). 

Q.E.D. 

Examples: Let us consider some examples of LFP representations of linear (n,k) 

transformations where 

Example 3.8.1: First let us consider the case where the G.C.D. of n and k = 1 , ie., n and k 
are relatively prime and the vectors in the linear transformation € GF(2“). So let n = 5, 



67 


Ic =s 3 . L = L.C.M. of n and k = L.C.M. of 5 and 3 = 15. 

In this example, a one-to-one linear transformation, ie., a linear code, is considered. We 
denote the primitive elements of GF(2^), GF( 2 ^) and GF( 2 ^^) as a , /? and 7 respectively. 
We choose the minimal polynomial for generating GF(2^®) (which is the minimal 

*1 r 

polynomial of 7 ) as x + x + 1. Then the minimal polynomial for generating the subfields 
aF( 2 ®) and GF( 2 ®) are respectively the minimal polynomieds of 7 *^^ and 7 *^^ where j/j = 


= 4681 and = 1057 which are x^ + x + 1 and x® + x^ + x^ + x + 1 . 

2-1 2-1 


Let the Generator matrix G for the code be 


OHIO 

00101 

11110 


3 3 

Using the SB table for GF (2 ) generated by x + x + 1 (not listed), we calculate 


6 


Dqq = if a ^ — a + a +a + a =1=7. 
j-o ^ 

6 


‘>01 = ^ “ji 

j-O 


6 




a-j = a“^ + a“® + + a“® 

a~”^ = oT^ + oT^ + cT^ + oT^ 


2 


a 


a = 


^9362 

^4681 


y„ = 11110 = / = 7^^^ Yi = 00101 = = 7 ^^. 72 = OHIO = ^ = 7 ^'''. 

The coefficients of the LGP (which is an LFP) representing this code corresponding to the 
given basis, are given by 





= 




^9362 

^18724 

/681 


^4681 

^9362 

18724 

7 



6342 1 


6367 1 


7 


7 


25368 


21702 


7 


7 


29596 


6822 


7 


7 




. « 
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Thus fs(x) = 7®''' x2 + 763^7 X. 


which caul be expressed as a single term LFP as 

f8(x) = frs(7®^^^ x), 

since the coefficients which belong to GF(2^®), satisfy conjugacy relations given by 
(ag)^^ = ag ; = a^ ; (a^)^^ = a^ (modulo 32767). 


Example 3.8.2: Let us consider a linear (n,k) code where the G.C.D. of n and k = 2. So let 
n = 6, k = 4; L = L.C.M. of 6 and 4 = 12. 

We denote the primitive elements of GF(2^), GF(2®) and GF(2^^) as a, jd and 7 

respectively. We choose the minimal poIynomieJ for generating GF(2 ) ( minim al 

polynomial of 7) as x^^ + x® + x^ + x + 1. Then the minimal polynomial for generating 

the subfields GF(2^) and GF(2^) are the minimal polynomials of 7^^ and 7*^ where v\ = 
12 12 

^ = 273 and V 2 = = 65 which are respectively x^ + x + 1 and x® + x^ + 1. 


2^-1 


2®-l 


Let the Generator matrix G for the code be = 


mill 

001001 

001110 

100011 


Using the SB table for GF(2^) (given in Appendix C.3), we ceilculate 

14 

K -V rr, ^-0 J. ^-4 . ^-7 . ^-8 , -10 , -12 , -13 , -14 14 3822 

bgg= h m.Q a — a +a +Of +a +a +a +a 4 -Qf =a =7 

j-0 ^ 

14 

u - V rr. - ^-1 _L ^-4 . ^-5 , -7 , -9 . -10 , -11 . -12 2 546 

bgj= L m.j Qf —a d-a d-a d-or d-n d-Of d-a d-cr =a «7 

j-0 •* 

14 

1 V -j -2 , -5 , -6 , -8 . —10 . -11 , -12 , -13 273 

bQ2= L m.2 a = a d-or d-or -fof d-a d-Q' + a d-o = a = -y 

j-0 ^ 

bgg= S m^ a~-> = d- d- d- a“^ d- d- d- = 1 . 

y. = 1000111 = /?’'= 7 ^®®, y. = 001110 = 0^ = 7 ^®®°. y_ = 001001 ^ y. = 

111111 = ^9^0= 7 ®''. 

The coefficients cam be computed as 




which can be expressed as an LFP containing two Frobenius terms as 

fB(x) = x) + frs(7^ x^), 

where frs (©) = © + 


Example 3 . 8 . 3 : We note that the number of Frobenius terms in the LFP representation 
can be less than the G.C.D. of n and k. But the maximmn niunber of Frobenius terms is 
equal to the G.C.D. of n and k. For example, linear ( 6 , 4 ) codes with their LFP 
representations having single Frobenius terms C2ui exist, even though the maximum 
number of possible terms in this case is 2. 

We illustrate this case in this example. Let the primitive elements of GF(2 ), GF (2 ) and 
GF( 2 ^^) and the minimaJ polsmomials for generating GF( 2 ^^), GF(2^) and GF(2®) be the 
same as in Example 3 . 8 . 2 . 

Tooioio' 

Let the Generator matrix G be = 011111 . 

110001 

[100001 

As in the previous example, b^j^ = a = 7 ; = a = 7 ; b^ =0=7 ; b^g = a 

= 1 . 

y ^ - 100001 = / = 7^°, Yj = 110001 = = 7^™®, = 011111 = = 7“’'^^, 

73 = 001010=:/?®^ =7^'®. 

The coefficients can be computed as 



/u 


» ■ 


3822 

546 

273 



390 1 


587 

• 



7 

7 

7 

1 


7 


7 




3549 

1092 

546 



3705 


0 


^3 


7 

7 

7 

1 


7 





3003 

2184 

1092 



..715 


713 


^1 


7 

7 

7 

1 


7 


7 




1911 

273 

2184 



3510 


0 




7 

7 

7 

1 


7 



. 


. 





> • 





rhich can be expressed as a single term LFP as 

fc(x) = £r 8 ( 7 ®®’’ x), 

rhere &s(©) = © + 


ibcample 3.8.4: We consider an example of a many-H;o-one linear (n,k) transformation, 
nth n = 6 and k = 4. Let the primitive elements of GF( 2 ^), GF( 2 ®) and GF( 2 ^^) and the 
ninimal polynomials for generating GF (2 ), GF (2 ) and GF (2 ) be the same as in 
Sample 3.8.2. 

Let the set of vectors which generate the transformation be given by 

OOlOOl' 

001110 . 

000111 

100011. 

From the previous example, b^^ = 7 ^^^; b^^ = 7 ®^; b^j^ = 1 . 

Now, yjj = 100011 = = 7 ^®, Xi = 000111 = = 001110 = = 7 ^®®°, 

yg = 001001 = = 7 ^^^°. 

The coefficients can be computed as 



yi 


^4 


^3822 

^646 

273 

7 

1 


1 

g 

1 


3836 

7 


^3 


^3549 

^1092 

^646 

1 


2535 

7 


^2770 


^1 


^3003 

^2184 

^1092 

1 


^2600 

= 

^3899 




1911 

T 

^273 

^2184 

1 


2210 

7 


^1196 


» » 












ifhich can be expressed as a LFP containing two Frobenius terms as 

fc(x) = frs( 7 ^®^ x) 4- frs( 7 ^^^® x^). 

where frs(®) = © + S^. 


Ebounple 3.8.5: Finedly, we give a many— to-one lineeir (6,4) transformation, in which the 
vectors in the Unesu: transformation belong to a subfield of GF( 2 ®), say GF( 2 ^). Let the 
primitive elements of GF (2 ), GF (2 ) and GF (2 ) and the minimal polynomials for 
generating GF( 2 ^^), GF( 2 ^) and GF(2®) be the same as in Example 3.8.2. 

Let the set of vectors which generate the transformation be given by 

’lOlllO' 

100101 . 

001011 
1011 11_ 

b.. 's had been obtained as, b^^ = 7 ^^^; \ t>02 = ^03 = 

Now, y^ = 101111 = f = 7 ^, yj = 001011 = = 7 ^^^°, y^ = 100101 = = 7 ^^^^ 

= 101110 = = 7 ^^^. It may be noted that the y.'s also € GF( 2 ^). 

O 1 

The coefficients can be computed as 



ri 


I 

1 


^3822 

^646 

^273 

1 


r 

1 


■ ^3843 


*13 


^3649 

^1092 

^646 

1 


^1170 


^2016 


*11 

= 

^3003 

^2184 

y 092 

1 


^2925 


^252 


*7 


1911 

7 

^73 

^2184 

1 


^1766 


^2079 







« 







which C 2 U 1 be expressed as a single term LFP as 

fs(x) = frs( 7 ^^^ x), 

where fr8(©) = © + 

(b) k|n 

Fheorem 3.8.2: If k|n, then the conjugacy relations among the k coefficients of the LGP 
representing the linear (n,k) transformation sure trivial, smd the function represented sis a 
linearized function (LF) if 

(1) the vectors in the linesur transformation belong to GF(2^) sind not to any subfield of 
it, and if 

(2) the vectors in the linesir transformation belong to GF(2*‘) as well as to a subfield of 
it, namely, GF(2’‘*), where A:| 

The coefficients belong to GF(2“) and GF(2“*) respectively in (1) and (2). 

Conjugacy relations exist smd the linear trsmsformation can be represented by a 
LFP of the form (3.8.1), if the vectors in the linesir transformation belong to GF(2“) as 
well as to a subfield of it, namely, GF(2*^^), where 

Proof: If kjn , smd the vectors in the transformation belong to GF(2’^), but not to any 
subfield of it, then L = n. Hence the coefficients belong to GF(2'^). On the other hand, if 
the vectors belong to GF(2^*), a subfield of GF(2“) smd k|ni , then L = nj. In both csises, 
since the coefficients and the function values belong to the same field, smy coefficient raised 



till H /\31 

.0 the Q power (Q = 2 or 2^* m the case may be) results in the same coefficient. Thus 
he conjugticy relations are trivial and all the coefficients are independent of each other, 
hus the resulting LGSF is a LF. 

However, if ky^^nj , then L # ni , and therefore GF(2“*) is a proper subfield of 
3F(2^). Thus the function may be represented by (3.8.1) with n replaced by nj. 

Q.E.D. 

Ebcamples: Let us consider some examples of LGSF representations of linear (n,k) 

transformations where k | n. 

Example 3.8.6: In this example, we consider the LGSF representation of a linear (n,k) 
transformation which represents a one-to-one ms^ping, (ie., a hnear (n,k) code) where 
icjn. Let n = 4, k = 2. 

L= L.C.M. of n and k = L.C.M. of 4 and 2 = 4. 

2 4 

We denote the primitive elements of GF(2 ) and GF(2 ) as a and y? respectively. We 
choose the minimal polynomial for generating GF(2^) (which is the minimal polynomial of 
5) as X + X + 1. Then the minimal polynomial for generating the subfield GF(2 ) is the 

4 

2—1 • • 2 

minimal polynomial of p where i/ = -r — = 5 which is x + x + 1. 

2-1 

^1 ] [llOO] 

We choose the Generator matrix G for the code as . ^0 J = [ooilj . 

Using the SB table for GF(2^) (Appendix C.l), we calculate 
2 

bjjQ = S m^Q = l.a~® + O.a""^ + l.a~^ = a® + a = cr^ = j3^^. 

j»0 ^ 

2 

bgj = S m.j a~~^ — 0.a~^ + 1. a~^ + l.a~^ = + a = = 1. 

j-0 •' 

y„ = 0011 = ^, y, = 1100 = / 

The co^cients of the LGP representing this code corresponding to the given basis, are 
given by 



Y4 




■ ^0 

1 


■ ^ ■ 


■ ^ ■ 


ZI 2 


1 



— 



Ne see that the coefficients are independent of each other and the code can be represented 
>y a LP as 

fB ( x ) = ^ X . 

Etxample 3.8.7; In this example, we consider the LGSF representation of a linear (n,k) 
iransformation which represents a many— to-one mapping, where k|n. Let n = 6, k = 3. 

L= L.C.M. of 6 and 3 = 6. Let the primitive elements of GF(2^) and GF(2^) be a and ^ 
respectively. Let the minimal polynomial for generating GF(2 ) be chosen as x + x + 1. 

O 

Then the minimal polynomial for generating the subfield GF(2 ) is the minimal polynomial 

of ^ where u — = 9 which is x^ + x^ + 1. 

2-1 

Let the set of vectors which generate tins linear transformation be given by 




llOlOl' 



101100 

.^0. 


011001 


Using the SB table for GF(2^) (Appendix C.2), we obtain 
6 

bpQ = S m.jj = l.oT^ + 0 .a“^ + O.o“^ + l.o“® + l.a“^ + l.a"^ + 0 .a“® 
j-O •' 

0 . 4 3 2 4 ^6 

= a + a + a + a = a 

6 

b., = E m. a"j = 0.a“° + l.o“^ + O.a"^ + 0.a“® + + l.a“® 

01 . ji 

j«0 

6 , 3 , 2 , 3 ,327 

= a+ 0 (+a+Qf=o;=p. 

6 

= E m-g = O.a"® + 0.a“^ + l.rT^ + l.a"® + l.a"^ + 0.a“® + l.a“® 

= 7 +aSa 3 +a=a 5 = /®. 



Xq = 011001 = Yj = 101100 = = 110101 = /3^^. 

rhe coefficients of the LGP representing this Hnear transformation corresponding to the 
pven set of vectors, are given by 




■ ^ 

f 



■ 


V* ' 








= 


^3 






^2 




We see that the coefficients are independent of each other and the code can be represented 
by a LP as 

fe(x) = X^ + X. 


Example 3 . 8 . 8 : Let us take an example of a linear (n,k) code in which aO the code vectors 
€ GF( 2 ^^) where k(ni. Let n = 12 , k = 3 and nj = 6. Let a, 0 and 7 be primitive elements 
of GF(2^), GF(2®) and GF(2^^) respectively. 

3 3 2 

Minimal polynomial for generating GF(2 ): x + x + 1 - 

Minimal polynomial for generating GF( 2 ^^): x^^ + x^^ + x® + x® + 1. 

b. . 's have been obtained as 
ij 


•> 00 =“ 


^2340 , 3 _ 1755 , 

7 , bjjj = o = 7 . b, 


Yjj = 100011010111 


.715 




02 


a® = 7 ^ 2 ^ 


101101101110 


.455 


0 ^, y2 - 111110010000 


^195 _ ^here 0 is a. primitive element of GF(2®). 


Q = 


lllllOOlOOOO' 

101101101110 

100011010111 


The coefficients are given by 



YO 



Thu.fc(x) = t‘““x' + 7®™'x' + 7™x. 

We eee that 7'“*“ = 4“', 7^“ = f’ end 7'™ = ^ belong to GF(2®) and eince 3|6, the 
coefBcients are independent of each other. 

Ebcample 3.8.9: Finally, we consider an example of a linear (n,k) code in which all the code 

vectors € GF(2“^) where Let n = 12, k = 3 and nj = 4. Let a, /? and 7 be primitive 

elements of GF(2^, GF(2^) and GF(2^^) respectively. 

3 12 

The minimal polynomials for generating GF(2 ) and GF(2 ) are chosen to be same as in 
the previous example, b.j 's also have been calculated. 

y^j = 010111110110 » = /, y^ = 010010011111 - 7^® = ^,72 = 000101101000 

= 7^ = where is a primitive element of GF(2^). 

000101101000' 

010010011111 

010111110110 . 

The coefficients are given by 




X 


Thm UM = 7 “' x’ + 7^" x=',+ 7 “'* 
srhich can be expressed as a single term LFP as 

f8(x) = fr 8 ( 7 ^^® x), 

where fr8(©) = © + + 6^^^. 

12 

The coefficients belong to GF(2 ) and satisfy conjugacy relations given by 
(ag)^® = ag , (ag)^® = a^ , (a^)^® = a^ (modulo 4095). 


In the following sections, we study the ailgebraic properties of single term LGPs: 


3.9 Algebraic Structures of Single Term Linearized GPs 
3.9.1 Group Structure of GPs of the form 

^(x), j=-Ti,,0 , ..., 2^-2. 

The following theorem is about the structure of the set of any GSFs (not necessarily 
linearized) represented by LGPs of the form 


k-l 


0(x) = S x^, j = -w, 0, 1, 2, 2“-2, 

i-O 

where f(x) represents any mapping from GF(2^) to GF(2”). 


(3.9.1) 


Theorem 3.9.1: The set of GSFs mapping from GF(2^) to GF(2“), with their GP 
coefficients firom GF(2^), L = L.C.M. of n and k, of the form (3.9.1) has the structure of an 
additive abelian group. 

Proof : It is sufficient to prove the closure property of this set under addition. 

Let ^H{x) and ^^{x) be two elements of the set. Then ^H{x) + ^H{x) — ^H(x) 
(say), where , is also a member of the same set, since also belongs to 

GF(2®). 



Other axioms of the additive abeliein group structure may be easily seen to be satisfied in 
this case. Q.E.D. 

Sets of single term LGPs of the form (3.9.1) also obviously satisfy the group 
structure given in Theorem 3.9.1. 

3.9.2 Algebraic Structure of Single Term Linearized Polynomials 

In this subsection, we discuss about the aidditional structure possessed by the class 
of single term LPs of the form j = — od, 0, 1, ..., 2*^—2, besides the group structure. 
Single term LPs represent linear mappings from GF(2^) to GF(2*^), only when k|n, the 
coefficients also thus belonging to GF(2*^). In Chapter 5, we will prove that the 
corresponding LFs always represent one-to-one m*H?pings and hence hnear (n,k) codes. 

In Theorem 3.9.2, we show that the set of single term LPs has the structure of a 
finite field (F^; 

Theorem 3.9.2: The set of single term LPs mapping from GF(2*^) to GF(2^), where k|n, 
with coefficients from GF(2^), of the form 

A, j = -^, 0, 1, 2,...,2“-2, 

fi being a primitive element of GF(2*^), has the structure of a finite field F^ , isomorphic to 
GF(2*), xmder the operations of euddition and symbolic multiplication. 

Proof: That this set is an abelian group imder addition, has been proved in Theorem 3.9.1. 
Let us consider the second operation. We define the operation of symbolic multiplication on 
the nonzero elements of the set. Let us consider two nonzero elements of the set, say, 
fj(x) = ^^x and {^(x) = /S^^x. Then the symbolic multiplication of fj(x) and f^Cx) given by 
f,(x) (X) fj(x) = f,(fj(x)) = (^^x) = X, 

is also a member of the same set, since also belongs to GF(2’‘). We also see that the 



jperiUlion is commutative in this case, although symbohc mxaltiplication, in genersd, is 
Qoncommutative. The identity element may be seen to be equal to ^ x , and the inverse of 
an element x is equal to x , where — hj is taken modulo 2“— 1. Further the set is 
associative. 

Finally the symbolic multiplicediion distributes over addition. 

Thus the set has the structure of a finite field of order 2*^. Since fields of a given 
order are isomorphic, this finite field is isomorphic to GF(2^) Q.E.D. 

3.9.3 Algebraic Structure of Single Term Linearized 
Frobenius Polynomials 

Similar to single term LPs, single term LFPs also possess the structure of a finite 
field. For describing this structure we define an operation of composition between two 
single term LFPs. We denote this operation as Frobenius symbolic multiplication. This 
operation is, in genered, noncommutative. 

3.9.3. 1 Frobenius Symbolic Multiplication 

Definition 3.9.1; Let fj(x) and f 2 (x) be two single term LFPs. Then Frobenius symbolic 
multiplication of f^(x) and ^ defined as 

fj(x) (x) i^{x) - fjCfjCx)). (3.9.2a) 

whereas Frobenius symbolic multiplication of f 2 (x) and fj(x) is defined as 

fjCx) (x) fj(x) = f 2 (fj(x)). (3.9.2b) 

In general, fj(f 2 (x)) # f 2 (fj(x)). 

Theorem 3.9.3: Frobenius symbolic multiplication of two single term LFPs, say fj^(x) = 
firs(y x) and f 2 (x) = firs(y x), gives another single term LFP, say, fg(x) = x), where 

7‘=y s v , 

w»0 


(3.9.3) 



id fj(x), fjCx) and fg(x) represent linear me^pings from GF(2*^) to GF( 2 ^), the coefGcients 
‘ , y and 7“ belonging to GF(2^), L being the L.C.M. of n and k, and t =: L/n. 


'roof: We have 

frs(©) = ©+ ©Q + 0*^ + + ©Q \ ©Q* = ©, 

'here Q = 2*^ ,emd t = L/n. 

2 t— 1 

'herefore fj(x) = frs(7‘ x) = 7^ x + (7* x)^ + (7* x)^ + + (7^ x)^ 

2 t 1 

imilarly, f2(x) = frs(y x) = V x + (V x)^ + (V x)^ + + (7* x)^ 

Thus fr8(7^ x) (x) fi: 8 (y x) = frs(y(frs(y x))) 

= fr »(7 (r* X + (V x)^ + (V x)^ + + (V x)*^ )) 

= fracy**"^ x) + frscy+j^ x^) + fr8(y+j^^ x*^^) + ... + fr8(y+^^^ x^*”V 

low, x'^) = y+^ + .,(i+iQ)Q + .y(i+jQ)Q‘“* ^ 


frscV 


,(i+jQ)Q 


t — 1 


)x. 


iimUi^Iy, + -/‘+W=)Q + + ^ + 




x) 


Finally, 


fr 8 (y+^*~^ x^* \ ^ 


^t-l 


+ 


,t-l 


)Q 


X + 


yi+jQ' 




= fr3(7(i+jQ* ')Q^). 


t— 1 2 t 2 

Thus fi«(7‘ x) (x) fr 8 (y x) = fr8(7*"*’^ x) + frB(7^*'^^^ x) + fr8(7^‘‘^^ ^ x) + + 

fo,(yi+jQ*“^)Q x) = fr 8 ([y+j + yi+iQ)Q*“^ + yi+jQ^)Q*“^ + ... + x) 



t"~*2 

= fr8((y'^'^ + + ... + 7*^ '*’ '^)x), (where Q* = 1 modulo 


-!)• 


• • •/->2 . r , t ~2 .^ t -1 

= frs(y( 7 ‘ + 7^^ + 7^^ + + 7*^ + 7^^ ) x) 


t-i 


= mV ( s 7 ^ ) x). 

m*0 


Q.E.D. 


Jorollary 3 . 9 . 1 : Frobenius symbolic miiltiplication is commutative if the exponents i and j 
a the coefiBcients 'f and 7* of the LFPs £05(7^ x) and fi:s(y x) satisfy the relation 

i = ( j + hj/) modulo 2 ^— 1 , ( 3 . 9 . 4 ) 

?here v =(2^-l)/(2“-l) and h = 0, 1, 2, ..., 2“-2. 


• • * aZU 

?roof; We have 6:8(7* *) (x) fr8(V x) = 6:8(7“ *), where 7* = 7* S V'’ , 

n«0 

jet i s= j + h*/. Now, since GF( 2 **) is a sub6eld of GF(2''^), the nonzero elements of GF(2“) 
jxpressed as powers of the primitive element 7 of GF(2^) is 7***^, h = 0, 1 , 2, ...., 2“— 2. 

q“* 

Fhxis hv satis6e8 (hj/)^ = h.v. 


. . m . . m . . . 

Fherefore 7^ = V S S V^ — 4 ^ 7^ 

»«o •■o »*0 

frs(V x) (x) 6: s (7* x). 


m 


Q.E.D. 


3.9.3.2 Finite Field Structure 

We note 6:0m the result on the commutativity of Frobenius symbolic multiplication 
given in Corollary 3 . 9 . 1 , that we can form cyclic groups of order 2**— 1 under Frobenitis 
sjrmbolic multiplication with the members of the group given by 6:8(V^^*^ x) = 6r8(/?** 7^), 
h = 0, 1, 2, ...., 2 **— 2 , where /? is a primitive element of GF(2**). Further, if we include the 
fimction fr8(/r^ 7^ x) = 0 , to the above set, then we can prove that the set of LFPs 

V x), h = — 00 , 0, 1, 2, ...., 2**— 2, heis the structme of a finite field (F ^ isomorphic to 



fF(2*^), as stEkted and proved in the next theorem. 


Tieorem 3 . 9 . 4 : The set of single term LFPs of the form ir 3 (^ V x), h = -to, 0 , 1 , 2 , ...., 
“—2, where 7 and 0 are primitive elements of GF(2'^) and GF(2“) respectively, (GF(2^) 
eing a subfield of GF(2^)) and 7* satisfies 

fr8(V) = S =1, ( 3 . 9 . 5 ) 

!n*0 

= L/n, has the structure of a finite field F ^isomorphic to GF( 2 *^) under the operations of 
yddition and Frobenius sjrmbolic multiplication. 

The multiplicative identity element of the field is frs(y 0 ^ y x) = firs(y x), which is also an 
dempotent element. 

The multiplicative inverse of an element fi:s(/?^ V x), h = 0 , 1 , 2 , ..., 2^—2, is equal to 
rs(jir*^ y x) where /T*^ is talcen modulo 2“ —1. 

Proof: First we prove the closure of the set frs(y‘ V x), h = -to, 0 , 1, ..., 2^—2, under the 
iddition operation: 

Let frs(y^*y x) and 7* x) be two elements of the set. Then 

Srs(^^y x) + frs( V x) = frs((/ 3 ^* + x) = frs(jd ^3 y x) (say), is again a member 

3f the same set. This is because since belongs to GF(2“), their sum = 

^3 (say), also belongs to GF(2^). 

It may be easily verified that the other axioms of the additive abelian group structure, 
namely, commutativity, associativity, presence of additive identity element (being ’0*) and 
inverse, are satisfied. So we next consider the second operation, ie., Frobenirrs symbolic 
multiplication, and prove that imder this operation, the nonzero elements of this set form a 
cyclic group of order 2“— 1. 



1) CloBure: Let x) emd fr8( 7* x) be two elements of the set. 

'hen as per Theorem 3 . 9 . 3 , we have 

m 

frs(yS*^^V x) W frs(/ 9 ^^y x) = y 5; yQ )x). 

m«0 

.~m . . , 

fow, S y^ = fi:s(y) € GF(2^). So let frs(y) = (say). 

m»0 

'hus fr8(^*y x) (x) fr8(^2y x) = frs((/ 3 ^i'^^ 2+^3 y x) := fr 8 {j^* y x) (say), is again a 

aember of the same set. Further, we note from Corolleiry 3 . 9 . 1 , that this operation is 

ommutative. 

Ve will later on prove that frs(y) = = 1 , so that 

fr8(;0^^y x) (x) frs(y0^2y x) = frs(/3^2y x) (x) frs(;0^'y x) = fr8( (yy‘l'^^2 ^ x). 

( 3 . 9 . 6 ) 

2 ) Associativity: Let f^ = x),f^ — fr 8 (^^ y x) and fg = fr8(^2 y x) be three 

dements of the set. Then for associativity, we require, 

(fj(x)f2) (x)f3 = fj(x) (f 2 (x)f 3 ) 

fj (x) f^ = frs(;3*‘iy x) (x) frs(yi 3 ^ 2 y x) = frs((, 5 ^i ‘*'^2 y x). 

fg (x) fg = frs(/2y x) (X) fr8(yd*‘3y x) = frs((/2+t3 y x). 

(fj (X) y (X) fg = frs(/i +^2 y x) (X) frs(/3 y x) = fr8((^i+^2+t3 y x). 

Similarly, 

(x) (fg (*) y = frs(y^i y x) (x) frs((;3‘^2+i3 y x) 

= frs((/i+^ 2 +i 3 y x). 

Thus the operation is associative. 

( 3 ) Identity: We prove that the identity element in the field is frs() 3 ^ V x) = frs(y x) 
and that fr8(y) — S y'' = 1. We also prove that fr8(y x) is an idempotent element, 
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fr 8 (V x) (x) fr 8 (y x) = £rs(y x). 

gt f = x) be any element in the set and let f = fra(^^ '/x) be the identity 

ement. Then according to Theorem 3.9.3, we should have 

t-i 

firs(/S^*y x) (x) fr8(/3^«y x) = frs(/9^«y x) (x) frs(^* 7 ’ x) = firs((yd^‘'*’^« ^ S ) x) 

iii«0 

t -1 

= frs(j 0 ^^y x), in which case and S should both be equal to 1 . 

in *0 

.'hus the identity element is = £rs(y x), where 7 * satisfies 

t-i 

fr8(y) = s = 1. 

m*0 

low let us compute frs(y x) (x) frs(y x), which can be written as, 

':ra{^ y x) (x) frs(/3^ y x) = y E y^ ) x) = frs{^ y x), since E y^ = 1 . 

in *0 111*0 

Thus we get £rs(y x) (x) frs(y x) = frs(y x), meaning that fr 8 (y x) satisfies the 
idempotent property. 


(4) Inverse: We prove that the inverse of an element frs(j^^ y x) in the set is 
frs(^^i y x) where — hj is taken modulo 2 ^ — 1 . 

Let f. = frs(/3^i y x) be the inverse of an element y x) , and let = frs(y x) be 

the identity element. Then we should have 


f, (x)f. =f . 

1 ^ I e 

ie., frs(/i y x) (X) y x) = y x) = frs(y x), 

which means, we should have hi = — hj (modulo 2 ^— 1 ). 

Further, Frobenius symbolic multiplication distributes over addition. Thus F y has the 
structure of a finite field of order 2 ^. Since finite fields of the same order are isomorphic, F y 
is isomorphic to GF( 2 ’‘). 

Before concluding this chapter, we give an example to illustrate the above concepts: 



cample 3.9.1: In this example, we consider only those LFFs which generate one— to— one 
appings (ie., linear (n,k) codes). 

Let n = 3 , k = 2 . All the ( 3 , 2 ) linear codes can be represented by single term LFPs, 
. G.C.D. of 3 and 2 = 1 . The number of hnear transformations in this case is 
^ = ( 2 ^— 1 )( 2 ^— 2) = 42. The coefBcients of the LFPs belong to GF(2®). Let x® + x + 1 be 

primitive polynomid for generating this field, with 7 as a primitive element. Then the 

3 2 3 2 

elds GF (2 ) and GF (2 ) are generated by the primitive polynomials x + x + 1 and 

^ + X + 1 respectively, with primitive elements ^ and a respectively. 

Let us now choose those elements 7 * of GF( 2 ®) whose Frobenius sum with respect to 

1F(2^) is 1 , ie., E 7 *^ = 1 . There eire 8 values in GF( 2 ®) whose Frobenius sum with 

m*0 

sspect to GF( 2 ^) is 1 . They are V, j = 11, 21, 22, 25, 37, 42, 44 and 50. Out of these, the 
mctions fir 8 (y x), j = 21 and 42 do not generate one— to— one mappings (the condition for 
n LGP to represent a one-to-one mapping will be derived in Chapter 5) . Thus we choose 
he remaining 6 elements as idempotents/identities (since we are interested only in 
me-to— one mappings in this exsunple), and all the 42 linear transformettions are grouped 

O 

nto 6 finite fields of order 8 , each of them isomorphic to GF (2 ). The nonzero LFPs in 
sach field would represent a (3,2) code. We take one of the above field and form the 
frobenius symbolic multiplication, 2 md addition tables (Cayley Tables) in Table 3.1, to 
ilustrate Theorem 3.9.4. 

Let the identity element chosen be frs( 7 ^^ x). Then the remaining nonzero members 
>f the finite field are frs(y x), j = 20, 29, 38, 47, 56 and 2, as = 7 ^. 

Dnly the exponents of 7 are listed in Table 3.1. 

Sample Computation: Let us compute fr8(7 x) (x) fr 8(7 x). This may be written as 

frs( 7 ® 7 ^^ x) (x) fi:s( 7 ^® 7 ^^ x) = frs (;0 7 ^^ x) (x) fr8(/9^ 7 ^^ x) = firs(^ 7 ^^ x) = 6 : 8 ( 7 ^ x) 
according to (3.9.6), where fr 8 ( 7 ^^ x) is the identity. 



aailarly, inverse of the element fr8(7^ x) may be computed as the inverse of frs( 0 x) 
— fr 8 (/!?® 7^^) = frs(7^ x). 

Table 3.1: Cayley Tables for the Finite Field Fy Comprising of Single 
Term Linearised Frobeniijs Polynomials Representing 
Linear (3,2) Codes 

(a) Frobenius S)rmbolic Multiplication Table 


(x) 

11 

20 

29 

38 

47 

56 

2 

11 

11 

20 

29 

38 

47 

56 

2 

20 

20 

29 

38 

47 

56 

2 

11 

29 

29 

38 

47 

56 

2 

11 

20 

38 

38 

47 

56 

2 

11 

20 

29 

47 

47 

56 

2 

11 

20 

29 

38 

56 

56 

2 

11 

20 

29 

38 

47 

2 

2 

11 

20 

29 

38 

47 

56 


(b) Addition Table 


+ 

11 

20 

29 

38 

47- 

56 

2 

11 

—CD 

56 

38 

29 

2 

20 

47 

20 

56 

-(D 

2 

47 

38 

11 

29 

29 

38 

2 

—CD 

11 

56 

47 

20 

38 

29 

47 

11 

—CD 

20 

2 

56 

47 

2 

38 

56 

20 

—CD 

29 

11 

56 

20 

11 

47 

2 

29 

-tn 

38 

2 

47 

29 

20 

56 

11 

38 

— OD 





CHAPTER 4 


GSF THEORY FOR BOOLEAN FUNCTIONS 


In this chapter, we consider the theory of GSFs as apphed to the class of Boolean 
ictions (BFs). We show that k— variable BFs ceui be represented by Frobenius functions 
Fs). The monoid algebra structure of GSFs discussed in Chapter 2 is applied to the clauss 
BFs and the class of linear Boolean functions (LBFs) are described as ideals in this 
;ebra. This is then extended to the class of generalissed Reed— Muller (GRM) codes which 
a constructed from LBFs. It is shown that any r*^ order GRM code may be viewed as an 
aal in a monoid algebra. 

Another topic which we exeunine is the one on equivalence relations used to classify 
Fs and their effect on the GP coefficients of the corresponding BFs. Consequently, a finite 
Id model which implements various operations corresponding to the equivalence relations 
proposed for the synthesis of BFs. Alternatively, a finite field model based on the 
•obenius sum representation of a BF is suggested. We also propose some new equivalence 
lations which are a consequence of the monoid algebra structure of BFs, and an attempt 
made to use them to classify BFs. Lastly we chauacterize classes of self— duad (SD) auid 
iti self— dual (ASD) BFs using GSFs. 

It may be noted that in all our discussions the coefficients of the GP representing a 
F are in fact the Galois Transform (GT) coefficients of a vector of length 2^ over GF(2). 

.1 Representation of Boolean Functions by GPs 

In this section, we show that amy k— variable BF may be represented by an 
ppropriate GP with coefficients from GF{2^). In representing BFs using GPs, we assume 
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lat the BF components are in the order of the power of a primitive element 7 in GF( 2 ^), 

in the order 7 "^, 7 *^, 7 , , 7 ^ It may be recaJled that we denoted this order as 

he field order in Chapter 2 . This is in contrast to the conventional ordering which is called 
he natural order since in this case, the components of a BF are taken in the order 0, 1, 2 , 
2 ^- 1 . 

A k— variable BF is a mapping from GF( 2 ^) to GF( 2 ). Thus it may be represented 
>y a GP. The coefficients satisfy conjugacy constraints, and therefore it may be 
epresented in general by a Frobenius polynomial (FP). This is stated in the following 
heorem: 

Fheorem 4.1.1; Any k— variable BF may be represented by a Frobenius polynomial (FP) of 
;he form 

f(x) = a ^ + Sfrs(a. x“^), (4-1-1) 

where j is one member of a conjugewry class modulo 2 ^— 1 , emd — j is triken modulo 2 ^— 1 . 
Further, the coefficients a ^ and a^ belong to GF( 2 ). 

The coefficients are given by (2.3.13). 

Proof; Since a BF is a mapping from GF( 2 ^) to GF( 2 ), its coefficients lie in GF( 2 ^). 
Conjugacy relations will always exist aunong the coefficients. Hence the function may be 
represented by the sum of various Frobenius terms, ie., a FP. The constant term 
a ^ = ^( 7 ~*)) siid therefore belongs to GF( 2 ). a^ is the sum of all the function values. It 
belongs to GF(2), since all the function values belong to GF( 2 ) Q.E.D. 

4.2 Monoid Algebra Model of Boolean Functions 

Since BFs are mappings from GF( 2 ^) to GF( 2 ), we may associate them with the 
elements of a monoid algebra over GF(2). Viewing the class of BFs as a monoid algebra 


er GF(2), helps in the algebraic charetcterization of LBFs and GRM codes. Further, the 
aaiy operations in this algebra may as well be used as equivalence relations for 
issification of BFs. A study of the ideals in this algebra is helpful in the above cases, 
jnce we take up this task in the next subsection. 

,2.1 Ideals in the Monoid Algebra of Boolean Functions 

In Chjq)ter 2 , we have seen that a FP can be expressed as a sum of elements from 
inimal ideals in a monoid algebra. Further, each of these minimal ideals are obtained by 
signing all the vedues of GF(Q^) to one Frobenius class at a time (where d is the order of 
; Frobenius class, and Q = 2 for BFs), and forcing the elements of the remaining 
robenius classes to zero. The number of minimal idezJs in this algebra is equal to the 
umber of Frobenius classes given by nfrob of (2.4.3) and the number of ideals is equal to 
, as any ideal in this algebra may be expressed as a direct sum of ’nfrob’ minimal 

ieals. 

In Table 4.1, we list the minimal ideals in the case of 2 and 3 variable BFs. The GP 

oefBcients in the order a ^ , a^ , a^ , , a^ (where ( = 2 ^— 2 ), are listed as a power of a 

rimitive element 7 in GF( 2 ^). Only the exponents of 7 are listed. 

a) k =2 

In this case, the number of minim al ideals = nfrob = 3. They are listed in Table 
:.la. By taking direct siun of the above minimal ideals we may get a total of 8 ideals in 
his algebra. 

b) k = 3 

In this case the number of minimal ideals = nfrob = 4. They are listed in Table 
l.lb. We have a total of 16 ideals in this algebra. 




a 

— OD 

*0 



11 

— txj 

—00 

—CD 

—00 


0 

—CD 

—CO 

—CD 

12 

— 1» 

—CD 

—CD 

—CD 


—130 

0 

—CD 

—00 

13 

—CD 

—00 

— O) 

— tn 


—CD 

— CO 

0 

0 


—00 

—CO 

2 

1 

* 

—CD 

—CD 

1 

2 



a 

—CD 

% 


*■2 

“3 


“5 


11 

—00 

—CO 

— OD 

—00 

—00 

—CD 

—CO 

—CD 


0 

—CO 

—CO 

—CD 

—00 


—CO 

—00 

12 

—00 

—CO 


—CD 

—CO 

—00 

—00 

—CO 


—00 

0 

—CD 

—00 

—CD 

—CD 

—CO 

— oo 

13 

—CO 

—CD 

—CD 

—00 

—00 


—CD 

—CD 


— 00 

—CD 

0 

0 

—CO 

0 

—00 

—00 


—CD 

—CD 

2 

4 

— tD 

1 

—CD 

—CO 


—CD 

—CD 

4 

1 

—CD 

2 

—CD 

—CO 


-CO 

— 10 

6 

5 

— OD 

3 

—CD 

—CD 


—00 

—to 

1 

2 

--CD 

4 

—CD 



—CD 

—00 

3 

6 

—CD 

5 

—00 

— OD 


—00 

— OD 

5 

3 

—00 

6 

—CD 

—CD 


— <D 













3 Algebraic Characterization of Linear Boolean Functions 

In this section, we chareicterize lineair Booleem functions (LBFs) using GSFs and 
sciass their algebraic structure. 

£inition 4.3.1: A LBF is of the form 

k 

f/x) = S lx., (4.3.1) 

i*l 

lere x — ... Xj^ , and x^ , , 6 GF( 2 ) i = 1 , 2 , ..., k. 

The number of LBFs of k variables = 2^. 

3.1 Representation of Linear Boolean Functions 
by Linearized GPs 

leorem 4.3.1: Any LBF of k vairiables may be represented by a single term linearized 
obenius polynomial (LFP) of the form 

f/x) = ffs(y x), i = -to, 0, 1 , ..... 2 ^- 2 , ( 4 . 3 . 2 ) 

lere 7 is a primitive element of GF( 2 ^). 

roof: LBFs have the property that f(yj + y^) = f(yj) + f(y 2 ) where y^ emd are input 
•tuples. In Chapter 3, we have seen that such GPs have a linearized Galois polynomial 
GP) representation. Further, since the mapping is from GF( 2 ^) to GF( 2 ), the coefficients 
long to GF( 2 ^), and conjugeicy relations exist among the coefficients, allowing us to 
present them by single term LFPs, frs( 7 ^ x), i = — w, 0, 1, ..., 2^—2. We get 2^ functions, 
rresponding to each element of GF(2^). Thus LBFs may be represented by single term 
?P8. Q.E.D. 


From Theorem 4.3.1, an alternative description of LBFs in terms of its Galois 



ctrum or GT coefGcients may be formed as follows: 

A LBF is a signal vector of length 2^ over GF(2) whose Galois spectrum, L., i = — oo, 
1, 2^—2, is identically zero except in those indices —2^, j = 0, 1, k— 1, with the 

:ctral coefficients satisfying conjugacy constraints. 

3.2 Linear Boolean Functions as Ideals in a Monoid 
Algebra 

The class of LBFs exhibit interesting algebreuc properties. The fact that this class 
} a group structure imder pointwise addition, is already known. However, we note that 
viewing them in the framework of a monoid algebra allows one to see its inherent 
ditional algebraic properties. We investigate these properties in this subsection. 

We state the following theorem giving the algebraic structiire of LBFs. 

leorem 4.3.2: The class of LBFs is an ideal in the cyclic monoid algebra over GF(2) 
asisting of k— variable BFs. 


oof: Let us take up the two binary operations in a monoid algebra consisting of 
■variable BFs in which the LBFs imder consideration form a subclass, 
is known that the LBF class forms a group under pointwise euldition [16]. 

So let us consider the convolution opersition as defined in Chapter 3. If we take any 
say r, belonging to the monoid algebra,^ and convolve with emy function, say t, in the 
IF class, we get a function within the LBF class. 11118 may be better understood by 
nsidering the corresponding operation of pointwise multiplication on the GP coefficients, 
it the GP coefficients of r(x) be denoted as 


R 

— O) 

id those of 4x) be denoted as 


B.|) , Rj 



I ( = 2^-2, 



here L = 0 , and —2^ is taken modulo 2^—1. 

— OD 

Now we see that poihtwise multiplication of the GP coefficients of r(x) and /(x) 
rces all the coefficients of the resulting function to zero except those with indices —2^, j = 
1, k— 1. In other words, we get the resulting function as a LBF. Thus we see that the 
ass of LBFs forms an ideal in the cyclic monoid algebra consisting of k— variable BFs. 

Q.E.D. 

xample 4,3.1: In Table 4.1 listed earlier, 13 of 2— veiriables and 14 of 3— variables 
spectively represent 2— variable and 3— variable LBFs. 

In the next section, we deal with the class of generalized Reed— Muller (GRM) 
odes which are constructed from LBFs and show that they can be viewed as ideals in a 
tonoid algebra. 

.4 Algebraic Chajacterization of Generalized 
Reed-Muller Codes 

The few:t that Reed— Muller (RM) codes contain code vectors of length 2^ allows us 
} characterize these codes using GSFs, since Galois Transform operates on vectors of 
ingth 2^. For this study, we tzdce up the class of Generalized Reed-Muller (GRM) codes 
ver GF(2). This is because GRM codes contain code vectors whose components are taken 
1 the field order rather than the original RM codes whose code vector components are 
aken in the natural order. Since GRM codes are formed firom LBFs, this allows us to 
xtend the algebraic structures defined for LBFs in Section 4.3, to GRM codes also. 

We define the original RM codes first to get a clearer understanding of the more 


eneral class of GRM codes. 



DefinitioD 4.4.1; For every integer k euid r, where r < k, there exists a RM code of 
block length 2^ called the order RM code of block length defined by a generator 


matrix follows; 


(4.4.1) 


where Gjy^ is a 2^ length vector containing all ones, Gj^j^ is a k x 2^ matrix which 
0 1 
contains as its columns all binary k— tuples in the natural order 0, 1, 2, ..., 2^—1, and any 

^RM » ^ ® ^ ^ obtained from Gj^j^ by taking its rows to be all possible 

6 1 

componentwise products of the rows of Gj^j^ taken s at a time, where the componentwise 

1 

products of two vectors x and y given by 



X 

= {>‘0 ■ *1 ' *2 ■ ■■ 

...., X } 

P 


and 

is defined zis 

X 

II 



where p = 2^—1. 

2C^ 

= -tVo ’ ' - 

V,.}' 

(4.4.2) 


Since there are [^] ways of choosing s rows in a product, the generator matrix Gj^j^ 

/: ■ 
is of size [^] x 2^, emd thus the dimension of em r*^ order RM code is equal to 1 + 0 + 0 

+ ■ + 0 - 


Now consider the more general class of GRM codes. They are defined over a general 
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ialois field GF(q) in contrast to the original RM codes which were introduced as binary 

odes. When q = 2, the GRM code reduces to a code which is equiveJent to the original 

IM code, ie., a code whose code vector components are obtained by a permutation of those 

f the latter. Our discussions in this section are Hmited to q = 2. 

k 

Since binary GRM codes have block length 2 , an appropriate study of these codes 
ising GSFs would be to consider the GP representation of the individual code vectors 
ather than a single LGP representation of the whole code (Such a characterization of 
ineau: block codes is dealt with in Chapter 5). Further such a description gives more insight 
nto the algebraic structure of these codes. 


4.4.1 Representation of the Basis Vectors of Binary GRM 
Codes by GPs 


Let us examine the nature of the GP representation of the basis vectors of a bineiry 

GRM code. It is known that the Generator matrix of a binary GRM code can be 

obtained if, in the generator matrix of the original RM code Gj^j^ , the columns of the 

matrix Gj^j^ are chosen such that the binary k— tuples in them are tsdcen in the field order. 
1 


Let us denote the corresponding matrix in Gqj^j^ as Gqj^j^ . Then Gqj^j^ i 2 < s < r, can 

1 6 

be obtained firom this Gqj^j^ in the same msumer as in the case of RM codes, ie., by taking 

1 

componentwise products of its rows, s at a time. 

Now let us consider the matrix Gqj^^ . Evidently, the m rows of this matrix 


1 

represent m LBFs. We have seen that any LBF has a single term LFP representation. The 

-y. I 

degree of this LFP is 2 .Now consider the matrix G^j^^ , the rows of which are formed 

2 


by taking componentwise products of sJl possible two such LBFs in the Boolean domeun. 
Let the GP representation of these two LBFs, say fj(x) and f 2 (x) (fj(x) # f 2 (x)), each of 
degree 2“”’^ , be given by 





fj{x) = E a, 

i *0 




id 


i^ix) = S b X . 

j«0 

hen taking componentwise products of these two functions in the Boolean domain is same 


«ni 


! multiplying f]i(x) and f2(x) modulo (x + x). Clejurly, the degree of the polynomial 
roduct is equal to 2 + z . Arguing on the same lines, the degree of the polynomial 

roduct of 8 LBFs is equal to + 2 ™”^ + + 2™~* which may be simplified as 

(2*-l) = 2“ - 2““*. 

Thus the degree of the GP representation of the rows of i 1 ^ s < r , is equal 

8 

3 2°^ — Alternatively, 2™~* — 1 consecutive GP coefficients of the basis vectors in 

^GRM ' ^ ® ^ equal to zero. 

8 


L4.2 GRM Codes as Ideals in a Monoid Algebra 

We use the results given by Blahut [ 20 ] on GRM codes to prove that they are in 
act ideals in the monoid algebra of BFs. 

A GRM code of order r and block length q^ is obtained by appending an overall 
jarity check symbol to a cychc code of block length q^-^1 and order r known as a cyclic 
GRM code. Blahut defines a cychc GRM code as follows: 


Definition 4 . 4 . 2 : A cyclic GRM code of order r and block length q^— 1 over GF(q) is 
a cyclic code whose generator polynoinial g(x) has zeroes at all ^ (7 being a primitive 

element of GF(2^)), j = 1,2, , q^— 1 , such that 

0 < w(j) < (q-l)k-H^l , 

2 k— 1 

where w(j) is called the weight of the integer j = Jq + jjq + jjQ + ... + 1 8“^^ “ 

defined as 



(4.4.3) 


w(j) = jjj + jj + jj + ... + , 

ere the addition is ordinary integer addition. 

Since j and jq mod (q^— 1) have the same weight, if y is a zero of g(x) so axe the 
ijugates of y. Blahut [20] has restated the definition of cyclic GRM codes in terms of the 
icrete Fourier transform (DFT) or spectrum of the code vectors as follows: 

k 

jfinition 4.4.3; A cyclic GRM code of order r and block length q —1 over GF(q) is the set 
code vectors whose spectral component j equals zero for all j satisfying 

0 < w(j) < (q-l)k— r-1. 

We first reformulate the definitions of GRM codes given by Blahut in terms of GPs 
the following theorem (Only binary GRM codes are considered): 

heorem 4.4.1: A binary GRM code of block length 2^ and order r (r < k) is the set of 
>de vectors (BFs of length 2^) whose GP coefficients a. are zero, for all j satisfying 

0 < w(j) < k-r— 1. 

roof; The Galois transform matrix of order 2^ is obtained by extending a DFT matrix of 
k k 

rder 2 —1 , and the coefficients a. , j = 1, ...., 2 —2, axe exactly same as the corresponding 

J 

>FT coefficients. Thus the condition a. = 0 , j = 1, ...., 2^—2, satisf^g 0 < w(j) < k— r— 1 
1 valid for the GP coefficients also. In eiddition, the coefficient = 0 for all r < k. This is 
ecause this coefficient is obtained by summing modulo 2, all the 2^ components of a code 
ector, and the number of ones in a code vector of any r*^ order RM code (r < k) is even. 

Q.E.D. 

From the definition of GRM codes in terms of GP coefficients, we see that a binary 
jRM code of block length 2^ and order r (r < k) may be obtained by forcing to zero all the 



yo 

’ coefficients a. , for j = 0, and for aJl j satisfying the condition 0 < w(j) < k— r-1, and 
ting the renaaining GP coefficients to assume all possible values from GF(2^), where d is 
! order of a Frobenius class (which is the number of GP coefficients in thett Frobenius 
ss) as allowed by the conjugacy constraints. 

If a. = 0 , then a. is also equal to zero, where jq is taken modulo 2^—1, and 
J M 

arefore it suffices to consider only one member a^ of each Frobenius class whose j seitisfies 
s condition 0 < w(j) < k— r— 1 , since the other members axe forced to zero automatically 
conjugacy constraints. On simil^ur lines, it is sufficient to consider one member a^ of each 
obenius class, for j = — oo and for all j’s which satisfy the condition w(j) > k— r— 1, which 
e allowed to assume all possible values from GF(2^), d being the order of the Frobenius 
iss. This situzktion is similar to the formation of ideals in the monoid algebra of BFs 
bich was discussed in Section 4.2.1, where any ideal in this algebra was expressed as a 
rect sum of certain minimal ideals and where these minimal ideals were obtained by 
isigning all the values of GF(2^) to one Frobenius class at a time and forcing the elements 
"the remeuning Frobenius classes to zero. 

In the wake of the above discussion, we may form an r'^ order GRM code of block 
ingth 2^ as the direct sum of minimal ideals in the monoid algebra of BFs as follows: 

Choose one member j of the conjugeicy class modulo 2^—1 which satisfies the 
ondition w(j) > k— r— 1. Now idlow the GP coefficient a^ with this j as index to assume all 
ossible values from GF(2^), where d is the order of the Frobenius class. This fixes the 
emaining coefficients in the Frobenius class containing a. since they are related to a^ by 
onjugacy constraints. Further, these members also satisfy the condition w(j) > k-r— 1, 
ince j and jq mod (2^ — 1) have the seune weight. In this manner, we have formed a minimal 
deal. Similarly form minim a] ideals corresponding to j = — a» and all j which satisfies the 
xmdition on weight, ie., w(j) > k-i^l. Now the . order GRM code is a direct sum of 
these minimal ideak. 



Examples 

O 

Example 4.4.1: Consider a first order GRM code of block length 2 . The GP coefGcients in 
this case have indices -tD, 0, 1, ..... 6. These are grouped into Frobenius classes as {— oo}, 
{0}, {1, 2, 4} and {3, 6, 5}. We may see that all the elements j in a Frobenius class have 
the same weight. In this case, the weights are respectively 1 and 2 (for j > 0). We choose 
the index j = -co, and those indices j which satisfy w(j) > 3—1—1, ie., w(j) > 1. This is 
satisfied by the class {3, 6 , 5}. Since the order of this class is 3, we allow one of the GP 

O 

coefficients with these as indices, to assmne all possible values firom GF (2 ) leaving the 
remaining coejBicients to be fixed by the conjugacy constraints. Thus let us choose a^ to 
assume all possible values (8 in number) from GF (2 ). This gives us one minimal ideal 
containing 8 elements. Now, the order of the class {— oo} is 1, and hence a_^ assumes values 
from GF( 2 ), giving another minimal ideal of order 2 . Taking the direct sum of these two 
minim al ideab gives an ideal containing 16 elements whose inverse Galois transform give 
the code vectors of a binary first order GRM code of block length 8 and dimension 4. The 
GP coefficients of the code vectors of this code are listed in Table 4.2 as a power of a 
primitive element 7 in GF (2 ). The coefficients are listed in the order a^ , j = — oo, 0, 1, ..... 
6 . Only the exponents of 7 are listed. 


Example 4 . 4 . 2 : Consider a second order GRM code of block length 2 ^. The GP coefficients 
in this case have indices -a>, 0, 1,...., 14. These are grouped into 6 Frobenius classes as 
{-to}, {0}, {1, 2 , 4, 8 }, {3, 6 , 12, 9}, {5, 10 }, and {7, 14, 13, 11). In this case, the weights 
are respectively 1 , 2, 2 and 3 (for j > 0). We choose the index j = — a> , and those indices j 
which satisfy w(j) > 4 — 2 — 1 , ie., w(j) > 1 . Tliis is satisfied by the classes containing 3, 5 
and 7. The order of these classes are respectively 4, 2 and 4. Thus we get two minimal 


ideals of order 16 coixet ponding to the coefficients a^ and a^ which are allowed to assume 
all the 16 values from QF(2^), one minimtJ ideal of order 4 corresponding to which is 
allowed to take values from GF (2 ), and a fourth minimal ideal of order 2 corresponding to 
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which assumes values from GF(2). Taking the direct sum of these four minimal ideals 
ves an ideal contidning 2^ x 2^ x 2^ x 2 = 2^^ elements whose inverse Galois transforms 
ve the code vectors of a binary second order GRM code of block length 16 and dimension 
1. This code, being too large, is not listed. 


Table 4.2: GP Coefficients of the Code Vectors of the First Order 
GRM Code of Block Length 8 Considered in Example 4.4.1 



In the next section, we consider the classification problems of BFs. 

4.5 Classification of Boolean Functions 

An area in which spectral techniques were successfully apphed was in the 
classification of BFs. The need for classification arises due to the fact that the number of 
possible different k— variable BFs is considerably large even for small values of k, this 
. 2 ^ 

number being 2 , thus making the task of enumeration of these functions difficult. So, it 






3uld be desirable, if they are classified into equivalence classes under some equivalence 
lidions. We say that two fimctions are equivalent under some equivalence relation, if one 
in be treinsformed into the other by that relation. The larger the number of such 
[uivalence relations which can be defined on these functions, the lesser the number of 
asses would be. A ceinonic function may be chosen as a representative member for each 
ass, and the remaining functions in that class may be generated from the circuit 
alization of the former, by implementing additioneilly the appropriate operations 
irresponding to the equivalence relations used for the classification purpose. Another 
Ivantage which results from classification of functions is that testing and fault diagnosis 
rocedures may be standardized for each entry in a class. 

A number of equivalence relations have been proposed in literaiture to reduce the 
amber of classes for a given number of inputs. Further, their effect on the transform 
lefBcients were also studied, as a consequence of which, given the transform coefficients of 
ay arbitrary function in any class, the operations corresponding to the equivalence 
dations may be carried out in the spectral domain to obtain the canonic function of that 
ass. Five of these equivalence relations, commonly known as the five invariance 
perations, are described in the following subsection: 

.5.1 The Five Invariance Operations 

The five invariance operations ewrt on the domain and range of BFs. These five 
perations were called invariance operations in connection with the classification of 
motions based on these operations using Rademacher— Walsh (R— W) functions because 
aey did not change the magnitude of the R— W coefficients. 



.5.1.1 Invaxiance Operations on the Domain of Boolean 
Functions 

There are three operations which operate on the input vari2ible8 of a BF. They are 
scribed as follows: 

1) Complementation of Input Variables 

Two k— vetriable BFs f and g are said to be equivalent under the above operation if 
ae can be obt2uned from the other by complementing one or more of its input variables, 
or example, let k = 2 and let f = U x^ and let g = x^ U X2 , where x^ and are the 
iput varittbles and Li denotes inclusive OR operation. Then f and g are equivalent under 
ae complementation operation because one can be obteiined from the other by 
omplementing x^ or x^ , as the case may be. Thus any function in this equivalence class 
lay be realized by the same circuit except that some of the inputs are replaced by their 
omplements. 

2) Permutation of Input Variables 

Two k— vairiable BFs f and g are said to be equivalent under the above operation if 
me can be obtained from the other by a permutation of one or more of its input variables, 
i'or example, consider two 3 — variable BFs f and g. Let f = x^ U X2-X2 and let 
; = Xg U Xg.Xj , where x^ and Xj are the input variables. Then f and g are equivalent under 
he permutation operation since g(Xj , x^ , Xg) = f(x2 , Xg , x^). 

[3) Ex-oring the Input Variables 

Two k— variable BFs f *ind g are said to be equivalent under the above operation if 
me can be obtained from the other by replacing one or more of its inputs by the modulo— 2 
lum (ex— or) of some of the inputs. For example, if f and g are 3-variable BFs and 
f = Xj + Xg.Xg , and g = Xj + X2 U Xg.Xg , where -I- denotes modulo — 2 sum, then f and g are 



jqmvalent, as g is obtained from f by replacing the input by the ex— or of x^ and x^- 


4.5. 1.2 In variance Operations on the Range of Boolean 
Functions 

There are two relations which operate oa the range of a BF. They Me described as 
follows: 

(4) Complementation of the Output 

Two k— variable BFs f and g are said to be equivalent under the above operation if 
one can be obtained from the other by complementing its output. Thus g and f are 
equivalent ifg = f= f+ l,orf = g = g + l. 

(5) Ex-oring the Input Variables with the Output 

Two k— variable BFs f and g are said to te equivalent under the above operation if 

one can be obtained from the other by ex-oring one or more of its inputs with its output. 

k 

Thus f and g are equivedent if g = f -f S ix. , where I £ {0,1}. In other words, f and g are 

i»l 

equivalent if g is obtained from f by a modulo-2 stun of the latter output with a LBF 
obtadned from its inputs. 

4.5.1.3 Combining the Operations 

It is always desirable to have an equivaleace relation which allows a combination of 
any of the above operations since this leads to a reduced number of classes. For example, if 
we combine (2) and (3), we get the General Lmeur Group, say GLj^(Z 2 ), which is the group 
of all invertible linear transformations acting on s k— dimensional vector spsice over the 
field Zj. 

We say that two k— variable BFs f and g are equivalent under GLj.(Z 2 ), if there is a 
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non-«ingular matrix A such that g(Xj , x^ , Xj^) = f((xj , x^ , •■■,Xj,).A). This leads to 

much smaller number of classes as the order of GLj_(Z 2 ) is considerably large. 

We may still combine (1) with GLj^(Z 2 ) so as to have a larger group which allows 

linear transformations as well as complementeition of input vMiables. This group is called 

ihe Affine Group and is denoted as Aj^(Z 2 ). Thus two k— variable BFs f and g are equivalent 

under Aj^(Z 2 ) if there is a non-singuleir matrix A and a constant € GF(2^) such that 

g(Xj , Xj , .... Xj^) = f({xj , x^ , x^).A + (4.5.1) 

Thus the affine equivalence relation comprises of all the three domain operations. 

Similarly, we may combine the two remge operations with the input operations by 

k 

adding an affine polynomial c + tx. to the output of a lope circuit f whose input was 

defined by an affine transformation of x = x^ , x^ , , Xj. , where c and a € {0,1} (The 

resulting group was ceiUed Restricted Affine Group (RAG) by Lechner [16]). Thus two 
k— variable BFs f and g are equivalent vmder the five invariance operations if g is obtained 
from f such that 

k 

g(xj , Xj , .... Xj^) = f((Xj , x^ , ..., x^).A + ;9) + E fx. + C, 

(4.5.2) 

where A is a non-singular matrix of size k x k , /? € GF(2^), and c, € GF(2). 

Classification of BFs based on these five operations were carried out using 
Rademacher— Walsh coefficients by researchers and the number of classes for k = 2, 3, 4 
and 5 were respectively found to be 2, 3, 8 and 48. 

4.5.2 Effect of the Five Invariance Operations on the GP 
Coefficients 

In this subsection, we study the effect of the five invariemce operations on the GP 
coefficients of BFs. In all the cases, the GP coefficients of the original k— variable BF, f(x). 
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prill be denoted by a , and that of the new function obtedned by the respective operation 
prill be denoted by a , where i = -®, 0, 1, , 2^—2. 

[1) Complementation of Input Variables 

Complementation of the input variable x of a k— veuiable BF, f(x), is same as adding 
k 

i constant , say P 6 GF(2 ), to x. Then the relation between the GP coefficients of the 
>riginal function and that of the new function may be derived as follows: 


Fhe coefficient a ^ = f ■¥ 0)=^ i{0), 

where l{0) = ^ a i = — oo, 0, 1, 2^—2. 

Fhe coefficients a , i = 0, 1, 2^—2, are given by 

a = S x‘ f(x + 0). 

X 

= S (x + 0f f(x). 




(4.5.3a) 


= S f i 1 /S* a._, , i = 0, 1, 2^-2, (4.6.3b) 

JJj 

is the binomial coefficient modulo 2. 

2 

A 

[f we put (4.5.3) in matrix form (with a ^ also expressed in terms of the a ’s), as 

A 

a = B& 



(4.5.4) 



rhere 

ad 


S = [a^ , aj , , , a^ , a_J 

A A A A A ^ 

a = [ap , »! , a^ , , a^ , a_J 


where ^ = 2*'^— 2) then it may be seen theit fi may be expressed as a direct product of k 
ore matrices Bj . i = 0, 1, k-1, each of size 2 x 2, as 


E = E^_1«S^_2® 

1 . 0 ^ 


(4.5.5) 


/here 


fii 




1 


ad z is tadcen modulo 2 —1. 
Thus for example, if k = 4, then 



’1 O' 

y 1. 


'1 O' 

J 1. 


2) Linear Transformation of Input Variables 

We combine the two operations of permutation and ex— oring of input variables into 
he single operation of haem transformediion of the S 2 ime. Let A be a non— singuleu matrix 
if size k X k. Then we perform linesur transformation on x by multiplying A by the kHiuple 

A 

; Then the relation between the coefficients a and a. may be derived as follows: 


[lie coefficient 
ince 


a = a , 

-ID --00 

= f((00..0)A) = f{00..0) = f(7‘^= a_^. 


(4.5.6a) 


— XD 


The coefficients a , i = 0, 1, ..... 2^—2, are obtained by replacing x by x.A- 
rhuBwehave 

a. = S X* f(x.A). 

* X 

= S {(x). 

X 

Now the mapping from x to x.A'* is a linear mapping and hence it may be 
epresented by a LP, say F^x). Let F^x) be given by 
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F/x) = E d.x^. 

a. = S ( S d. X f(x). 
‘ X j.o ^ 


(4.5.6b) 


(4.5.6c) 


'or those coefficients a. , whose i is of the form 2“ , m = 0, 1, .... k— 1, (4.5.6c) may be 
orther simplified as follows: 

a = S ( E d. x^) f(x) 

0™ V ■ . J 
^ j *0 


«m J+m 

E ( S d . x~ )f(x) 

X j-o •’ 


= E d. Sx^ f(x) 

j-0 X 


S a . , m = 0, 1, k—L 

j.O ' 2^*^“ 


(4.5.6d) 


3) Complementation of the Output 

Complementing the output of a BF may be ew:comphshed by ewiding a ‘1' to it. The 
elation between the coefficients a and a. may be obteiined as follows: 


The coefficient 


a =f(T“^ + l=^(T"^ = a . 


(4.5.7a) 


fhere the over head bar denotes complementation. 

k 

The coefficients a.,i = 0, 1, ....,2 —2, are obtained as 


a = E X* (f(x) + 1) = E x^f(x) = a. 


(4.5.7b) 


Thus the output complementation of f(x) leaves the coefficients invariant except the 
:on8tant term, which gets complemented. 
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(4) Ex-oring the Input Variables with the Output 

Ex— oring the input variables x. with the output of a BF is same as adding a LBF to 

A 

it. The relation between the coefficients a. and a. may be obtained as follows- 

k 

Let the LBF be given by E ^x., where ^’s € {0,1}. Because, the function is linear, 

i-l 

and the mapping is from GF(2^) to GF(2), it has a single term LFP representation (with 

the only nonzero coefficients corresponding to those of x , i = 0, 1, ..., k-1.) 

Thus when a LBF of the form above is added to the output of the BF, its effect on 

the coefficients of the seune would be to modify only those coefficients of the BF 

. ... 

corresponding to x , i = 0, 1, ...., k— 1, keeping the remaining coefficients intact. 

Let f(x) = a_^ + S frs(a. x“^) denote the k-variable BF (where j h, a member of the 
conjugacy class modulo 2^—1), and let l{-x) = £r 8(7 x) denote the LBF added to f(x), where 
7 tmd a. 6 GF(2^). 

/v 

Then the resulting function, say f(x), is given by 

( 4 . 5 . 8 ) 

where ^ = 2^—2. 

4.5.3 Class Identification by Verifying the GP Coefficients 

Given a BF, our first task would be to identify the class to which it belongs so that 
it may be synthesized from the representative member of that class. This identification is 
possible for 2 and 3 variable BFs by checking their GP coefficients, one in the case of 
2— vaxiadble BFs, and two in the case of 3— variable BFs. As mentioned earlier, ail the 
2— variadole BFs are classified into 2 classes and all the 3— variable BFs are classified into 3 
classes in the classification procedure using the five invariance operations. In 2— variable 
case, all the 16 BFs are put into two classes each having 8 members, and in the 3— variable 
case, all the 256 BFs are put into 3 classes, each of strength 16, 128 and 112 respectively. A 
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study of the nature of the GP coefficients of the functions of these classes reveals the 
following: 

(1) k = 2; 

Class I No. of ftanctions = 8. 

fa) a assumes either 0 or 1. 

'■ ' —CD 

(b) a^ assumes 0 only. 

2 

(c) {a^ , a 2 } assumes all the 4 values from GF(2 ). 

Class II No. of functions = 8. 

(a) a assmnes either 0 or 1. 

'' ' “IX) 

(b) a^ assumes 1 only. 

2 

(c) {a^ , a^} assumes all the 4 values from GF(2 ). 

(2) k = 3: 

Class I No. of functions = 16. 

(a) a assumes either 0 or 1. 

(b) a^j assumes 0 only. 

(c) {a^ , aj , a^} assumes 0 only. 

Q 

(d) {ag , ag , ag} assumes all the 8 values from GF(2 ). 

Class II No. of functions = 128. 

(a) a assumes either 0 or 1. 

' ' —CD 

(b) a^ assumes 1 only. 

(c) {a^ , a^ , a^} assumes all the 8 values from GF(2 ). 

(d) {a^ , ag , assumes all the 8 values from GF(2^). 
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Class III No. of functions = 112. 

(a) a assumes either 0 or 1. 

(b) a^ assumes 0 only. 

(c) {a^ , a^ , a^} assumes all the 7 nonzero values from GF(2^. 

Q 

(d) {Sg , Sg , aig} assumes all the 8 values from GF(2 ). 

Based on the above study we formulate a simple class identification procedure for 2 
and 3 variable BFs by verification of the GP coefficients as follows; 

(1) k=2 

The only coefficient which needs to be computed is a^ , since we saw that the GP 
coefficients of the functions in the first class have = 0 and those in the second class have 
a^ = 1. Thus the identification procedure is 
Calculate a^. 

If it is 0, then the function belongs to the first class, and if 1, it belongs to the 
second class. 

(2) k=3 

Here the steps involved are as follows: 

(1) Calculate a^ ; If 1, then the function belongs to the second class. 

If 0, then calculate a^ ; If a^ = 0, then the function belongs to the first 
class, and if nonzero, it belongs to the third class. 

4.5.4 Operations Based on the Monoid Algebra Structure of 
Boolean Functions 

In this section, we consider some operations based on the monoid algebra structure 


of k— variable BFs. 



4.5.4. 1 Convolution Operation with a Function whose GP 
Coefficients are a_^ = 0, a = f*, i = 0, 1, ...., 2^-2. 

First we consider a particular case of the convolution operation defined in Chapter 
2, where one of the functions involved is taken as one having GP coefficients a , i = — oo, 0, 

1 2^—2, respectively as 0, 1, 7^ 7^ , 7^, 7, where 7 is a primitive element 

of GF( 2 ^). Let us denote this function as f . The convolution of any function with f is 
performed by pointwise multiplication of the GP coefficients of that function with that of 
f^. In the Boolean dommn, this has the effect of keeping the first function value f(7~^ fixed 
and cyclically shifting the remaining values one position towards left. We group the BFs 
based on this operation. Since the coefficients a_^ and a^ can assume only 0 or 1, we need 
consider only one fourth of the total BFs, corresponding to, say, both these coefficients 
being 0 . The remaining groups may then be obtained by just changing these coefficients to 
{ 0 , 1 }, { 1 , 0 }, and { 1 , 1 }. Thus the actiial number of classes will be clearly equal to 4 times 
the number of classes obtained for one-fourth of the functions. 


(1) k=2 

The number of Frobenius classes in this case is 3 , out of which we fix the first two 

as zero. Thus we t^lke four of the sixteen functions ,ie., those functions whose GP 

coefficients a and a» are zero, and group them by multiplying their GP coefficients 

pointwise with those of f^. Here f^ is a function whose GP coefficients a. , i = — oo, 0 , 1 , 2, 

are 0 , 1 , 7^, 7 respectively. It may be seen that 2 classes may be formed out of the four 

functions. They are given in Table 4.3a, with the GP coefficients in the order a ^ , a^ , a^ , 

k 

a^ listed as a power of a primitive element 7 in GF(2 ). Only the exponents of 7 are listed. 

A total of 8 classes may be formed out of a total of 16 BFs by putting {a_^ , a^} as 
{0, 0}, {0, 1}, {1, 0} and (1,1}. 

; ■; 



The number of Frobenius classes in this case is 4 . As before, we consider one fourth 
( 64 ) of the 256 functions corresponding to those whose GP coefficients a ^ and a^ are zero. 
In this case, the GP coefficients a,, i = -oo, 0 , 1, ..... 6, of f are 0 , 1, 7®, 7®, 7^, 7®, 7^, 7 
respectively. It may be seen that 10 classes may be formed out of the 64 functions. They 
are listed in Table 4.3b with the GP coefficients in the order a , a„ , a, , a„ ,..., a- listed 

—CO 0 12 6 

as a power of 7. Only the exponents of 7 are hsted. 

Table 4.3 Classification of k— Variable Boolean Functions using Convolution 
as Defined in Monoid Algebra with a Fimction whose GP Coefficients are 
a =r 0, a = 7“\ i = 0, 1, ..... 2^—2. 

(a) k = 2 



(b) k = 3 
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Table 4.3b (continued) 


a 

— OD 

^0 


^2 

^3 

*■4 


^6 

C9 — CD 

— <D 

5 

3 

0 

6 

0 

0 

— CD 

—CD 

4 

1 

4 

2 

2 

1 

—tX) 

— tD 

3 

6 

1 

5 

4 

2 

-KD 

—CD 

2 

4 

5 

1 

6 

3 

—CD 

— oo 
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2 

2 

4 

1 

4 

— tD 

—CD 

0 

0 

6 

0 

3 

5 

—00 

—CD 

6 

5 

3 

3 

5 

6 

CIO -tD 

—CD 

0 

0 

0 

0 

0 

0 

—CD 

—CD 

6 

5 

4 

3 

2 

1 

— <D 

—CD 

5 

3 

1 

6 

4 

2 

—CD 

—CD 

4 

1 

5 

2 

6 

3 


—00 

3 

6 

2 

5 

1 

4 

—CD 

— tD 

2 

4 

6 

1 

3 

5 

—CD 

—CD 

1 

2 

3 

4 

5 

6 


4.5.4.2 Convolution Operation on Arbitrary Boolean 
Functions 

We can further reduce the number of cleisses in the 3— variiible case by using the 
convolution operation on jurbitrary functions. Classes C2 and C3 of Table 4.2b eew:h have 
the structure of a group xmder the convolution opereition, and thus arbitrary functions from 
within these classes, which when convolved gives functions only within the respective 
classes. 

Now consider class C4. Convolution of any two functions of this class gives a 
function from class C5. Thus classes C4 and C5 may be now combined. Similarly, 
convolution of any function from C4 with one from C5 gives a function from class C6. We 
may further convolve functions in C4 with functions in C7, C8 and C9 to get functions 
from C8, C9 and CIO respectively. Therefore classes from C4 to CIO may be combined in 
t.hi« manner by convolution on arbitrary functions. In this process we have constructed 
three nontrivial groups which are closed under convolution (the class containing the 







singleton 0 function being the fourth group). We rename the resxilting classes as Class I, II, 
ni and IV respectively. These classes along with the class members and the number of 
members in each class are listed in Table 4.4. 


Table 4.4 Classification of 3— Variable Boolean Functions using Convolution 
as Defined in Monoid Algebra on Arbitrary Functions 


Class 

Class Members 

No. of 
members 

I 

Cl 

1 

II 

C2 

7 

ni 

C3 

7 

IV 

c, 

i = 4..., 10 

49 


In total, 16 groups may be formed out of 256 functions. Thus we have reduced the 
number of classes from 40 to 16 in the 3— variable case. Incidentally, these 16 classes 
correspond to the 16 ideals in this algebra, each class assuming elements firom each of these 
ideals. For example, class II and class in contain the nonzero elements of 13 and 14 
respectively, and class IV has elements from the ideal 13 ® 14 where ® denotes direct siun. 
The fact that ideals in this algebra may be generated by a direct sum of minimal ideals, also 
gives a method to the generation of BFs, by summing elements from the minimal ideals. This 
is the Frobenius sum model which is disciissed in the next section. 

4.6 Finite Field Models for Boolean Function S 5 mthesis 

In this section, we propose two modek for BF synthesis, one based on the five 
operations and the other based on Frobenius sum computation. 
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4.6.1 Model Based on the Five Invariance Operations 

This model is based on the study conducted in Section 4.5.2, based on the five 
invariance operations. We know that two k— variable BFs f and g are equivalent under the 
five invairiance operations if g is obtained fi-om f such that they satisfy (4.5.2). 

The synthesis procediire for the function g woxild be as follows; 

(1) Identify the class to which g belongs. 

(2) Take the representative function f for that class. 

(3) Select the suitable domain and range transformations which when 
apphed to f, would synthesize g. 

Circuits which implement g using the above model have been proposed in literature. 
However, we propose a finite field model for realization of g. This model is based on our 
study of the five operations on the GP coefiBcients of BFs. 

First, let us look at the domain transformation. Here, we perform linear 
transformation and complementation of input variables. This is done by an affine 
tremsformation on the input vzuiable x = Xj.-Xj^. This affine transformation hjis an 
affine pol5momial representation say F (x), which is the sum of a LP and a constzmt ^ 
belonging to GF(2^). ie., F (x) is given by 

F^(x) = ^+F2‘(x), (4.6.1) 

where F)*(x) ie a LP representing A. which satishes 

F^<(F/x)) = F/F^‘(*)) = X, (4.6.2) 

where F^x) is given by (4.5.6b). 

Thus the affine transformation is performed by the operation of composition 

f(F.(x)). 

Next let us consider the rzmge transformation. This consists of adding a LBF and a 
binary constant to the output of f(x). The hnear function has a single term LFP 
representation, say frs(7 x), where 7 € GF(2^). The binary constant may be realized firom 
the Frobenius sum of an element 7^ belonging to GF(2^), say fr8(7^. This is because 



Frobenius sum always gives an element from the ground field. 7^ is chosen such that its 
Frobenius sum gives the required binary constant. Thus the range transformation is 
performed by adding the terms fr8(7 x) and frs(7 ) to the GP representation of f(F (x)). 
Since frs(.) is a hnear function, we may write 

frs(7 x) + frs(7<J = fr8(7 X + 7^)- (4.6.3) 

Thus the finite field model which synthesizes the BF g in any class based on the five 
invariance operations may be implemented by realizing the equation 

g(x) = f(F Jx)) + firs(7 X + 7^) (4.6.4) 

This model is given in Figure 4.1a. 

4.6.2 Model Based on Frobenius Sum Computation 

This model is derived from the natxire of the GP representation of a BF. We saw 
that any BF may be represented as a FF, which is a stun of elements of minimal ideals in 
the corresponding monoid algebra, the number of Frobenius terms in the function given by 
nfrob of (2.4.3). Thus a BF may be realized by a Frobenius sum model zus given in Figure 
4.1b. 

In Figure 4.1b, we assume that there are m Frobenius terms in the GP 
representation of the BF under consideration. The first column of blocks numbered 1, 2, ..., 
m, exponentiate the input variable x. The i*^ block exponentiates x to the power — 
(where j., i = 2, m, and — j. taken modulo 2^—1) is a representative member of the 
Frobenius class modulo 2^—1. jj is tedken as —a, to account for the constant term, in which 
case, the e}q>onentiated output is taken as unity. The outputs of the exponentiation blocks 
are multiplied with the corresponding coefficients a. , i = 1, 2 ,..., m, and then fed to the 

Frobenius sum computers which compute the Frobenius sums. The outputs of these 
Frobenius sum computers are fed to an adder block which sums them and gives the 
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(a) 



(b) 


Fig 4.1: Finite Field Models for Boolean Function Synthesis 

(a) : Model Based on the Five Invariance Operations 

(b) : Model Based on Frobenius Sum Computation 
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required BF, g(x). 

We conclude this chapter with the next section zifter a characterization of 
k— variable /J-eelf dual/anti self dual BFs by GPs. 

4.7 Characterization of ^Self Dual / Anti Self Dual Boolean 
Functions by GPs 

In this section, we characterize classes of k— variable ;^elf dual (SD) and anti self 
du^ll (ASD) BFs using GPs. 


Definitions 

Definition 4.7.1: A BF of k— variables, say f(x), is said to be ^self dual or partially self 
dual , if f(x) = f(x), where x = x + and /? is an element of GF(2^) added to x to get some 
of the input veiriables complemented. 

As before, f indicates that the function output is complemented. If = 111..1 (all ones), we 
get a completely SD function, which will be called simply as & SD function. 


Definition 4.7.2; A BF of k— variid>les, say f(x), is said to be self dual if f(x) = f(x), where x 
indicates that all the input vsjiables Xj ... Xj^ are individually complemented, and f 
indicates that the function output is complemented. 


Definition 4.7.3: A BF of k— variables, say f(x), is said to be fi-anti self dual or partially 
anti self dual, if f(x) = f(x), where x = x + A and is an element of GF(2^) added to x to 
get some of the input variables complemented. 

If /? = 111..1 (all ones), we get a completely ASD fimctibn, which will be called 
simply as an ASD function. 


Definition 4.7.4: A BF of k-variables, say f(x), is said to be anti self dual if f(x) = f(x), 
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where x indicates that all the input veiriables ... Xj^ are individually complemented. 

In the next few subsections, we discuss the chareu:terization of both partial and 
complete SD/ASD BFs using their GPs. We henceforth call these functions as 0-SD/ ASD 
functions. When 0 = 11. .1 (all ones), they become (completely) SD/ASD functions. We 
derive the constraints on the GP coefficients of these k— variable functions for k = 2, 3 and 
4. 

4.7.1 Derivation Strategy 

To begin with, first we recall our discussion on the effect of complementation of 
input variables of a BF on its GP coefficients. We saw that if we denote the GP coefficients 
of the original function by a , imd the GP coefficients of the new function f(x) resulting 
from input complementation by a , i = — oo, 0, 1, ..., 2^—2, then the coefficients a_^ , and 
the coefficients a , i = 0, 1,...., 2*^—2, are given by (4.5.3). 

Secondly, we recall that complementing the output of a function merely 
complements the constant term a_^ , keeping the rest of the coefficients invariant. 

Keeping the above two facts in mind, we derive the constraints on the GP 
coefficients of a BF to be 0-SD/ASD in the following subsections. We limit our discussions 
to k = 2, 3 and 4. 

We use the following derivation strategy for deriving the constraints on the GP 
coefficients of a BF to be 0-SD/ASD. For j^-self duality, we output complement the 
function f( 3 ^ zmd equate it to f(x). Since output complementation merely complements the 
constant term a keeping the rest of the coefficients invariant, the coefficients of r(x) 

— Q3 

•JT A Ir ^ 

will be given by a_^ , a , i = 0, 1, ..., 2*-2. where a_^ is the complement of a_^. 

Equating the coefficients of f(x) with those of f(30i we get the conditions for /3-«eU duality 
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as 


ie. 


I 


s 

t*o 


a, = 

I 


a. 

1 


) 



i = 0, 1 




2^-2 


or 



Vt + 


a 

1 


aj , i = 0, 1, 2^-2 


le., 


Secondly, 


E 


/^a._^ = 0.i=l, 2. ....2*^-2 

2 


or 

ie., 


a = a 

—00 — H) 



Sa./r^ = a ,i = -oo, 0, 1,..., 2^-2. 

1 1 —tD I ; I I 


Now since a + a = 1, we may write the above equation as 

—CD — tD 

Sa.r' = l A=T-2. 

i»0 


(4.7.1) 


(4.7.2) 


Similarly, equating the coefBcients of f(x) with those of f(x), we get the conditions for 


)5-anti self duedity as 


or 


and 

or 


a. = a. , i = 0, 1,..., 2^-2. 


1 

s 

t«l 


[i]' 

J2 


/J* = 0, i = 1, 2, ..., 2^-2, 


a = a , 

-nOD — tD 


Sa.)r' = 0 


i-O 


(4.7.3) 


(4.7.4) 


A A 

Thus for y^-self duality, we substitute a_^ and at 


i = 0, 1, ..., 2^^— 2 respectively by a ^ 
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and a , i — 0 , 1 , 2 — 2 , and for 0—axiti self duality we substitute the same by a and a 

1 •' •' — OD 1 

, i = 0 , 1 , 2 — 2 , respectively and then derive the constraints on the coefficients. We also 

use the conjugeicy relations among the coefficients 

\2 




2 .i 


(4.7.5) 


(where 2 .i is taken modulo 2 — 1 ) wherever required. 


4.7.2 Chaxacterization of 2-Variable /?-Self Dual / Anti Self 
Dual Boolean Functions 


(1) ^Self Dual Functions 

In (4.7.1), substituting i = 1 , we get 


or 


Using (4.7.2), we have 


Since a^ = 0, we get 


«.„ = 0 

a^ = 0 since ^^0. 
a can asstune 0 or 1 . 


&Q + ^ a^ + aj = 1. 


Ai + ^a2=l. 

Since a^ and axe related by conjugewy constraints as 

’ 

we may write 

A, + .jf = 1- 

In other words, we require a^ to satisfy the condition 

frs aj) = 1. (4.7.6) 

Let Bsz ^ 

*) 2 

Let + X + 1 be a primitive polynomial used for generating GF (2 ) with 7 as a 

2 

primitive element. Then it may be seen that the elements ein GF (2 ) which satisfy (4.7.6) 
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2 

are 7 and 7 . Thus is given by 

aj = . rW- 

Sununarizing, we have, for SD 2 variable BFs, the GP coefficients (one member in each 
Frobenius cycle) are given by 

*■-<0 = 0 or 1 - ( 4 . 7 . 7 a) 

= 0 . ( 4 . 7 . 7 b) 

and aj = /T^ , ( 4 . 7 . 7 c) 

This gives a total of 4 ^-SD BFs. 

We list in Table 4 . 5 , the GP representation of all 2 — variable j^-SD BFs for all the 
nonzero values of /? € GF(2 ). We also list the corresponding BFs which are inverse Galois 
tr2uisfonns of these coefficients. The coefficients are listed as a power of 7. Only the 
exponents are listed. The BF is Usted in binary form. In all the cases, a = 0 or 1, 

— a» 

and a^ = 0. 

2 2 2 

The coefficient aj^ given by T t 7 , for all nonzero values of A are e»s follows: 

(!)/?=! = 01 

(2)/J=7=10 7^1. 

(S) 0= -? =11 1, T 


Table 4 . 5 : 2-Variable /?-Self Dual Boolean Functions and their GP B;epre8entations 


(a)jS=l 


No. 

a 

— OD 

*^0 


^2 

Boolean function 

1 

— tX) 

— 00 

1 

2 

0 

1 

0 

1 

2 

--00 

—00 

2 

1 

0 

1 

1 

0 

3 

0 

— 

1 

2 

1 

0 

1 

0 

4 

0 

— OD 

2 

1 

1 

0 

0 

1 
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Table 4.5 (continued) 


(h) 0=y 


No. 

a 

—CD 

^0 


*2 

Booleeua function 

1 


— tz> 

2 

1 

0 

1 1 0 

2 

—CD 

— OD 

0 

0 

0 

0 1 1 

3 

0 

—CD 

2 

1 

1 

0 0 1 

4 

0 

—CO 

0 

0 

1 

1 0 0 


(c) P = 7 ^( 8 elf dual) 


No. 

a 

—CO 

^0 


^■2 

Boolean function 

1 

—CD 

—CD 

0 

0 

0 

0 

1 

1 

2 

—CO 

—CD 

1 

2 

0 

1 

0 

1 

3 

0 

—CO 

0 

0 

1 

1 

0 

0 

4 

0 

“-C0 

1 

2 

1 

0 

1 

0 


(2) /9-Aiiti Self Dual Functions 

For 2— variable p-KSD functions, the only change is in (4.7.4), using which gives the 
condition 

frs a^) = 0. (4.7.8) 

The elements e= jS^a^ in GF(2^) which satisfy (4.7.8) are 0 and 1. Thus a^ is given by 

a^ = 0 ^ ^2 j ^ ^2 

Summarizing, we have, for p-ASD 2 variable BFs, the GP coefficients (one member in 
each Frobenius cycle) are given by 

a = 0 or 1. (4.7.9a) 

= 0. (4.T.9b) 

and = 0) (4.7.9c) 

As in the previous case, we list in Table 4.6, the GP representation of all 2-variable 
P-ASD BFs for all the nonzero values of ^ € GF(2^). We also list the corresponding BFs 
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which are inverse Galois transforms of these coefficients. In all the cases, a = 0 or 1, and 

—00 ’ 

ao = 0. 

The coefficient a^ given by 0, /T^, for all nonzero values of /d are as follows: 

(1) /S=1 = 01 0.1. 

( 2 ) /?= 7 = 10 0 , 7 . 

(3) i5= 7^=11 0,7^. 

Table 4.6: 2— V ariable Anti Self Dual Boolean Functions and their GP Representations 




No. 

a 

— O) 

% 


“2 

Boolean function 

1 

— tp 

— O) 

—00 

—00 

0 

0 

0 

0 

2 

’-w 

— tp 

0 

0 

0 

0 

1 

1 

3 

0 

— 00 

— 00 

— oo 

1 

1 

1 

1 

4 

0 

— OD 

0 

0 

1 

1 

0 

0 





II 

7 




No. 

a 


a- 

2^0 

Boolean function 



0 

1 

2 






--00 

—00 

—00 

— oo 

0 

0 

0 

0 


—00 

—00 

1 

2 

0 

1 

0 

1 


0 

—00 

— 00 

—00 

1 

1 

1 

1 


0 

—00 

1 

2 

1 

0 

1 

0 




(c)fi = 

A 

7 (anti 

self dual) 




No. 

a 

—00 

% 


^2 

Boolean function 

1 

—DO 


—00 

—00 

0 

0 

0 

0 

2 

■— flO 

— tp 

2 

1 

0 

1 

1 

0 

3 

0 

— tp 

— 00 

— OD 

1 

1 

1 

1 

4 

0 

— tp 

2 

1 

1 

0 

0 

1 
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4.7.3 Characterization of 3-Variable /?-Self Dual / Anti Self 
Dual Boolean Functions 

(1) ^-Self Dual Functions 

For 3 -variable /?-SD functions, putting i = 1 in ( 4 . 7 . 1 ), we have 

^“0 = 0 

or ~ ^ since /? # 0 . 

a = 0 or 1 . 

— 1 » 

Putting i = 3 in (4.7.1), we get 
Substituting a^ = 0, we get 

^ ®2 ~ ^ 

or ^ 2 ~ ^ *1 

Since a^ euid aj are related by 

^2 ~ ’ 

we may write 

(a^)^ + ^aj = a^(aj + ^) = 0. 

Thus a^^ = 0 or 

This also fixes a^ and , since they are related to a^ by conjugacy constraints. 

To get the constraints on the remaining conjugate set {a^ , a^ , a^}, we take (4.7.2). 

«„ + /a,+^a 2 + /S ‘»3 + ^®», + /«5 + /9e.5 = l. 

Since a^ = 0 «md the r emaining coefficients satisfy conjugacy relations, we may express the 
above as a sum of two Frobenius terms, as 

fiB(/ »,)+&»(/?* • 3 ) = !. (4.7.10) 

Since a^ assumes only 0 and we substitute these values in the above equation to find the 
corresponding values of a^. 
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When = 0 , we get 
&»(/ 83) = 1 
When aj^ = / 3 , we get 
hs{f) + frsi^ a^) = 1 . 

As fr 8 (/?^) = 1 , for any p € GF( 2 ^, we get 

a^) = 0 
Let©= /ag. 

Now we are left with choosing those elements ©of GF( 2 *^), whose Frobenius sum is 1 , when 

O 

a^ = 0, and whose Frobenius sum is 0, when a^ = Half the elements of GF (2 ) has 
Frobenius sum equed to 0, and half the elements has Frobenius sxim equal to 1. Thus we get 
a total of 16 y^-SD BFs. 

3 2 

To illustrate the case, we choose the primitive polynomial x + x + 1 for 

generating GF(2 ), with 7 as a primitive element. The elements © € GF(2 ) whose 

2 4 

Frobenius sum is 1 are given by 1, 7 , 7 and 7 , and the elements whose Frobenius sum is 0 

3 6 5 

are given by 0, 7 , 7 and 7 . 

Thus in this case we have, for ^SD 3 variable BFs, the GP coefficients (one 
member in ezich Frobenius cycle) are given by 

a = 0 or 1. (4.7.11a) 

<ijl=0. (4.7.11b) 

= 0, /?. (4.7.11c) 

.j=/r^,7r^,V‘/r',TV 

= 1^/3®. 7V. », = 0, (4.7.11d) 

Mid «3 = 0, 7V, 7' r*. 7V. 

= 0, 7 V, 7 V, tV. when «, = (4.7.11e) 

Based on the above, we list in Table 4.7, the GP representation of 3~variable ^-^!D BFs 
which are completely self dual, ie., in this case is 111 = 7 ^. We also list the corresponding 
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BFs which are inverse Galois transforms of these coefficients. As before, the coefficients are 
listed as a power of 7 and only the exponents of 7 are listed. The BF is listed in binary 
form. Since, the coefficients are related by conjugacy constraints, only one member of each 
Frobenius class is listed, namely a ^ , a^ , a^ and a^ , out of a total of 8 coefficients. 

Table 4 . 7 : ^Variable Self Dual Boolean Functions and their GP Representations 


No 

a 

— 00 

^0 


^3 

Boolean function 

1 

— tD 

— tc 

—00 

0 

01110100 

2 

•—00 

—00 


2 

01001110 

3 

— tX) 

—00 

--OD 

5 

00100111 

4 

—00 

—00 

—00 

6 

00011101 

5 

— OD 

—00 

4 

—CD 

01011100 

6 

—00 

— OD 

4 

1 

00001111 

7 

— 00 

—00 

4 

3 

01100110 

8 

—00 

—00 

4 

4 

00110101 

9 

0 

—00 

—00 

0 

10001011 

10 

0 

—00 

— OD 

2 

1 0 1 1 0001 

11 

0 

—00 

— OD 

5 

11011000 

12 

0 

— CD 

— OD 

6 

1 1 100010 

13 

0 

— OD 

4 

—00 

10100011 

14 

0 

— OD 

4 

1 

11110000 

15 

0 

—00 

4 

3 

10011001 

16 

0 

— OD 

4 

4 

11001010 


(2) ^Anti Self Dual Functions 

For ^variable yS-ASD functions, we get the same conditions on a_^ , a^ and 

{aij , a^ , a^}, as in the case of ;0-SD functions. 

ie., a^j = 0 

a assumes 0 or 1, 

—00 

and a^ assumes either 0 or Only the constraint on the remaining conjugate set 
{ag , ag , ag} is changed. 
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fr8(/ a^) + fr8(^ a^) = 0. (4.7.12) 

When aj = 0, we get 
hs{^ *^) = 0 
Whenaj = 0, we get 
fre(/?^) + frs(/9^ ^ 3 ) = 0 

or frs(^ *‘‘3) “ 1' *® — 1- 

Let Q — 

Thus we choose those elements © of GF (2 ), whose Frobenius sum is 0 , when a^ = 0, and 
whose Frobenius sum is 1 , when a^ = Thus we get a total of 16 /?-ASD BFs. 

As before, we choose the primitive polynomial x + x + 1 for generating GF (2 ), 
with 7 as a primitive element. 

Thus we have, for 3 variable /?-ASD BFs, the GP coefficients (one member in each 
Frobenius cycle) are given by 

a_^ = 0 or 1. (4.7.13a) 

a^ = 0. (4.7.13b) 

aj = 0, 13. (4.7.13c) 

. 5 = 0 , 7 V, tV. I'r*. 

= 0 , 7 V. ^V. tV. »1>«i >1 = 0. (4.7.13d) 

^d > 3 =^*, 7r‘,7’r^.7’r‘. 

= /S®, 7/3*, 7 V. 7 V, "hen », = (4.7.13e) 

Based on the above, we list in Table 4.8, the GP representation of all 3 -variable 
completely ASD BFs. We also list the corresponding BFs by finding the inverse Galois 
transforms of these coefficients. As before, only one member of each Frobenius class is 
listed, namely a_^ , a^ , a^ and a^ , out of a total of 8 coefficients. 
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Table 4.8: 3-Variable Anti Sdtf Dual Boolean Functiona and their GP Bepresentationa 


No 

a 

— tD 



*3 

Boolean function 

1 

—tD 

—00 

— tD 

—00 

00000000 

2 

—00 

— tD 

— tD 

1 

01010011 

3 

*-tD 

— tD 

—00 

3 

00111010 

4 

--tD 

— tD 

—00 

4 

01101001 

5 

— <D 

— tD 

4 

0 

00101000 

6 

— tD 

— tD 

4 

2 

00010010 

7 

—00 

— tD 

4 

5 

01111011 

8 

— QO 

—00 

4 

6 

01000001 

9 

0 

00 

—00 

—TO 

11111111 

10 

0 

—00 

—00 

1 

10101100 

11 

0 

— 00 

—00 

3 

11000101 

12 

0 

—00 

— tD 

4 

10010110 

13 

0 

—00 

4 

0 

11010111 

14 

0 

—CD 

4 

2 

11101101 

15 

0 

—00 

4 

5 

10000100 

16 

0 

—00 

4 

6 

10111110 


4.7.4 ChaTcLcterization of 4-Variable ^elf Dual / Anti Self 
Dual Boolean Functions 

(1) y9-Self Dual Functions 

We get constraints for one member of each Frobenius class as before. Thus for 
4r-variable pSD functions, putting i = 1 in (4.7.1), we have 

^a„ = 0 

or a^ = 0, since # 0. 

a can assmne 0 or 1. 

—00 

Putting i = 3 in (4.7.1), we get 

j5a2 + i3^aj + i9^aj, = 0. 

Substituting a^ = 0, and a^ = (a^)^ we get 

(aj)^+ i5 aj = aj(aj-f /?) = 0. 
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Thus a, assumes either 0 or 

I -»• 

Putting i = 7 in (4.7.1) and substituting a^j = 0, we get 

+ + ~ °- 
Multiplying (4.7.14) by we get 

/3®ag + = 0. 

(4.7.15) may be written as 

frs(i^^ a^) + (^2 ag) + ag)^ + p\ + ^K^=0 
Let B = ag. 

When aj = 0, ag = 0, / ag = 0, frs(/^ a^ = 0, and (4.7.16) becomes 

B + -{■ ^\ = 0 

When a^ = ;?, ag = / ag = 1, frs(;9^^ a^) = 0, and (4.7.16) becomes 

B + ag = 1 


Now let us put i = 14 in (4.7.1) and substitute a^ = 0, we get 

;S=aj5 + /aj„ + />8 + ^a,j + ^“», + ^^aj = 0. 

Multiplying (4.7.19) by /9, we get 

A 2 + Ao + A + ^“■6 + ^'*4 + = “• 

Adding (4.7.15) and (4.7.20) gives 

fir8(/° ag) + B + + / a^- 

The RHS of (4.7.21) is zero, for a^ = 0, /?. 

Thus we get 

fr8(/° *5) = ® 


Putting i = 13 in (4.7.1) and substituting a^ = 0, we get 

^aj2 + /aj + ^ 


Multiplying (4.7.23) by we get 


(4.7.14) 

(4.7.15) 

(4.7.16) 

(4.7.17) 

(4.7.18) 

(4.7.19) 

(4.7.20) 

(4.7.21) 

(4.7.22) 

(4.7.23) 


(4.7.24) 
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Adding (4.7.15) and (4.7.24) gives 

fr 8 (^^ ag) = + /ag. (4.7.25) 

The RHS of (4.7.25) is zero, for = 0, 

Thus we get 

a^) = 0. (4.7.26) 

Now we use (4.7.2) and substitute a^ = 0, to get 

aj) + a^) + fra(^® a^) + fn{^ a^) = 1. 

Since the first two terms are zero, we get 

a^) + ap = 1 . (4.7.27) 

Substituting (4.7.22) in (4.7.27), we get 

B + + fn{/f a^) = 1 . (4.7.28) 

Thus Equations (4.7.17), (4.7.18), (4.7.26) and (4.7.28) give the conditions for y^elf 
duzdity in the case of 4— variable BFs. 

We list in Table 4.9, all 4— variable (completely) SD BFs, both in terms of its GP 
coefficients and the corresponding functions in binary form. We choose the primitive 
polynomial for GF( 2 *) as x* + x + 1 with 7 as a primitive element. Only one coefficient 
from each Frobenius class is listed. There are 256 4 --variable SD BFs. To save sp 2 M:e, we 
list only half of them in Table 4.9, corresponding to a_^ = 7 ”^ = 0. The remaining half 
consists of functions which are complements of the first half and can be found by just 
replacing a_^ = 7 ® = 1 , keeping the remaining coefficients unchanged. Since a_^ and a^ are 
0 throughout in the hsting, we do not list them. Thus only a^ , a^ , Sg and a^ are listed. 
Here /? = 1111 = 7 ^^. 
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Table 4.9: 4— Variable Self Dual Boolean Functions and their GP Representations 


No. aj a^ ag a^ Boolean function 


1 

2 

— 

— OD 

3 

—00 

4 

— 00 

5 

—00 

6 

—00 

7 

—00 

8 

— 00 

9 

— tJO 

10 

— OD 

11 

—00 

12 

— oo 

13 

— 1» 

14 

— oo 

15 

—00 

16 

—CD 

17 

—00 

18 

—00 

19 

—00 

20 

—00 

21 

—CD 

22 

—00 

23 

—00 

24 

— OD 

25 

— OO 

26 

—00 

27 

—00 

28 

—00 

29 

— OO' 

30 

— tSD 

31 

—00 

32 

—00 

33 

—CD 

34 

— OD 

35 

— OO 

36 

— OD 

37 

— OD 

38 

— OO 

39 

— OD 

40 

— OD 

41 

— OD 

42 

—00 

43 

— OD 

44 

—00 

45 

—00 

46 

—00 


—00 

—CD 

0 

— OD 

—00 

1 

— OO 

— 00 

3 

— OO 

— OO 

5 

— OD 

—00 

6 

—CO 

—00 

7 

—00 

—00 

8 

—00 

—00 

12 

1 

0 

0 

1 

0 

1 

1 

0 

3 

1 

0 

5 

1 

0 

6 

1 

0 

7 

1 

0 

8 

1 

0 

12 

6 

— OD 

0 

6 

—00 

1 

6 

— OD 

3 

6 

— OD 

5 

6 

— OD 

6 

6 

—00 

7 

6 

—00 

8 

6 

— OD 

12 

7 

5 

—00 

7 

5 

2 

7 

5 

4 

7 

5 

9 

7 

5 

10 

7 

5 

11 

7 

5 

13 

7 

5 

14 

8 

10 

—00 

8 

10 

2 

8 

10 

4 

8 

10 

9 

8 

10 

10 

8 

10 

11 

8 

10 

13 

8 

10 

14 

10 

5 

—CD 

10 

5 

2 

10 

5 

4 

10 

5 

9 

10 

5 

10 

10 

5 

11 


0000100110101111 

0010011010111100 

0110101111000100 

0011110001001101 

0111000100110101 

0100010011010111 

0001001101011110 

0101111000100110 

0001011000111110 

0011100100101101 

0111010001010101 

0010001111011100 

0110111010100100 

0101101101000110 

0000110011001111 

0100000110110111 

0110011011010100 

0100100111000111 

0000010010111111 

0101001100110110 

0001111001001110 

0010101110101100 

0111110000100101 

0011000101011101 

0001000100111111 

0000101111001110 

0011111000101100 

0101110001000111 

0010010011011101 

0100011010110110 

0110100110100101 

0111001101010100 

0110000111010101 

0111101100100100 

0100111011000110 

0010110010101101 

0101010000110111 

0011011001011100 

0001100101001111 

0000001110111110 

0111111001000100 

0110010010110101 

0101000101010111 

0011001100111100 

0100101110100110 

0010100111001101 
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Table 4.9 (continued) 


No. 





Boolean function 

47 

-—CD 

10 

5 

13 

0000011011011110 

48 

—CD 

10 

5 

14 

0001110000101111 

49 

—00 

11 

0 

0 

0111100101000101 

50 

—CD 

11 

0 

1 

0101011001010110 

51 

— tX) 

11 

0 

3 

0001101100101110 

52 

— OD 

11 

0 

5 

0100110010100111 

53 

— t3D 

11 

0 

6 

0000000111011111 

54 

—00 

11 

0 

7 

0011010000111101 

55 

— 1» 

11 

0 

8 

0110001110110100 

56 

—00 

11 

0 

12 

0010111011001100 

57 

—00 

14 

10 

— OD 

0000111010101110 

58 

— tJO 

14 

10 

2 

0001010001011111 

59 

— OD 

14 

10 

4 

0010000110111101 

60 

— oo 

14 

10 

9 

0100001111010110 

61 

— OD 

14 

10 

10 

0011101101001100 

62 

— CD 

14 

10 

11 

0101100100100111 

63 

— 00 

14 

10 

13 

0111011000110100 

64 

—00 

14 

10 

14 

0110110011000101 

65 

12 

— OD 

0 

0 

0101010001010111 

66 

12 

— OD 

0 

1 

0111101101000100 

67 

12 

— OO 

0 

3 

0011011000111100 

68 

12 

— OO 

0 

5 

0110000110110101 

69 

12 

—00 

0 

6 

0010110011001101 

70 

12 

—CD 

0 

7 

0001100100101111 

71 

12 

— OD 

0 

8 

0100111010100110 

72 

12 

—CD 

0 

12 

0000001111011110 

73 

12 

1 

— OD 

0 

0100101111000110 

74 

12 

1 

—00 

1 

0110010011010101 

75 

12 

1 

—00 

3 

0010100110101101 

76 

12 

1 

—00 

5 

0111111000100100 

77 

12 

1 

— OD 

6 

0011001101011100 

78 

12 

1 

— OD 

7 

0000011010111110 

79 

12 

1 

— OD 

8 

0101000100110111 

80 

12 

1 

— OD 

12 

0001110001001111 

81 

12 

6 

0 

0 

0011101100101100 

82 

12 

6 

0 

1 

0001010000111111 

83 

12 

6 

0 

3 

0101100101000111 

84 

12 

6 

0 

5 

0000111011001110 

85 

12 

6 

0 

6 

0100001110110110 

86 

12 

6 

0 

7 

0111011001010100 

87 

12 

6 

0 

8 

0010000111011101 

88 

12 

6 

0 

12 

0110110010100101 

89 

12 

7 

10 

—m 

0100110011000111 

90 

12 

7 

10 

2 

0101011000110110 

91 

12 

7 

10 

4 

0110001111010100 

X 

92 

12 

7 

10 

9 

0000000110111111 

93 

12 

7 

10 

10 

0111100100100101 

94 

12 

7 

10 

11 

0001101101001110 

crx 

95 

12 

7 

10 

13 

0011010001011101 
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Table 4.9 (continued) 


No. 





Boolean function 

96 

12 

7 

10 

14 

0010111010101100 

97 

12 

8 

5 

— tD 

0011110000101101 

98 

12 

8 

5 

2 

0010011011011100 

99 

12 

8 

5 

4 

0001001100111110 

100 

12 

8 

5 

9 

0111000101010101 

101 

12 

8 

5 

10 

0000100111001111 

102 

12 

8 

5 

11 

0110101110100100 

103 

12 

8 

5 

13 

0100010010110111 

104 

12 

8 

5 

14 

0101111001000110 

105 

12 

10 

10 

—00 

0010001110111100 

106 

12 

10 

10 

2 

0011100101001101 

107 

12 

10 

10 

4 

0000110010101111 

108 

12 

10 

10 

9 

0110111011000100 

109 

12 

10 

10 

10 

0001011001011110 

110 

12 

10 

10 

11 

0111010000110101 

111 

12 

10 

10 

13 

0101101100100110 

112 

12 

10 

10 

14 

0100000111010111 

113 

12 

11 

— 00 

0 

0010010010111101 

114 

12 

11 

—00 

1 

0000101110101110 

115 

12 

11 

— tD 

3 

0100011011010110 

116 

12 

11 

— OD 

5 

0001000101011111 

117 

12 

11 

—CD 

6 

0101110000100111 

118 

12 

11 

— tX) 

7 

0110100111000101 

119 

12 

11 

—00 

8 

0011111001001100 

120 

12 

11 

—00 

12 

0111001100110100 

121 

12 

14 

5 

—00 

0101001101010110 

122 

12 

14 

5 

2 

0100100110100111 

123 

12 

14 

5 

4 

0111110001000101 

124 

12 

14 

5 

9 

0001111000101110 

125 

12 

14 

5 

10 

0110011010110100 

126 

12 

14 

5 

11 

0000010011011111 

127 

12 

14 

5 

13 

0010101111001100 

128 

12 

14 

5 

14 

0011000100111101 


(2) ;9-Anti Self Dual Functions 

For 4-variable fi-ASD functions, we get the same conditions on , and a^ as 

in the case of /?-SD functions. Further, the conditions (4.7.17), (4.7.18) and (4.7.26) also 

remain unchanged. But (4.7.28) gets modified to 

B + B* + fr8(/^ *7^ = 0 (4.7.29) 

We list in Table 4.10, all 4-variable (completely) ASD BFs, both in terms of its GP 
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coefficients and the corresponding functions in binary form. As before, we choose the 
primitive polynomial for GF(2^) as + x + 1 with 7 as a primitive element. Out of the 
256 4— variable ASD BFs, only half of them is listed, the remaining being complements of 
this half. a_^ and a^ are not listed, being 0 throughout. 0 == 1111 = 7^^. 

Table 4 . 10 : 4 — Variable Anti Self Dual Boolean Fiinctions and their GP Representations 





*6 


Boolean function 

1 

— 00 

— 00 

—00 

—00 

0000000000000000 

2 

— OD 

—00 

—00 

2 

0001101011110001 

3 

—CD 

—00 

—00 

4 

0010111100010011 

4 

— 00 

—00 

— tX ) 

9 

0100110101111000 

5 

—00 

— OD 

—00 

10 

0011010111100010 

6 

— 00 

— 00 

— OD 

11 

0101011110001001 

7 

—00 

—00 

—00 

13 

0111100010011010 

8 

—00 

— 00 

—00 

14 

0110001001101011 

9 

—00 

1 

0 

—00 

0001111110010001 

10 

—00 

1 

0 

2 

0000010101100000 

11 

—CD 

1 

0 

4 

0011000010000010 

12 

— 00 

1 

0 

9 

0101001011101001 

13 

— 00 

1 

0 

10 

0010101001110011 

14 

— 00 

1 

0 

11 

0100100000011000 

15 

— 00 

1 

0 

13 

0110011100001011 

16 

—00 

1 

0 

14 

0111110111111010 

17 

—00 

6 

—00 

—CD 

0110111101111011 

18 

—00 

6 

— OD 

2 

0111010110001010 

19 

— 00 ' 

6 

—00 

4 

0100000001101000 

20 

—00 

6 

—00 

9 

0010001000000011 

21 

—CD 

6 

—00 

10 

0101101010011001 

22 

—00 

6 

—00 

11 

0011100011110010 

23 

— — 

6 

—00 

13 

0001011111100001 

24 

" ( X ) 

6 

—00 

14 

0000110100010000 

25 

— tJO 

7 

5 

0 

0001100010010000 

26 


7 

5 

1 

0011011110000011 

27 

—00 

7 

5 

3 

0111101011111011 

28 

—00 

7 

5 

5 

0010110101110010 

29 

—00 

7 

5 

6 

0110000000001010 

30 

— CD 

7 

5 

7 

0101010111101000 

w # 

31 

—00 

7 

5 

8 

0000001001100001 

32 

—go 

7 

5 

12 

0100111100011001 

33 

■ 

8 

10 

0 

0110100001111010 

31 

.■nimiflft 

7 

5 

8 

0000001001100001 

vx 

32 

ill 

7 

5 

12 

0100111100011001 

33 

—CD 

8 

10 

0 

0110100001111010 
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Table 4.10 (continued) 




Boolean function 

10 

1 

0100011101101001 

10 

3 

0000101000010001 

10 

5 

0101110110011000 

10 

6 

0001000011100000 

10 

7 

0010010100000010 

10 

8 

0111001010001011 

10 

12 

0011111111110011 

5 

0 

0111011111101011 

5 

1 

0101100011111000 

5 

3 

0001010110000000 

5 

5 

0100001000001001 

5 

6 

0000111101110001 

5 

7 

0011101010010011 

5 

8 

0110110100011010 

5 

12 

0010000001100010 

0 

—00 

0111000011101010 

0 

2 

0110101000011011 

0 

4 

0101111111111001 

0 

9 

0011110110010010 

0 

10 

0100010100001000 

0 

11 

0010011101100011 

0 

13 

0000100001110000 

0 

14 

0001001010000001 

10 

0 

0000011100000001 

10 

1 

0010100000010010 

10 

3 

0110010101101010 

10 

5 

0011001011100011 

10 

6 

0111111110011011 

10 

7 

0100101001111001 

10 

8 

0001110111110000 

10 

12 

0101000010001000 

0 

— tD 

0101110111111000 

0 

2 

0100011100001001 

0 

4 

0111001011101011 

0 

9 

0001000010000000 

0 

10 

0110100000011010 

0 

11 

0000101001110001 

0 

13 

0010010101100010 

0 

14 

0011111110010011 

—ID 

— OD 

0100001001101001 

(D 

2 

0101100010011000 

— tD 

4 

0110110101111010 

«.»0Q 

9 

0000111100010001 

— ® 

■‘"■"OPi 

10 

11 

0111011110001011 

0001010111100000 

— tD 

— tD 

0 

13 

14 

— OD 

0011101011110011 

0010000000000010 

0011001010000011 
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TjJ>le 4.10 (continued) 







Boolean function 

82 

12 

6 

0 

2 

0010100001110010 

83 

12 

6 

0 

4 

0001110110010000 

84 

12 

6 

0 

9 

0111111111111011 

85 

12 

6 

0 

10 

0000011101100001 

86 

12 

6 

0 

11 

0110010100001010 

87 

12 

6 

0 

13 

0100101000011001 

88 

12 

6 

0 

14 

0101000011101000 

89 

12 

7 

10 

0 

0100010101101000 

90 

12 

7 

10 

1 

0110101001111011 

91 

12 

7 

10 

3 

0010011100000011 

92 

12 

7 

10 

5 

0111000010001010 

93 

12 

7 

10 

6 

0011110111110010 

94 

12 

7 

10 

7 

0000100000010000 

95 

12 

7 

10 

8 

0101111110011001 

96 

12 

7 

10 

12 

0001001011100001 

97 

12 

8 

5 

0 

0011010110000010 

98 

12 

8 

5 

1 

0001101010010001 

99 

12 

8 

5 

3 

0101011111101001 

100 

12 

8 

5 

5 

0000000001100000 

101 

12 

8 

5 

6 

0100110100011000 

102 

12 

8 

5 

7 

0111100011111010 

103 

12 

8 

5 

8 

0010111101110011 

104 

12 

8 

5 

12 

0110001000001011 

105 

12 

10 

10 

0 

0010101000010011 

106 

12 

10 

10 

1 

0000010100000000 

107 

12 

10 

10 

3 

0100100001111000 

108 

12 

10 

10 

5 

0001111111110001 

109 

12 

10 

10 

6 

0101001010001001 

no 

12 

10 

10 

7 

0110011101101011 

111 

12 

10 

10 

8 

0011000011100010 

112 

12 

10 

10 

12 

0111110110011010 

113 

12 

11 

— O) 

—00 

0010110100010010 

114 

12 

11 

— flO 

2 

0011011111100011 

115 

12 

11 

— OD 

4 

0000001000000001 

116 

12 

11 

—00 

9 

0110000001101010 

117 

12 

11 

—00 

10 

0001100011110000 

118 

12 

11 

—00 

11 

0111101010011011 

119 

12 

11 

—00 

13 

0101010110001000 

120 

12 

11 

—00 

14 

0100111101111001 

121 

12 

14 

5 

0 

0101101011111001 

Xdi# JL 

122 

12 

14 

5 

1 

0111010111101010 

JLmJu 

123 

12 

14 

5 

3 

0011100010010010 

124 

12 

14 

5 

5 

0110111100011011 

125 

JLJrf 

12 

14 

5 

6 

0010001001100011 


12 

14 

5 

7 

0001011110000001 

X,sAjf 

127 

Xm 

12 

14 

5 

8 

0100000000001000 

128 

XX* 

12 

14 

5 

12 

0000110101110000 


CHAPTER 5 


GSF THEORY FOR ERROR CONTROL CODES 


In this chapter, we consider applications of GSFs in coding theory and techniques. 
It have shown in Ch^ter 3 , that there is a one— to— one correspondence between linear 
i,k) transformations and linearized GSFs (LGSFs) of a given pair of n and k. Since, a 
near (n,k) block code is a linear (n,k) transformation which represents a one— to— one 
near mapping, naturally all linear (n,k) block codes are linearized GSFs which can be 
•presented by appropriate linearized Galois polynomials (LGPs). Such representations are 
Dalogous to the generator matrix (basis) representations of the same. Thus eeich linear 
lock code has different LGP representeitions according to the number of ways in which a 
asis can be chosen for the same. Advantages of different polynomial computation 
echniques may be exploited in the case of LGP representations, for encoding and decoding 
f linear block codes, since encoding and decoding operations now reduce to mere 
olynomial computations. In case of linear (n,k) block codes whose LGP representations 
lave nontrivial conjugacy relations among their coefficients, the encoder structure reduces 
0 that of a Frobenius sum computer which can efficiently compute polynomial values if 
lormal basis (NB) is employed. 

Since all LGSFs do not represent linear (n,k) codes, we derive conditions for a LGSF 
10 represent a one-H;o— one mt^ping or a linear (n,k) block code and show that for a LGSF 
;o represent a linear block code, the coefficients of its LGP representation have to satisfy 
:ertain nonzero determinant property. 

In this chiq)ter, we also study classes of LGSFs in terms of the natme of the linear 
transformations generated by them and show that if one function in such a class represents 


lear mumping which is one-to-one (many-to-one), then others in that class also 
Bsent linear mappings which are one— to— one (many— to— one). Further, a study of single 
1 LGPs i* attempted to show that they always represent one— to— one mappings when k 
des n. A study of the distinctness of the codes generated by single term LGPs which are 
abers of a finite field (the algebriuc structure of such classes was discussed in Chapter 
} conducted and the number of distinct codes in eeich field is computed. 

A study of the roots of LGPs representing lineeir (n,k) block codes is carried out. 

Canonic LGP representeitions of cyclic codes are derived both in the standard basis 
I) and in normal basis (NB). 

Role of GSFs in the decoding of linear (n,k) block codes is considered and a variety 
techniques for the standard array decoding of linear block codes are proposed using 
‘-dimensional (1— D) as well as two-dimensional (2— D) GSFs. In the 1— D ceise, it is 
)wn that all linear (n,k) block codes can have decoders which can be constructed as a 
n of various Frobenius sum computers, if the received n— tuple vector is decoded directly 
>0 the corresponding k— tuple message vector. Thus besides, emplo 3 nng NB 
presentations for implementation purposes, the fact that each Frobenius term in the LGP 
lich performs the decoding is independently realizable, enables a parallel implementation 
beme for the decoder for fast decoding of the respective block codes. 

In the following sections, as in Chapter 3, when the coefficients exhibit nontrivial 
>njugacy relations, the corresponding linearized Galois polynomial (LGP) will be called a 
aearized Frobenius polynomial (LFP) whereas the same will be called simply as a 
aearized polynomial (LP) if the conjugacy relations are trivial. When a general rrference 
I made which includes both, the corresponding pol 3 momial will be called simply a LGP. 
unctions representing the corresponding mappings will be respectively called linearized 
robenius fimctions (LFFs), linearized functions (LFs) and linearized GSFs (LGSFs). 
■'urther, the term GSF is used for one-dimensional (1-D) GSFs unless otherwise stated. 



Our discussions are limited to codes over GF(2). Thus the term ’Linear Code’ 
plies a binary linear (n,k) block code wherever it is used, unless otherwise stated. 

Another fact which is to be recalled is the interpretation of the LGP coefficients as 
> Galois spectrum. In other words, the coefficients of the LGP are in fact the Galois 
jisform (GT) coefficients of a signal vector of length 2^ over GF(2’^). 

1 Representation of Linear Codes by Linearized GPs 

Since a linear (n,k) code is a special case of a linear (n,k) transformation which 
presents a one-to-one mapping, it may be represented by a LGP of the form (3.1.3). 
lus we state the following theorem without proof; 


beorem 5.1.1: A linear (n,k) code over GF(2) with block length n and dimension k, can 

> represented by a LGP of the form (3.1.3) given by 

k-i i 

f(x) = S a . X , 
i«0 -2 

here fW 6 GF(2"), x € GF(2'‘), a , € GF(2'0, i = 0, 1, ■, k-1, 

•“2 

nd L is the L.C.M. of n and k. 


1 Number of Lmeari 2 »d GPs Representing Linear Codes 

We have ehown in Chapter 3 that the coefficienta of the IGF representing a linear 
:) transformation are related to the aet of vector, chosen for generating the smne. For a 
ar (n,k) code, naturally this set of vector, become, a b.». for the code conristing of k 
arly mdependent vector. (caUed the y.a.r..or mains of the code). Thus e».h code wrll 
e a. many number of different bGP repre«ntation. as the number of way. in winch a 

. can be chosen (or the code. The number of way. in wMch a k^meumonal bas. cmr 

V , ■ „ Kv N in 5.2). Thus one linear (n,k) code has 

chosen for a linear (n,k) code was give Y 

t ai. mw- N =: N /N, number of distinct Imear 
different LGP representations and there are k 
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codes for a given pair of n and k, according to the arguments given in Section 3.6.3. 

Therefore the number of LGPs representing linear (n,k) codes, for a given pair of n 
and k, is , including the different representations of the same code. But the total 
number of LGPa for the same n and k, (equal to the total number of possible linear (n,k) 
transformations), i» equal to 2“ *^, which is greater than N^. 

5.2 Condition for Linearized GPs to Represent Linear Codes 

We saw in Section 5.1.1 that, out of the 2 possible LGPs, only LGPs represent 
one— to— one meqopings or linear (n,k) codes. Therefore, in this section, we will derive the 
constraint on the coefficients of a LGP to represent a linear (n,k) code. This is stated in the 
following theorem: 

Theorem 5.2.1: A LGSF, mapping from GF(2^) to GF(2'‘), described by a LGP 

k*" 1 j 

_ 5] 7- , represents a linear (n,k) code iff the coefBcients 7. , i = 0, 1, ..., k— 1, 

i*0 

which belong to GF(2^), L being the L.C.M. of n and k, satisfy the condition 




Vl 

where det 1 ) is the determinant of the corresponding matrix. 

Proof: Raising f(x) to the power 2^ on both sides, for j = 0, 1, , k-1. 
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(f(x))^ = ( 1 = V -,f j = 0, 1, , k-i, 

i-O i-0 


Let f(a ) = /?^ € GF(2“) for s = 0, 1, , k-1. 

Substituting in (5.2.2), we get, 


J J J+j 

~ \ “g ' 0 < 8, j < k-1. 

1*0 


Since a € GF(2^), = a . 

8 8 8 

Thus (5.2.3a) can be modified as 


J y J 

(^/= ^ “f^i) Modi’ 

i*0 


Thus for 8 = 0, j = 0 


(^o) = ^ “o '>i 

i«0 


mod k * 


for s == 0, j = 1 


k-1 


^ “O Mod k 

j»0 


for 8 = 0, j = k— 1 


„k-l J ^k-l 

4 ii-M) Mod k- 

1*0 


Similarly, expressions can be written for s = 1, 2, .., k— 1, 0 < j < k— 1. 
This can be put in matrix form as 



(5.2.2) 


(5.2.3a) 


(5.2.3b) 


(5.2.4) 
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Where = 




^ A 


^-1 li 


4 


^k-1 


(5.2.5a) 


A,= 


a. 


a« 


O', 


a„ 


a. 


®k-l “k-1 Vl 


„k-l 


a„ 


.k-1 


Of, 


2^-1 

Vl 


(5.2.5b) 


and 


A = 


Vl 


^k-i 


2 

^0 


2 

V2 


2^ 

\-2 

2^ 

Vl 


2^ 

Va 


2 

T^l 


k-1 


VI 


VI 


(5.2.5c) 


Since A^ = Aj A , ^^® corresponding determinant as 

det A^ = det Aj • det A. (5.2.6) 

Now det Aj and det Aj # 0 if and only if a € GF(2^), € GF(2’‘). s = 0. 1, ..... 

k— 1, respectively are linearly indei)endent {27]. 
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Since, in our case, a^, s — 0, 1, k— 1, are the SB vectors of GF(2^), they are 

always linearly independent and hence det A ^ 0. Hence det ^2 ^ 0. ^et A ^ 0, in which 
case, € GF(2^), s = 0,l,..,k— 1, are linearly independent and hence can form the basis 
vectors of a linear (n,k) code. Q.E.D. 

Corollary 5.2.1: Det A belongs to GF(2“). 

Proof: The determinant of matrices of the form of A, and A. is given by the relation 

X 4t 

k-1 j 

det = b, n n (b -Scb), (5.2.7) 

j.l Vj -c fl 

where c., i = 1, 2, ..., j, € GF(2), and b., i = 1, 2, ..., k, Me the elements of the first column 
[27]. Substituting b.’s as the k SB vectors of GF(2^), neunely, 1, a, a^, ...., we get 

the value of det A ^ as a product of edl the nonzero elements of GF(2^), which is equal to 1. 
Substituting in (5.2.6), we get, 

1 . det A = det A 2 . 

or det A = det (5.2.8) 

Since det A^ € GF(2^), det A € GF(2''). Q.E.D. 


Corollary 5.2.2: det A is the same for different LGPs representing the same code. 

Proof: Since, det A = det Ao . can use the same expression for determinant in (5.1.7), 

At 

to compute det A. In this case, the b. 's Me the basis vectors of the corresponding lineM 
code. On substituting b. ’s as the k basis vectors of the lineM code, namely, , ^2 > 

...., J , we get the value of det ^ as a product of , i = 0, 1, .., k— 1, and their lineM 
combinations. In other words, we get the determinant as a product of all the nonzero code 
vectors of the code. Thus the determinant will be the same irrespective of the basis chosen 
for the code. Hence det A will be same for the different LGP representations of the same 
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code. Q.E.D. 

Note: From Corollary 5.2.2, it follows that if det A is different for two LGPs, then they 
cannot represent the same code. However, if det A is same for two different LGPs, this 
does not imply that they represent the same code. In other words, two different codes can 
have the same value of det A, as the number of distinct codes can be greater than the 
number of values which det A can assume, ie., 2 *. 

5.3 Representation of Classes of Linear Codes of the Same Weight 
Distribution by Linearized GPs 

In this section, we examine the nature of the linear transformations generated by 

LGPs of the form f.(x) = S 7 . x , j = 0, 1, 2, L— 1, where the coefficients 7 ., i = 0, 1, 
^ i«0 * ^ 

.., k— 1 , belong to GF(2^), L being the L.C.M. of n and k. 

We prove that if any of them represents a oneH;o— one mapping and hence a hnear 

(n,k) code, then the remaining functions also represent linear codes. On the other hand, if 

any of them represents a mimy-to— one mapping, then the remaining also represent 

many-to-one mappings and not linear codes. 

Further, if such functions represent linear treinsformations with respect to a NB of 

GF( 2 “), then they have the feature that they represent transformations with the same 

weight distribution. 

We wish to point out that these results are true for any LGSF, whether it be a LF 
or a LFF. However, we consider the two cases separately in Theorem 5.3.1 and 5.3.2 
respectively, for the sake of clarity. 

Theorem 5.3.1 states the results for LFs: 


Theorem 5.3.1; If a LF, mapping from GF(2^) to GF( 2 “), described by a LP 
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f (x) = S 7j ^ I represents a linear (n,k) code, then the LFs described by the LPs, 

^ i-0 

f.(x) = S y:x^,j= 1, 2, n-1, (5.3.1) 

i»0 

also represent hnear (n,k) codes, where the coefficients 7., i = 0, 1, .., k-1, belong to 
GF(/). 

On the other hand, if fjj(x) does not represent a hnear (n,k) code, then fj(x), j = 1, 

2, ..... n— 1, also do not represent hnear (n,k) codes. 

Further, the linear transformations generated by the functions f.(x), j = 0 , 1 , 2 , ..., 

J 

n— 1, will have the same weight distribution, if the vectors in the transformation Me 
considered as elements represented in some NB of GF( 2 “). 


Proof: The coefficients of l(x), j = 0 , 1 , .... n— 1, belong to GF(2'‘), since the LGP under 
consideration is a LP, whose coefficients satisfy trivial conjugeicy relations, resulting in the 
function values and coefficients belonging to the same field GF(2’'^). 

Now we have 


k-1 i 

= E 7, a'-^ , u = ^, 0, 1 y-2, ( 5 . 3 . 2 ) 

i»0 

where or is a primitive element of GF(2^), u.l^ taken modulo 2^—1. 

We first show that f(.)’8 given by ( 5 . 3 . 1 ), generate elements which are 2^ th powers 
of the elements generated by fQ(x), and 

(f^(a’‘))^ = fi(a^’^), where u.2^ is tadcen modulo 2^—1; 

Raising (5.3.2) to the power 2^, we get 


(ya*))^ = ( e‘ 7 . = V 7f («•■*'/. « = -. 0, 1, .. .., 2^-2, j = 0, 1, .....n-l. 

i»0 


k-1 

k. 

i»0 


( 5 . 3 . 3 ) 


Next we show that the elements generated by the fj(.)’8, j — 1, 2, ...., n 1, are in 
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fact the code vectors of a lineaur (n,k) code, iff f|j(x) represents a linear (n,k) code; 

Let us assiime that fQ(x) represents a linear (n,k) code. Therefore its coefficients 
satisfy the nonzero determinant property; 

det A = det ^ ^ 0. 

Let the basis vectors of the code generated by f (x) ht p p ^ ^ ^ Now we 

U \j X 4b 

raise these elements to the power 2^, and compute the determinant with the 

replaced by the respective ^ 's. Let the new A be denoted as A' and the new by A^'. 
Then 


det A' = det A 2 ' = (det . (5.3.4) 

This is because det is a product of 2^ th powers of all the nonzero code vectors 
generated by fQ(x). Since det A^ is nonzero, det A* given by (5.3.4) is also nonzero, imd the 
corresponding LP represents a linear (n,k) code. Now since the LPs, f.(x), given by (5.3.1) 

generate the vectors i = 0, 1, ..., k— 1, they can form a basis of a code generated by 
fi(x). On the other hand, if fQ(x) does not represent a linear (n,k) code, then det A^ = 0 
and therefore the re maining fj(.)'s also do not represent linear (n,k) codes, as the 
corresponding determinant, det is equal to zero for each !(.), j = 1, 2, ..., n— 1. 

Now we consider the second part of the theorem; 

Consider the vectors in the transformations generated by the fi(.)*8. Each fi 
generates a hneej: transformation which contains vectors which are 2^ th powers of the 
vectors generated by fQ. Now, if we consider the vectors generated by f^ as elements in 
some NB of GF(2“), then raising them to the power 2^, results in the cychc shifting of each 
of the n-tuple vectors of f^ by j places, which are present in the transformation generated 
by f.. Thus the vectors generated by the f.(.)’8 will have the same weight distribution, if 
they are represented in NB. Q.E.D. 

Now we state the results separately for the case of LFFs in Theorem 5.3.2. 
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Theorem 5.3.2; If a LFF mapping from GF(2^) to GF(2^), described by a LFP, 

^ ^ 2 t— 1 t 

f (x) = E fr 8 ( 7 . x^) (where 7 . € GF(2^), frs(0) = 9 + + ©Q + + ©Q ^ ©Q 

i«0 

Q = 2^ , L = L.C.M of n and k, g = G.C.D of n and k, and t = L/n), represents a iinear 
code, then the LFFs described by the LFPs 

J i 

fix) = S frs( 7 f x^ ), j = 1, 2, .... L-1, (5.3.5) 

i -0 

also represent linear (n,k) codes. 

On the other hand, if fjj(x) does not represent a linear (n,k) code, then fj(x), j = 1, 

2, ...., L— 1, also do not represent linear (n,k) codes. 

Further, the linear transformations generated by the functions f.(x), j = 0, 1, 2, ..., 

J 

L— 1, will have the same weight distribution, if the vectors in the transformation are 
considered as elements represented in some NB of GF(2^). 


Proof: We give proof only for the first part to illustrate the case of LFFs: 

J 


We have — S fis( 7 j ), u = -m, 0, 1 , ...., 2 ^— 2 , (5.3.6) 

i -0 

where or is a primitive element of GF( 2 ^), u. 2 * taken modulo 2 ^— 1 . 

We first show that fi(.)'B given by (5.3.5), generate elements which are 2^ th powers 
of the elements generated by fQ(x), with 

(fg(a’^))^ = fi(a*'^) where u. 2 ^ is taken modulo 2 ^— 1 . 

Raising f 0 (o(’^) to the power 2^, we get 

(ya’))^= ( S fr»(7i = s (Mt, tt = ^, 0, 1, 2^-2, j = 0, 1, 

i*0 

Ir*l. 


=fj(« ). 

becaiise the term in the above expression may be written as 
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(fo(7. = ((^. + + (^. 

= ba{jf(a"‘^f) Q.E.D. 

5.4 Nature of Linear Mappings Generated by Linearized 
GPs of the form 0{x), j = 0, 1, 2“-2 

In Chapter 3, we discussed about the group structure of any GSFs of the form 
^(x), j = —CO, 0, 1, 2”— 2. In this section, we are interested in examining the nature of 

the linear transformations generated by nonzero LGPs which are members of groups of the 
above form. We show that if a nonzero function f(x), belonging to a group of the above 
form, represents a one— to— one mapping and thus a hnear code, then all the remauning 
nonzero members of the above group also represent linear codes. On the contrary, if f(x) 
does not represent a one— to— one mapping, then the remaining nonzero members also do 
not represent linear codes. 

This result is is true for any such groups of LGSFs, whether they consist of LFs or 
LFFs. However, we consider the two cases separately in Theorems 5.4.1 and 5.4.2. 

The result in the case of LFs is stated in Theorem 5.4.1: 

Theorem 5.4.1: If a LF, mapping from GF(2^) to GF( 2 “), described by a LP 

k-l J 

f(x) = E 7 .x^ , represents a linear (n,k) code, then the LFs, described by the LPs 

i *»0 

k-l j 

/*(x) = S ^ Tj x^ j = 1, 2 2“-2, (5.4.1) 

i*0 

also represent linear (n,k) codes, where is a primitive element of GF( 2 ^), and the 
coefficients 7 . , i = 0 , 1 , .., k— 1 , belong to GF( 2 ’^). 

On the other hand, if f(x) represents a many— to— one mi^ping, then ^^(x), j = 1 , 2 , 
..., 2 *— 2 , also represent many— to-one mappings. 
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Proof I Since we axe considering the case of LFs, the conjugacy relations axe trivial, thus 
the coefficients belong to GF (2 ), the same field to which the function values belong. 

Now since f(x) represents a hnear (n,k) code, we have the relation 

det A = det ^ ^ 0 . 

Now we multiply f(x) by ^ which results in all the code vectors being multiplied by 

Thus the basis vectors of the code, namely, , 1^2 ^k -1 ’ 

respectively. 

Let the new A be denoted as A’ and the new ^2 by A^’. Then 

det A' = det det (5.4.2) 

This is because det ^ 2 * “ again a product of all the nonzero (2^—1 in number) code 
vectors, which now has ^ as a common factor. Since f(x) represents a linear (n,k) code, det 
is known to be nonzero. Hence det A’ given by (5.4.2) is also nonzero. Thus the LGSFs 
described by ( 5 . 4 . 1 ), sJso represent linear (n,k) codes. On the other hand, if f(x) does not 
represent a hnear code, then det Aq i® zero, hence the remaining LPs in the group have 
their determinsmts det A* equal to zero, meamng they do not represent one— to— one 
mappings. Q.E.D. 

We restate Theorem 5.4.1 without proof for the case of LFFs in Theorem 5.4.2; 


Theorem 5.4.2: If a LFF mapping from GF(2^) to GF( 2 “), described by a LFP 

f(x) = frs( 7 . x^‘) (where 7 . 6 GF(2^), M®) = ® + + ©^ . ©^ = ©. 

i*0 

Q = 2 ®, L = L.C.M of n and k, g = G.C.D. of n and k, and t = L/n), represents a hnear 

(n,k) code, then the LFFs described by the LFPs 

f-1 . J „ 

0{x) = S /?^s(7j X ). i = 2. •. 2^-2, 

i »0 

also represent linear (n,k) codes, where j? is a primitive element of GF(2“). 


(5.4.3) 
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5.5 Nature of Linear Mappings Grenerated by Single Term 
Linearized GPs 

In this section, we examine the nature of the linear mappings generated by single 
term LGPs. In the following theorem, we show that single term LPs represent only 
one-to-one mappings. However, the same cannot be said about single term LFPs. 

Theorem 5.5.1: Any single term LP of the form ^x, where is a primitive element of 
GF(2“), represents a linear (n,k) code whose k|n. 

Proof: In (5.2.5c), we put 7 ^ = , emd 7 . = 0, i = 1 , 2, ..., k— 1. This results in the matrix 

A becoming diagonal. Determinant of A is then a product of the diagonal elements 7 ^ , i 

4 

= 0, 1, .... k-1. This determinant is nonzero since 7 ^ is nonzero, and 7 q , i = 0, 1, ..., k— 1, 
belong to a finite field. As det A is nonzero, the mapping described by the single term LP is 
one-to-one and hence represents a linear (n,k) code. Further, k|n, since otherwise we 
cannot have a single term LP of the form ^ in which the coefficients satisfy nontrivial 
conjugacy relations. Q.E.D. 

Note: Single term LFPs can represent either one-to-one or many-to— one linear mappings, 
since the matrix A is not diagonal in their case (We cemnot have a LFP with only the 
coefficient of x nonzero, and the remaining coefficients zeroes, because of the conjugacy 
constraints). 

5.6 Nature of the Linear Codes Generated by Single Term 
Linearized GPs which are Members of a Finite Field 

We say that two codes axe distinct fi-om each other, if there is at least one code 
vector in one code which is not present in the other. We have seen that the LGP 
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representation of a linear (n,k) code is not unique, and each linear code can have Nj^ 
different representations. Given some LGPs satisfying the nonzero determinant property, 
we would like to know how many of them represent distinct codes. Grouping LGPs into 
classes of the form ^(x), j = 0, 1, ...., 2 —2, helps in the study of LGPs representing 
distinct linear codes. In this section, we conduct such a study of the distinctness of linear 
codes generated by groups of single term LGPs which have the structure of a finite field 
isomorphic to GF(2 ). It may be recalled that in Chapter 3, we had discussed about these 
structures and had denoted the finite fields as and F ^ respectively in the case of single 
term LPs and single term LFPs. 

5.6.1 Linear Codes Generated by Single Term LPs of 

First, we take up the class of single term LPs which are members of F^ We examine 
whether all the linear (n,k) codes generated by the nonzero single term LPs which are 
members of F^ , are distinct. If all the codes are not distinct, then we compute the number 
of distinct codes in F^ We state and prove the relevant results in the following theorem: 

Theorem 5.6.1: The number of distinct linear (n,k) codes generated by the nonzero single 
term LPs of the form /^x, j = 0, 1, 2, ..., 2“— 2, which are members of the finite field F^ is 
equal to i / , where v = 2^— l/2^-l, and the mapping is firom GF(2^) to GF(2*^), k|n, with 
coefficients from GF(2'^), ^ being a primitive element of GF(2“). The remaining nonzero 
members are alternate representations of these v codes, each code having 2^—1 different 
representations, thus accounting for all the 2^^— 1 nonzero members of F^ 

Proof: For proving this, first we note that the nonzero elements of GF(2^) form a subgroup 
of the multiplicative group consisting of the nonzero elements of GF(2 ), as k|n. Therefore 
we can form cosets of this subgroup as follows: 
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1 

a 

a' a' 


0 

0 a 

0oP 0a^ 

Ba^ 



. 

fa( 


lf~^a 

f-^a^ f'a^ ' 


where v 

= 2“-l/2^-l and ^ = 2^-2. 



This exhausts all the elements of GF(2 ), and one element appears only once. 
Further, it may be noted that consecutive values of i = 0, 1, ja- 1, may be taken as 

coset leaders, as no ^ appears in any of the cosets corresponding to the coset lesiders 0, 

Now we recognize the fact that each row of the above are the nonzero code vectors 
generated by the single term LPs j = 0, 1, Since the elements in the cosets are 

distinct, the codes generated by these functions are also distinct. 

Now let us consider the set of codes generated by the LPs /9^x, j = j /, v+ 1, 2u—l. 

The first function jf ' x generates the code vectors 

0, fa. fa\ A® A< 

Since ^ — a, we may express the above code vectors as 

0, or, 0 ^, a^, , a^, 1. 

This is same as the code generated by , with the nonzero code vectors cyclically 
permuted to the left by one place. 

Similarly, the second function in this set, namely, x generates the code vectors 

0, , which is equal to 

0, 0a, 00 ^, 0a^ 0 which is a cyclically permuted version (to the left by one 

place) of the code generated by 0 x. 

Proceeding in this manner, we may obtain a total of 2 —1 sets, accounting for all the 
nonzero elements of Q.E.D. 
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It follows from the above theorem that any group of functions of the form 
f(x) = where fpCx) is a LP (not necessarily single term) representing a mapping from 

GF(2^) to GF(2®), kjn, which generates the code vectors 0, 1, a, , ; ^ = 2^-2 

(irrespective of the order in which the code vectors are assigned to the message vectors), 
where a and ^ are primitive elements of GF(2^) and GF(2“) respectively, will have v 
distinct codes only, the rest being cyclically permuted versions of these codes. Further, 
^q(^) have coefficients only from the subfield GF(2^), since the frmction values belong 
to GF(2^) only and hence the mapping is from GF(2^) to GF(2^). Since any linear (n,k) 
code can ha-ve Nj^ different LGP representations, the codes of the above form are 
distributed in (Njy2*‘-1) groups, as each group contains 2^-1 different representations of 
one code. 

We cite an example below to illustrate the above results. 

Example 5.6.1: Let us take the example of single term LPs generating (6,3) linear codes. 
Let X + X + 1 be a primitive polynomial for generating GF(2”). Then the primitive 
polynomial for genereiting the subfield GF(2 ) is fixed as x + x + 1. Let p and a be 
primitive elements in GF(2®) and GF(2^) respectively. Then a= where v = 63/7 = 9. 
Then the finite field F^ consisting of single term LPs of the form 0^x, j = 0, 1, 2, ..., 62, will 
have 9 distinct codes and each such code will have 7 different representations in F^ , thus 
accounting for all the nonzero 63 members of F^ We list all the 63 nonzero members of F^ 
in Table 5.1. Each member is listed with the coefficients of its LP representation followed 
by the code vectors generated by it, as a power of Only the exponents of ^ are listed. 
The table is divided into 7 blocks. The first block contains the 9 distinct codes in this field 
(the first being fQ(x)) and the remaining 6 blocks are cyclic permutations of these codes. 
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Table 5.1: Norusero Members of Comprismg of Single Term LPs 
Representing Linear (6,3) Codes 


f(x) * 

j 



code vectors as a 

power of p 



0 

— OD 

0 

9 

18 

27 

36 

45 

54 

1 

—CD 

1 

10 

19 

28 

37 

46 

55 

2 

—00 

2 

11 

20 

29 

38 

47 

56 

3 

— OD 

3 

12 

21 

30 

39 

48 

57 

4 

—00 

4 

13 

22 

31 

40 

49 

58 

5 


5 

14 

23 

32 

41 

50 

59 

6 

-to 

6 

15 

24 

33 

42 

51 

60 

7 

— OD 

7 

16 

25 

34 

43 

52 

61 

8 

—00 

8 

17 

26 

35 

44 

53 

62 

9 

—to 

9 

18 

27 

36 

45 

54 

0 

10 

-to 

10 

19 

28 

37 

46 

55 

1 

11 

—00 

11 

20 

29 

38 

47 

56 

2 

12 

—to 

12 

21 

30 

39 

48 

57 

3 

13 

— OD 

13 

22 

31 

40 

49 

58 

4 

14 

—00 

14 

23 

32 

41 

50 

59 

5 

15 

— OD 

15 

24 

33 

42 

51 

60 

6 

16 

— OD 

16 

25 

34 

43 

52 

61 

7 

17 

—00 

17 

26 

35 

44 

53 

62 

8 

18 

— OO 

18 

27 

36 

45 

54 

0 

9 

19 

—00 

19 

28 

37 

46 

55 

1 

10 

20 

— OD 

20 

29 

38 

47 

56 

2 

11 

21 

—CO 

21 

30 

39 

48 

57 

3 

12 

22 

■— OO 

22 

31 

40 

49 

58 

4 

13 

23 

1 — tJO 

1 

23 

32 

41 

50 

59 

5 

14 

24 

1 

— OD 

24 

33 

42 

51 

60 

6 

15 

25 

— OD 

25 

34 

43 

52 

61 

7 

16 

26 

—00 

26 

35 

44 

53 

62 

8 

17 



f(x) » p^x code vectors u a power of ^ 

j 


27 

— ® 

27 

36 

45 

54 

0 

9 

18 

28 

—CO 

28 

37 

46 

55 

1 

10 

19 

29 

—CD 

29 

38 

47 

56 

2 

11 

20 

30 

—CD 

30 

39 

48 

57 

3 

12 

21 

31 

— tD 

31 

40 

49 

58 

4 

13 

22 

32 

—CO 

32 

41 

50 

59 

5 

14 

23 

33 

— tX) 

33 

42 

51 

60 

6 

15 

24 

34 

—CO 

34 

43 

52 

61 

7 

16 

25 

35 

—CO 

35 

44 

53 

62 

8 

17 

26 

36 

—CD 

36 

45 

54 

0 

9 

18 

27 

37 

—GO 

37 

46 

55 

1 

10 

19 

28 

38 

—CO 

38 

47 

56 

2 

11 

20 

29 

39 

—CO 

39 

48 

57 

3 

12 

21 

30 

40 

—CO 

40 

49 

58 

4 

13 

22 

31 

41 

—CD 

41 

50 

59 

5 

14 

23 

32 

42 

—CD 

42 

51 

60 

6 

15 

24 

33 

43 

—CD 

43 

52 

61 

7 

16 

25 

34 

44 

—CO 

44 

53 

62 

8 

17 

26 

35 

45 

—00 

45 

54 

0 

9 

18 

27 

36 

46 

—CO 

46 

55 

1 

10 

19 

28 

37 

47 

—00 

47 

56 

2 

11 

20 

29 

38 

48 

—CO 

48 

57 

3 

12 

21 

30 

39 

49 

—CD 

49 

58 

4 

13 

22 

31 

40 

50 

—CO 

50 

59 

5 

14 

23 

32 

41 

51 

—CO 

51 

60 

6 

15 

24 

33 

42 

52 


52 

61 

7 

16 

25 

34 

43 

53 

—CO 

53 

62 

8 

17 

26 

35 

44 
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Tbcorcm 5.6.2 The number of dwtinct linear fn j 

T PP r .K r i single 

term LFPo of the form ^frsfVx), i =: 0 i o o® n , • . 

i. 2. .... 2 -2, which are members of the finite field 

Fp 18 equal to t/ , where i/^ = 2®--l/2«~1 .r,^ *k 

/ 2 t, and the mapping ia fi^om GF(2^) to GF(2“) 

k^l^n, with coefficients from GFf2h L - T P m r 

. M »f " “d k, ^ being a primitive dement 

0fGF(2 )Th-™-m„gnonnero member are dtemnterepreeentdion. of th.ee n code., 

each code having 2®-l different rer>r«.AT,t«+;e^^ ai. ^ 

mnerent tepreeentatione, thu. accounting for all the 2“-l noneero 

meiBbers of F s 


ftoof: We fleet note that, hy multiplying a ee, pence belong to GF(2") of l«.gUr 2 ^,, 
generated by «ngle term LFPe, by i = i, j 2 e_ 5 , ^ ^ 

GF(2”), the only po«,ble permutatron. of the «e,nence are cyclic in nature. In the caee of 
tingle term LPe, we had a eimilar dtuation, where the noneero code vector, generated by 

f(x) = ^ X, j = 0, 1 ,^1, were cyclically diifted to the left by one place when 

multiphed by 2*-l/2‘-l. We would like to generaliee thie reeult to <my n and k, 

where k doee not neceaearily divide n. To etart with, we take the identity element of F,, 
le., ft.(y X) where £r.(y) = 1, analogou. to ^x) = x, in the cnee where k|n. The function 
fg(x) = X generated all the elements of GF(2^), since GF(2^) is a subfield of GF(2“). 
However, when k^|''n, the corresponding function £rs(y x) cannot generate all the elements 
of GF(2 ), since GF(2 ) is not a subfield of GF(2®) in this case. However, it does generate 
all the elements of subficlds which are common to both GF(2^) and GF(2*^), or in other 
words, all the elements of subfields whose extension order divides both k and n, which has a 
maximum value equal to the G.C.D. of n and k, say g. Let us find the values of x at which 
the function fr8(y x) assumes values fi-om GF(2*). Let ^ be a primitive element of GF(2*) 
Md let a be a primitive clement of GF(2^). Then ^ ^^ere = 2^-l/2®-l 

and ss 2®--l/2*— 1. Now as fi:s(y) s= 1, multiplying both sides by we get 

^‘&8(y)=«^,i = 0,l, 2«-2. 

Taking ^ inside the argument, we get 


Th«rcm 5.6.2 Th, ..umber of du,l.„ct („,k) cod« pnerated by the noneero ringle 
term LFP. of the form fl-fref*), i = 0, 1, 2, .... 2“-2, which .we member, of the fidt. field 
fj. equd to , where = 2*-l/2«-l, and the mapping i, from GF(2'‘) to GF(2"), 
k^l'-n, with coefr.cent. from GF(2‘'), 1 = l.C.M of n and k, # being a primitive element 
of GF(2 ). The remwmng nonzero members are alternate representations of these v codes, 
each code having 2®-l different representations, thus accounting for all the 2“-l nonzero 
members of Fy. 

Proof. We first note that, by multiplying a sequence belonging to GF(2“) of length 2^-1, 
generated by single term LFPs, by i = 1, 2, 2^*^— 2, P being a primitive element of 

GF(2“), the only possible permutations of the sequence are cyclic in nature. In the case of 
sin^e term LPs, we had a similar situation, where the nonzero code vectors generated by 

f(x) = /J* X, i = 0, 1 ,1^1, were cyclically shifted to the left by one place when 

multiplied by v = 2*“-l/2^— 1. We would like to generalize this result to any n ^d k, 
where k does not necessarily divide n. To start with, we take the identity element of , 
ie., fr8(y x) where fr8(y) = 1, analogous to fjj(x) = x, in the case where k|n. The function 
fp(x) s= X generated all the elements of GF(2^), since GF(2*^) is a subfield of GF(2“). 
However, when k^f'^n, the corresponding function frs( 7 ' x) cannot generate all the elements 
of GF(2*‘), since GF(2^) is not a subfield of GF(2®) in this case. However, it does generate 
all the elements of subfields which are common to both GF(2^) and GF(2^), or in other 
words, all the elements of subficlds whose extension order divides both k and n, which has a 
maximum value equal to the G.C.D. of n and k, say g. Let us find the values of x at which 
the function fr 8 ( 7 ^ x) assumes values fiom GF{2^). Let 5 be a primitive element of GF(2®) 
and let or be a primitive element of GF(2^). Then f where = 2^— 1/2®— 1 

and i/j = 2®-l/2«-l. Now as fisCV) = 1, multiplying both sides by we get 

^ frs (V) = i = 0i ••••• 2^”2* 

Takmg # inside the argument, we get 
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fr.(7'^) = ^,i = o,l 2S-2, (5.6,1) 

ie,, »t X = = (a'')'. 1 = 0, I, 2‘-2, the function Meumes values of I 

Thus the code vectors generated by fr8( ^ x) are as follows: 

0,frs(7^, frsfy O'), frsfy fr8(y 

fr8(y S), a). My 6 a\ .... mV S 

, mV ^ , 

fr8(y f in( a), firB(y 5^“^ a^), ..., MV 

Now we multiply fr»(y x) by ^ = jfl After taking inside the argument of frsCVx), 

this gives the following sequence; 

0, mV mv^ cr)i mV ^ mV ^ 

, fni(y ^ , 

fr8(y M a), My a^) frs(y 

mV), My o). fr«(y o^). mV 

This same as the sequence generated by frs(y x) except that its nonzero values axe 
cyclically permuted to the left by Vj = 2^-l/2*-l places. In general, multiplying firs(y x) 
by i?, i = 0, 1, ..., 2^2, cyclically permutes the sequence generated by it, by (2^—1 /2*— l).i 
places. Thus the number of distinct linear codes in F ^must be j'j , and the remaining linear 
codes ^ j: cyclic permutations of these j/j codes, the number of different 

representations of each distinct code present in F y being 2*-l. Q.E.D. 

Note: We see that, when g = 1, Fycontains only one representation of each code. Thus all 
Ihe ^—1 codes in are distinct when n and k are relatively prime. 

It follows that any group of functions of the form f(x) = ^ IqCx) where 



yx) = S fr 8 (?, x' ), j = -a, 0 , 1 , 2 “- 2 , (where 7 . € GF( 2 ^), fr 8 (e) = e+ + 6 ^% 

+ = e. Q = 2’, L = L C.M of n md k, g= G.C.D. of n <md k, and t = L/n, 

^ being a primitive element of GF( 2 *)), (ie., ^x) is not necessarily single term) which 
generates the code vectors generated hy the single term LFP fr 8 ( 7 ^ x) (irrespective of the 
order in which the code vectors are assigned to the message vectors), will have v distinct 
codes only, the rest being cyclically permuted versions of these codes. Since any linear (ii,k) 
code of this form can have different LFP representations, the codes of the above form 
are distributed in (Nj^/2*-l) groups, as each group contains 2*^-1 different representations 
of one code. 

We give some examples of F ^ to illustrate the above results; 

Example 5.6.2: Let n = 3, k = 2. Here the G.C.D. of n and k = g = 1 . Hence all the codes 
generated by the nonaero single term LFPs in are distinct. This is true as the number of 
distinct linear (3,2) codes = 42/6 = 7, and the number of nonzero LFPs in F yis also equal 
to 7. Each code has Nj^ = 6 different representations and these are distributed in 6 
isomorphic finite fields, thus accounting for all the 42 linear (3,2) transformations 
repreaenting linear (3,2) codes. The coefficients of these polynomials belong to GF(2 ). Let 
+ X + 1 be a primitive polynomial for generating this field, with 7 as a primitive 
element. Then the fields GF(2^) and GF( 2 ^) are generated by the primitive polynomials 
x^ -f + 1 and x^ + x +■ 1 respectively, with primitive elements ^ and or respectively. 

We firet chooK thoee elemento V of GF(2') whose Frobenius sum with respect to 

GF(2^ is 1, ie., S = 1, end whose corresponding IFF fre(V *) generates a vaUd 

■»0 .. 

Hoear (3,2) code. These serve as identities in the respective fields. These values were earlier 

listed in Example 3.9.1 as V, j = 11, 22, 25. 37, « 50. The nonzero functions in each 


field represent linear (d,2) codes. The 6 different representtitions of each of the 7 distinct 
codes are distributed in 6 fields, as listed in Table 6 . 3 . Each member of a field is listed with 
its LFP repreaentation x) = fr 8 (y+®‘ x), i = 0, I, .... 2“-2, followed by the code 

vectors generated by it as a power of /3. Only the exponents of and 7 are listed (The 
trivial function 0 is not listed). 


Table 5.3: Sin^e Term Lineaiised Frobemus Polynomials Representing 
0ne~4o— One Linear (3,2) Transformations Grouped into 6 Isomorphic Finite Fields 


(1) 


( 2 ) 


j + 

code vectors as 
a power of ^ 

11 

—00 

0 

5 

1 

20 


1 

6 

2 

29 

—00 

2 

0 

3 

38 

-to 

3 

1 

4 

47 

—CD 

4 

2 

5 

56 

—CD 

5 

3 

6 

2 

— OD 

6 

4 

0 


j + 9.j 

code vectors as 
a power of ^ 

22 

—CD 

0 

2 

3 

31 

—CD 

1 

3 

4 

40 

—CD 

2 

4 

5 

49 

—CD 

3 

5 

6 

58 

—CD 

4 

6 

0 

4 

—CD 

5 

0 

1 

13 

—CD 

6 

1 

2 













Table 5.3 (continued) 


J + S.1 

code vectors u 
a power erf ^ 

50 

•-tX) 0 

3 

2 

59 

--tB 1 

4 

3 

5 

“nc 2 

5 

4 

14 

3 

6 

5 

23 

^ 4 

0 

6 

32 

—CD 5 

1 

0 

41 

—CD 6 

2 

1 


Example 5.6.3: Let n = 6 , k = 4 . Thus g = 2. Any (6,4) linear code can be represented, in 
general, by LFPs consisting of two linearized Frobenius terms, out of which we select only 
the smgle term LFPs. According to Theorem 5.6.2, = 2 ^-l/ 2 ^-l = 21 codes generated 

by the nonzero sin^e term LFPs of F ^ should be distinct, and there should be 2®— 1 = 3 
different representations of each distinct code present in Fy each of whose nonzero code 
vectors being cyclically permuted versions of the first (to the left) by (2 — 1/2®— l).i = 5.i 
places (i = 0, 1, 2). Each code has = 15 x 14 x 12 x 8 = 2016G different representations 
and these are distributed in Njy2®-1 = 20160/3 = 6720 groups, including F^ Each such 
group consists of 3 blocks, each block containing 21 codes, the codes in the second and third 
block being alternate representations of the codes in the first block. Listed in Table 5.4, are 
the elements of the first block of F ^containing 21 codes. 

The coefficient, of the« IFF. belong to GF(2“). Let x’’’ + x® + x* + x + 1 be . 
Primitive polynomid for generating thi. fidd, with 7 a primitive dement. Then the 




Table 5.4; Fii»t Black of Nonicro Membere of Fy compriaing erf Single Term Linearized 
Frobeaius PdynomialB Repreaenting Distinct Linear (6,4) Codes 


nsej+SS.J 

Code vectoiB as a power of 

197 


0 

51 

5 

48 

61 

21 

9 

26 

6 

19 

42 

30 

47 

27 

40 

262 

—tJD 

1 

52 

6 

49 

62 

22 

10 

27 

7 

20 

43 

31 

48 

28 

41 

327 

— ® 

2 

53 

7 

50 

0 

23 

11 

28 

8 

21 

44 

32 

49 

29 

42 

392 

-to 

3 

54 

8 

51 

1 

24 

12 

29 

9 

22 

45 

33 

50 

30 

43 

457 

"to 

4 

55 

9 

52 

2 

25 

13 

30 

10 

23 

46 

34 

51 

31 

44 

522 

"to 

5 

56 

10 

53 

3 

26 

14 

31 

11 

24 

47 

35 

52 

32 

45 

587 

"to 

6 

57 

11 

54 

4 

27 

15 

32 

12 

25 

48 

36 

53 

33 

46 

652 

— ® 

7 

58 

12 

55 

5 

28 

16 

33 

13 

26 

49 

37 

54 

34 

47 

717 

-w 

8 

59 

13 

56 

6 

29 

17 

34 

14 

27 

50 

38 

55 

35 

48 

782 

"to 

9 

60 

14 

57 

7 

30 

18 

35 

15 

28 

51 

39 

56 

36 

49 

847 

--tao 

10 

61 

15 

58 

8 

31 

19 

36 

16 

29 

52 

40 

57 

37 

50 

912 

"to 

11 

62 

16 

59 

9 

32 

20 

37 

17 

30 

53 

41 

58 

38 

51 

977 

"to 

12 

0 

17 

60 

10 

33 

21 

38 

18 

31 

54 

42 

59 

39 

52 

1042 

-to 

13 

1 

18 

61 

11 

34 

22 

39 

19 

32 

55 

43 

60 

40 

53 

1107 

to 

14 

2 

19 

62 

12 

35 

23 

40 

20 

33 

56 

44 

61 

41 

54 

1172 

tO' 

15 

3 

20 

0 

13 

36 

24 

41 

21 

34 

57 

45 

62 

42 

55 

1237 

to 

16 

4 

21 

1 

14 

37 

25 

42 

22 

35 

58 

46 

0 

43 

56 

1302 

to 

17 

5 

22 

2 

15 

38 

26 

43 

23 

36 

59 

47 

1 

44 

57 

1367 

to 

18 

6 

23 

3 

16 

39 

27 

44 

24 

37 

60 

48 

2 

45 

58 

1432 

"to 

19 

7 

24 

4 

17 

40 

28 

45 

25 

38 

61 

49 

3 

46 

59 

1497 

to 

20 

8 

25 

5 

18 

41 

29 

46 

26 

39 

62 

50 

4 

47 

60 



6 4 

fielcJs GF(2 ) and GF(2 ) are generated by the primitive polynomials x** + + 1 and 

+ X + 1 respectively, with primitive elements ^ = 7 ®® and o = 7 ^^ respectively. Only 
the exponents of t and 0 axe listed in the table. In the table, the first function is, say, fr 8 ( 7 ^ 
x) {the identity element of Fy ) and the remaining functions are of the form, 6 ^( 7 '^ x), 
where u = j + 65.i, i = 0, 1, 2, ..., 20. 


The first code in the second block is then generated by x) as yd*, i = -oo, 21, 

9, 26, 6, 19, 42, 30, 47, 27, 40, 0, 51, 5, 48, 61, which is the srime as the code generated by 

1 07 

frB(7 ' x), the first code in the first block, except that the nonzero code vectors in the 
former are a cyclically permuted (to the left by 5 places) version of the codes in the latter. 
Similarly, the second code in the second block would be generated by fr 8(7 x) as y^, i = 
22, 10, 27, 7, 20, 43, 31, 48, 28, 41, 1, 52, 6, 49, 62, which is the same as the second 
code in the first block, except that the nonzero code vectors in the former are cyclically 
permuted to the left by 5 places. Thus all the codes in the second block are same as the 
codes in the first block, except that the nonzero code vectors are cyclically permuted to the 
left by 5 places. Similarly, it may be seen that the codes in the third block are cyclically 
permuted versions (to the left by 10 places) of the codes in the first block. 

Now we list in Table 5.5, the first block of one of the 6720 groups other than Fy 
whose LFP representations consist of two terms, but generate the same group of codes as in 
F , , with the code vectors permuted in some noncyclic msimer with respect to thst of In 
the tsble, the first function is, .»y, fisCV* rr) + fr»(T" «maining functions sre 

of the form, fis{ 7 * rr) + Mt’ A '■'ere u = ji + 65.i rmd v = jj + 65.i, i = 0, 1 , 2 20. 


5-5‘ i" Block oC Non»ero Members of & Group Comprising of Multiple Term 
Linearised Frobemus Polynomials Representing the Same Set of Distinct Linear Codes 

as in Table 5.4 


frs(-r’* 

+ 

frs(7'' 

x) 

X ) 

1 

y 

905 

0 

970 

65 

1035 

130 

]100 

195 

1165 

260 

1230 

325 

1295 

390 

1360 

455 

1425 

520 

1490 

585 

1555 

650 

1620 

715 

1685 

780 

1750 

845 

1815 

910 

1880 

975 

1945 

1040 

2010 

1105 

2075 

1170 

2140 

1235 

2205 

1300 


CJode vectors ss a power of ^ 


—to 0 
“to 1 
■to 2 

to 3 
to 4 


tj 7 

tB 8 

to 9 

—to 10 
to 11 
to 12 

to 13 
■to 14 
to 15 

“to 16 

“to 17 

to 18 


5 51 

6 52 

7 53 

8 54 

9 55 

10 56 

11 57 

12 58 

13 59 

14 60 

15 61 

16 62 
17 0 


25 8 


48 6 

49 7 

50 8 

51 9 

52 10 

53 11 

54 12 

55 13 

56 14 

5 15 

58 16 

59 17 

60 18 

61 19 

62 20 
0 21 
1 22 

2 23 

3 24 

4 25 

5 26 


21 19 27 

22 20 28 

23 21 29 

24 22 30 

25 23 31 

26 24 32 

27 25 33 

28 26 34 

29 27 35 

30 28 36 

31 29 37 

32 30 38 

33 31 39 

34 32 40 

35 33 41 

36 34 42 

37 35 43 

38 36 44 

39 37 45 

40 38 46 

41 39 47 


61 9 42 

62 10 43 

0 11 44 

1 12 45 

2 13 46 

3 14 47 

4 15 48 

5 16 49 

6 17 50 

7 18 51 

8 19 52 

9 20 53 

10 21 54 

11 22 55 

12 23 56 

13 24 57 

14 25 58 

15 26 59 

16 27 60 

17 28 61 
18 29 62 


30 47 

31 48 

32 49 

33 50 

34 51 

35 52 

36 53 

37 54 

38 55 

39 56 

40 57 

41 58 

42 59 

43 60 

44 61 

45 62 

46 0 

47 1 

48 2 


26 40 

27 41 

28 42 

29 43 

30 44 

31 45 

32 46 

33 47 

34 48 

35 49 

36 50 

37 51 

38 52 

39 53 

40 54 

41 55 

42 56 

43 57 

44 58 

45 59 

46 60 


“to 



5.7 Roots of Linearized GPs Representing Linear Codes 

In this section, we discuss about the roots of LGPs representing Hnear codes. It is 
known that the roots of a LGP form a subspace ( for theory of LGPs, see Appendix A). 
The roots may belong to GF(2^), or in some extension of it. 

A question which naturally arises is whether one can characterize linear codes by 
the roots of their LGP representations. The answer is that the roots do not characterize 
individual codes, as we saw that multiplication of a LGP representing a linear (n,k) code, 
by /?*, where 0 m & primitive element of GF(2^), in general, gives rise to another linear code 
which is distinct from the first. However, both the LGPs representing distinct codes would 
have the same set of roots, as the second polynomial is obtained by multiplying the first by 
a constant. It follows that all the LGPs m a group of the form ^(x), j = 0, 1, 2^—2, 

have the same set of roots. Each such group has a distinct set of roots. Hence one can say 
that, the roots of LGPs characterize a group of codes rather than individual codes. 

We observe one constraint on these set of roots of any LGP representing a linear 
(n,k) code. That is, the roots cannot assume nonzero values from GF(^ ). This is so, 
because, if the roots assumed values from GF(2^), then this would mean that the LGP 
assumes a function value of 0 at an input other than x = 0. In other words, this would 
mean that there is a code vector 0, assigned to a nonzero message vector, which is not true. 
Hence the root space of any LGP representing a linear (n,k) code cannot assume nonzero 
values from GF(2*'). 

5.8 Representation of Cyclic Codes by Linearized GPs 

In this section, we find representations of cycHc codes in terms of LGPs, both in SB 
and in NB. 

We compute the LGP coefficiente in the respective baeie m folloira: 

Let a /J be primitive element, of aF(2‘) GF(2*) in SB re.p«:tively, end let 

« «d e be primitive dement, of GF(2‘) »d GF(2*) in NB reepectivdy. Then ^ SB LGP i. 
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one whose coefficients are computed with the code vectors (n— tuples) considered ets powers 
of 0 Slid the message vectors fk ^tuples) considered bs powers of o. Sunilsrly, a NB LGP is 
one whose coefficients are computed with the same code vectors and message vectors now 
considered as powers of a and S respectively. 

Every cyclic code can be generated by a polynomial g(x) of degree n-k, called the 
generator polynomial. We may represent g(x) as a polynomial in of the form 

g(« = + + aj/J+ »/, (5.8.1) 

where a's € GF(2) and 0 m a, primitive element in GF(2“). 

Now the LGP rcpr^entation of any linew (n,k) code depends on the basis vectors 
f(a), i = 0, 1, ...., k~l, chosen for the code. Hence, for representing a (n,k) cyclic code by a 
LGP, we choose one of the bases of the code as the canonic basis and derive its LGP 
representation. The basis chosen for the cyclic code is the one in which (1) the bottom row 
of its generator matrix Q, ha« the rightmost n-k+1 entries (€ GF(2)) as the coefficients a , 
i = 0, 1, .... n—k, of the generator polynomial g(x), with the leftmost k-1 entries being 0, 
(2) the next to bottom row consisting of the coefficients of x.g(x) modulo x —1, which is 
the same as the bottom row cyclically shifted to the left by one place, and so on. ie., G is 
an k X n matrix ,of the form 


Q = 


k 

0 


\--k— 1 

k k—1 


0 

% 


0 

0 

0 


0 0 
0 0 


Vk Vk-1 • '"o 

0 Vk Vk-i • 


0 

0 

0 

0 


(5.8.2) 


With the J>ove c».cmc !»»., we find .mtrfd. repre^nttions for a cyclic code both 


in SB and in NB, in the next two subsections: 



X f X 


5.8.1 Standard Basis Representation 

Thcomn 5.8.1: The LGP coefficiente of a linear (n,k) cyclic code can be expressed in SB as 

A = (5.8.3) 

if the basis chosen for the code is the canonic basis given in (5.8.2) and where ^ is the 
generator polynomial of the cyclic code represented as a power of a primitive element ^ in 
GF(2®), A is the coefficient vector in SB, given by 



consists of the 'k’ SB vectors of GF(2®), T denotes transpose, Vb'^ is the inverse of 

the Vander monde matrix as ^ven by (3.7.3) and SB is used for representing the elements 
ofGF(2^). 


Proof: Each row of the generator matrix, consisting of n elements from GF(2), can also be 
considered as a single element belonging to the extension field GF(2“). Now, in the canonic 
basis chosen for the cyclic code, the bottom most row has the coefficients of the genersdior 
polynomial g(x) of the code. Since the degree of this polynomial is n— k, the leftmost k— 1 
elements in this row will be sero. This polynomial can be considered as an element 
belonging to the extension field GF(2®), can be denoted as a power of a primitive element 0 
in GF(2*), «»y and can be expteeaed in term of the SB vectors of GF(2*), 



= 0. d*-’ + ... + 0./!*-*+' + a_,_j r* + + ... + a,d + »/• 

The next to bottom row consists of the coefficients of x.g(x) modulo x —1 , which is the 
same as the bottom row cyclically shifted to the left by one place. We can see that, this 
row expressed as a power of 0 is It may be further noted that, the row corresponding 
to x^.g(x) modulo X>-1 may be exprmeed <ia «.d eo on. FinJly the row corr«ponding 
to x‘-‘.g(x) modulo x*-l may be expr«»ed a. Thi. ie became g(x) = d' hae k-1 



leftmost posjtioru! equal to zeroes, and hence multiplication of g(x) by modulo xM has 
the same effect as multiplication of ^ by modulo the irreducible polynomial for 
generating GF(2®), j = 1,2, k~l, since the modulo polynomial of GF(2^) does not 
come into the picture for 1 < j < k~l. Therefore in the relation A = Vs-^f , we substitute f 

j{£X 

Hence A = 19* 1. Q.E.D. 

5.8.2 Normal Basis Representation 

Theorem 5.8.2: The LGP coefBcients of a linear (n,k) cyclic code can be expressed in NB 
as 

A = X»-^fc. (5.8.4) 

if the basis chosen for the code is the canonic basis given in (5.8.2), Ys** is the inverse of 
the Vander monde matrix as given in (3.7.9) when NB is used for representing the elements 
of GF(2^), A is the coefficient vector in NB given by 

r 1 *^ • k r 2 2 ^ 

a a , a . ... a , , (where -2* is taken modulo 2 -1), fc = y, y , y , , 

^k-l-vT ; . 

y^ , where y is same as the generator polynomial g(x) = p , but is now recogmzed as 

an element of GF(2“) represented in NB. 

Proof: We know that the LGP coefficients of any linear (n,k) code in NB is given by 

]T 

A = Ya-' f , Where f r= [f(^®) {(6 ) f{^) .... f(^"^)J . ^ being a primitive element in 
GF(2^). Now, in the canonic basis chosen for the cyclic code, the bottom most row is g(x) 
~ f(^^) equal to y which is considered as an element of GF(2 ) represented in NB. The 
next to bottom row consists of the coefficients of x.g(x) modulo x 1, which is the same as 


)f(a)f(o1.... f(a‘-^)J asf=[^.^+\^+^^+3 ^+k-l 



the bottom row cyclically shifted to the left by one place. We may note that a cycUc shift 
of the components of an element represented in NB results in squaring of that element 
Thus the next to bottom row, ie., f(5) can be written in terms of y as y^ f(^^) may be 

written as y , and so on. Fmally the row corresponding to x*“^g(x) modulo x“-l may be 

jk-1 

expressed as y Q.E.D. 

Now we state and prove a theorem on some (n,k) cyclic codes whose k|n and which 
has a generator polynomial y which can be recognized as an element in GF(2”) as well as in 
k ■ 2^ 

the subfield GF(2 ), in NB, ie., y s= y. In fact the theorem is valid if the cyclic code 

2^ 2 

contains any y, not nec«warily the generator polynomial, such that y = y, and y , y , 
y are linearly independent. 

Theorem 5.8.3: If there exists an {n,k) cyclic code, whose k|n, which has a generator 
polynomial y, which when considered as an element of GF(2*^) in NB, has the property that 

y^^ = y , ie., y also belongs to the subfield GF(2'^), then the code can be represented in NB 

(1) by a LP with coefficienU from the ground field ,ie., by a p-polynomial, if the 
canonic basis is used for the code 

(2) by a LP mih coeffidenis from GF(i^), in general, if any other basis is used for 
the code. 

Note: If there exist. » y euch thet / = y, then k i. the leest positive integer with which 
this is true. For it were not th«. it meme th«: the degree of the generator polynomieJ is 
greater than n—k, which is not true. 



Proof: For proving (I), we use the relation A = fc derived in Theorem 6.8.2, and 

apply thf condition that y — y. Th©n the coefficients can be expressed as a trace function 

as 

a j = tr{b^y), i = 0, 1...... k-1, (5.8.5) 

(where tr(©) = e+ e? + e‘*-(- + GF(2^), and -2* taken modulo 2*"-l), 

as is evident from the matrix relation, remembering that b^ and y both now belong to 
Gf(2*'). Since trace always belongs to the ground field, (in this case, GF(2)), the coefficients 
are either 0 or I. Hence the code has a p-polynomial representation. 

For proving (2), we take note of the fact that since the code already contains 

2 2 ^ 2 ‘^~^ 2 ^ 

linearly independent vectors of the form y , y , y , •• •, y , with y = y , y thus 
belonging to GF(2*‘), a linear combination of these vectors also belongs to GF(2*^). Bence 
the code contains code vectors all of them belonging to GF(2^) in NB. Thus we have a 
mapping from GF{1^) to GF(2^), resulting in the LP coefficients also belonging to GF(2^). 

K y € GF(2®) also belongs to GF(2^), then GF(2^) should be a subfield of GF(2®). 
Therefore k should divide n. Q.E.D. 

We illustrate the theorem by taking some (n,k) cyclic codes whose k|n: 

Examples 

In the following examples J and a axe taken as primitive elements of GF(2^) in NB and in 
SB respectively, and (r and 0 are taken as primitive elements of GF(2 ) in NB and in SB 
respectively. 


Examine 5.8.1: n «= 4, k = 2. 

W. choc. th. numm»l polynomiri ^ respectively 



The generaior poiynomiai for the code g(x) = + 1, y = 0101, y^ = 1010 

,2 

y « 0101 = y Hence if we choose the basis (generator matrix fi) as the canonic basis of 
the form 



1010 

0101 


then the coefficients can be obtained as: 


= ‘"(*>0 S ')' • = “■ 1 ' 

s 

where \ = ^ ^ i® primitive element of GF(2^) in NB. Let o be a primitive 

i-O ■' 

ekmeit of GF(2*) m SB Let ^ and 0 be primitive elements of GF(2 j in NB and in SB 

respectively. We choose a NB for GF(2^) as {a, a^}, and for GF(2^) aB{l^ , ^ 

2 

bp = S can be calculated using the NB table for GF(2^) (Table C.l given 

in Appendix C), as 

= + l.S~^ + 0.^”^ = ^ + ^zsS=: 0 ^ when expressed as a power of a 

primitive element a in NB in GF(2^). 

The coefficients can be obtained from 


a . = tr(bp y), i = 0, 1. 

- 2 * 

y = 0101. from the NB table for GF(2^) (Table C.3), is 
Thus the coefficients are 

ajss tr(bjpr) = tr((r®.<r^®) = tr(<r®) = <r® + =0, and 

aj= tr(bjy) = tr(<r^®.<r^®) = tr(<r®) = / + = <r® = 1. 

Thus the LP representing this code in NB corresponding to the canonic basis .is a 

2 2 

p-polynomial, say, f (x) = 0.x + l x = x . 

II 


Note: Even if we take y = 1010 # gW, emce y* = 0101, end y^ - 1010 - y, and amce {y, 
y'} are linearly independwrt, w. again get a p.i>olynemial in NB, correaponding to the 



0101 

1010 


, whose LP coefficients cstn be obteuned as: 
.10^ JO . 6 0 


basts (generator matrix Q) = 

tr(b^) = tr((r^ = tr(<r^®) = = < 7 ° = 1, and 

aj= tr(bj,v) = = tr(ff®) = ,7® + <7° = 0 . 

Thus the LP representing this code in NB corresponding to the chosen basis, is a 
j>-polynomiaJ, say, f^{x) = l,x + O.x^ = x. 

In total, there are (2 -1)(2 -2) = 6 ways of choosing a basis for this code. Accordingly 
there exist 6 different LP representations for the same, two of which were listed above. The 
remaining 4 NB LP representations can be shown to have coefficients from the subfield 
GF(2^), as per the second part of the theorem, as follows; 

( 1 ) Q 


0101 

1111 


lin = <r®, 0101 = 


*2 



■ / 



■ < r ® 


0 

*^1 


= 









• 

- 


- 


- 


Thus f^(x) = irV. 


Similarly the other three bases and their NB LP representations are listed below: 


(2) 

fl®!®! r X 10 

Q = [llllj f^(x) = a X. 

(3) 

^ 5 

Q = [oloij yx) = X. 


full] , , ^ 10 2 

(4) 

Q = [lOloJ f^(x) = X 


We see in the above 4 cases 
elements of the subfield GF(2^). 


that the coefficieat. 6 GF(2*) are also 



Example 5.8.2 n = 6, k -- 3 

There* are (2 —2 )(2^— 2 )(2 — 2 ) = 7x6x4= 168 different ways of choosing a 
basis for this cyclic cixie However we list only the canonic basis. 

Minimal polynomial for generating GF(2^): + x^ + 1. 

Minimal polynomial for generating GF(2®): x® + x + 1. 

NB chosen for GF(2^): {o, 

NB chosen for GF{2®): {/, ^}. 

Generator polynomial of the code g(x) = x^ + 1. 


y = 001001 « y^ 


010010 


y^^ - 100100 = 0^, y^^ 




’looioo" 

010010 

001001 


001001 = y. 


bg = S may be calculated using the NB table for GF(2®) (Table C.2), as 

bjj = i.r® + i.r^ + o.r^ + i.r® + o.r* + o.r® + i.r® = 5 ° + + (?* + 5 = « 
= / 

Therefore the coefficients are given by 

ag= trCb^y) = tr((r®.«r^®) = = 0. 

ag= tr(b^ y) = tr(ir^®.<r^®) = tr(<r®®) = ir®® + <r® + cr^® = 1. 

* 3 = tr(bj y) = tr(ir®®.ir'®) = tr(ir®^) = ir®* + = 0. 

Thusf^(x) = x^. 


Example 5.8.3; n = 12, k = 4. 

Minimal polynomial for generating GF(2^): x + x + 1- 
Minimal polynomial for generating GF(2 ).x +x +x +x+l. 
NB chosen for GF(2^): {a®, a , a , a }. 

NB cho«a for GF(2>=): /V", ^ 



Generator polynomial of the code g(x) = x® + + 1. 

3549 ^2 _ 30a3 ,2^ _ 1 

ystr ,y=«f ,y =<r 


2 

„3822 2^ 

t y - 

(T ,y = 


*100010001000' 


OlOOOlOOOlOO 

Q = 

001000100010 


000100010001 


^expressed in GF(2^^) in NB is 


.273 


== ^ ^273x11 ^ ^3003 


The coefficients are 

given by 










^4 ■ 

II 

II 


^3549v 
<r ) = 

2457 

- ff 

+ 

819 

ff 

f < 

1638 

7 

+ ^ 

3276 

ff : 

= 1. 

*^13 ■ 

= tf(bQ y) = 


^3649v 

ff ) = 

»o 

it 

+ 

mo 

ff 

+ 

^1366 . 

ff + 

2730 

ff 

= 0. 

*^11 " 

= tr(bj y) = 


„3549v 

ff ) = 

^^3276 

+ 

mi 

ff 

+ 

819 

ff 

+ ( 


= 1. 

a^ = 

!l 

o m 

It 


.,3549v 
ff } = 

3003 

= <r 

+ 

1911 

ff 

+ 

^3822 

ff 

> 

' + 

^3549 

= 1. 


Thus f^(x) 5= X® + X* 4- X. 


Example 5.8.4; n = 10, k = 5. 

5 5 4 3 2 

Minimal polynomial for generating GF(2 ): x+x +x +x +1. 

Minimal polynomial for generating GF(2^®); x^® + x® + 1. 

NB chosen for GF(2®): {a, a^, a\ a®, a^®}. 

NB chosen for GF{2^®): {/, A 

Generator polynomial of the code g(x) = x® + 1. 

,2 J -- -4 — -5 


y= (T 


561 2 9» 2 

y = y* 


198 2 “ 396 2 ^ _ .792 2 ® _ 

(T , y ff ,y — >y ~y- 


Q = 


1000010000 

0100001000 

0010000100 

0001000010 

0000100001 


s expressed in GF(2*®) in NB is <r' 


_33 


hQ = S m^Q may be calculated using the NB table for GF(2 ) (Table C.4), as 
i«0 



b|| = r*+ r‘ + r' + r’’+ r“ + r'"+r'= + r''+r‘® + r’‘ + r“ + + 

f’" + «*+ {*+ j3 + S={7= /x33^^231 


The coefficients are given by 


®30 

tr{bjp/) = 

tr(o“‘. 

s 

II 

792 , Ml . 99 ^ 

o + cr - 1 - cr -j. 

it1»8 + 

396 

tr sr 

1. 

li 

trCbJ y) = 

= tr(e«^. 


+ (T 

^ J. J J. rvO 

T ir + IT 

+ 

<t0 = 

1. 



^7 

tr(bj y) = 

= tr(o”' 



J24 . 826 

IT •+ a 

+ 

IT + ( 

231 

7 ! 

= 1. 

if 

It 

trCb® y) = 

= tr(e8“. 



726 , 429 

IT + tr 

+ 

858 

<T 

+ 

693 

ff 

= 0. 

*^16 ”■ 

tr{bf y) 

II 

a ^ 

§ 

li 

= + 

^330 , MO 

IT + IT 

+ 

297 

c 

+ 

694 

Q 

= 0. 


Thus f^(x) = + X. 


5.9 Decoding of Linear Codes Using GSFs 

In this section, we consider applications of GSFs in the decoding of linear (ii,k) 
codw. We interpret a standard array as a two-dimensional (2-D) GSF represented by a 
two— variable GP. We show how standard array decoders can be implemented using 
one-dimensional (1— D) and 2-D GSFs. 

We also repr«ent syndrome tables using 1— D GSFs where we prove that the GSF 
representation of a syndrome table is a LFF . 

5.9.1 The Standard Array Principle 

The standard array is a decoding scheme which partitions all the t n-tuples into 2^ 
disjoint subsets such that each subset contains only one code vector. The partitioning is 
done by forming cosets of the linear code. These cosets are disjoint since a linear (n,k) code 

is a subgroup of the additive group of n-tuples. 

Th«e ..r. 2-‘ c«.t. or row. M.d 2^ column, in . .Undwrd mray. Every rr-tnpl. 

(m element of GF(2*)) r^ipem. only once in the Mr.y. The leftmort n-tuple in ench row i. 
aJled a co.ef /coder. The 6r.t row i. the code it«lf, with the dl .ero vector being if coeet 





leader. If the received vector, say r (which may be any of the 2“ n-tuples, due to the 
presence of noise m the channel), is found in one of the 2^ columns, the decoder identifies 
the transmitted code vector to be that vector which is at the top of the column in which ’r' 
is found. Correct decoding results if h’ is in the column which corresponds to the actual 
transmitted code vector. 

5.9.2 Ftepr^ntation of Standard Array Using 
Two-Variable GPs 

Standard arrays can be considered as matrices each having 2““^ rows and 2^ 
columns with elements from GF(2”), snd hence can be compactly represented by 
two-variabie GPs. The coefficients of the GPs are found by first computing the single 
variable GP coefficients (or Galois Transform) of the rows of the matrix, and replacing the 
rows with the resulting coefficients, followed by computing the single variable GP 
coefficients (or Galois Transform) of the resulting columns, to get the final coefficients. We 
state that the resulting two-variable GP coefficients are nonzero only in the first row and 
in the firat column. This may be argued as follows: 

The firat row of the standard array contains the code vectors of the corresponding 
linear code, and the succeeding rows are obtained by adding coset leaders to the code 
vectora in the first row. Now the single variable GP representing the firat row is that of the 
code itself and hence is a LGP. let fjix) represent this polynomial. Then the succeeding 
rows will be represented by affine polynomials of the form 

i(x) = ^, + f,W,i = l,2,...,2"'*-l, {5-9D 

where a, ia the coaet leader of the i'*' row represented as an element of GF(2*) (For the first 
row, a^j = 0). Thus when the row transform is computed, we get a LGP, fg(x)j in the first 
row followed by affine polynomials which differ only in the constant term a^ of fjj(x), m the 
succeeding rows. Therefore after the row transform computation is over, the matrix will 


contain columns each of whose entries are identical except in the first column. Now when 
the column transform is computed, the first row remains unaffected, since the first row 
elements become the constant terms in the column transform. Further, only the first 
column will have a nonsero transform (the coset leader transform) since its elements are 
different. The remaining columns will be left with zero entries, since DFT of a constant is 
zero. Thus the two-variable GP representation of a standard array consists of coefficients 
corresponding to the first row and the first column only. 

The coefficients of the two— variable GP representing a standard array belong to 
GF(2^) where L is the L.C.M. of n,k and n— k. This because while taking the row 
transform, the mapping is from GF( 2 ^) to GF( 2 ^) with coefficients firom GF( 2 ^^) where Lj 
is the L.C.M. of n and k. Next when the column transform is taken, the mapping is firom 
GF( 2 ®“k) to GF(2^^) with the resulting final coeflBcients lying in GF(2''^ where L is the 
L.C.M. of n— k and , which is equal to the L.C.M. of n, k and n-k. However, we need 
not work in that large field, because the first row transform is the LGP representation of 
the code whose coefficients belong to GF(2^^), L^ being the L.C.M. of n and k, and the first 
colximn transform is the coset leader transform (which is, in general, not a LGP) whose 
coefficients belong to GF( 2 ^), L^ being the L.C.M. of n-k and n. Hence these transforms 
may be separately determined. 

Example 5 . 9 . 1 ; Let us represent the standard array of a linear (4,2) code using 
two-variable QPs. Let the code vectors be 0000 0101 1010 1111. The standard array for 
this code is given in Table 5.6a. Let + x + 1 be chosen as the primitive polynomial for 
generating GP( 2 ^) and let 7 be a primitive element of this field. 

Taking the row transform of the above standard array gives transform coefficients 
belonging to GF(2*). which are listed in polar form (only the exponents listed) in Table 


5.6b. 



Table 5.6; Repreaentation of the Standard Array of a Linear (4,2) Code 

Uamif Two-Variable GPs 


(a) Standard Array for the Code 


0000 

0 101 

1010 

nil 

000 1 

0100 

1011 

1110 

001 0 

0111 

1000 

110 1 

0011 

0110 

1001 

1100 


(b) Row Traorform of the Standard Array in (a) 




10 

1 

0 

— tXJ 

10 

1 

1 

—CD 

10 

1 

4 

—03 

10 

1 


(c) Column Transform of the Matrix in (b) 


i 

0 1 2 

— OD 

— OD 10 1 

0 

— ^ —00 —CD 

1 

2 — OD — OD — OD 

2 

8 — OD — OD — OD 





It may be noted that m the matrix given in Table 5.6b, the rows have identical 
entries except for the first entry. Now taking the column transform of this matrix, gives the 
coefficients of the two-variable GP which finally represents the standard array and is 
shown in Table 5.6c. 

The two-variable GP representing the standard array is of the form 

f(x.y)=:E Ea.x^V^j 
i j 

where i,j 5 = -tn, 0, 1,2, x”^, y~^ = 1 and the coefficients belong to GF(2^). 

We see that only the first row and first column are nonzero, the first row is the GP 
representing the code, which is a LGP, and the first column is the GP representing the 
coset leaders (not a LGP, in general). 

Thus f(x, y) in this case, is 
f(n.y) = 7’“y'“ + i'y + 7'*x^ + T®x. 

5.9.3 Standard Array Decoding Using GSFs 

Theta we veiioiii methods by which a standard array decoder may be implemented 
for a linear code using GSFs» These methods are described in this subsection with suitable 

examples. 

Decoders can be constructed for given linear (n,k) codes using 1— D as well as 2— D 
GSFs. In both the casm, we form a mapping table which maps the received n— tuple into an 
nHuple code vector or a k-tuple message, according to the standard array for that code, 
and obtain the GP coefficients representing that mapping. Once the coefficients are 
obtamed, the decoder can be built as a polynomial computer, which computes the 
transmitted code vector or message by polynomial evaluation. 


(i) Using 1“D GSFs 

D.p.ndmg oo whether the trenemitted code vector n-tuple) or the 



JLO-X 


corresponding mewage vector (a k-tuple) is required at the receiving end, there can be two 
ways of implementing a standard array decoder using 1-D GSFs. 

(a) Decoding into an n-tuple Code Vector 

Suppose we require that the received vector be decoded into the transmitted 
n~tuple code vector. First we form the standard array. Then using the standard array, we 
form a mapping table with all the received n— tuples as the domain values and the 
corresponding code vectors as the range. Now we find the coefficients of the GP 
reprwenting this mapping. Since this mapping is from GF(2“) to GF(2“), the coefficients of 
the corresponding GP will also belong to GF(2“). The conjugacy relations are therefore 
trivial, and the number of terms in the GP is, in general, 2*^. The decoding problem reduces 
to evaluation of this polynomial at the received vector (an element of GF(2'^)). We 
illustrate this procedure in the following example: 

Example 5.9.2: Let m form the single variable decoding polynomial for the (4,2) linear 
code considered in Example 5.9.1, which decodes the received vector into the transmitted 
vector according to its standard array. 

Let x^ + X + 1 be the primitive polynomial for generating GF(2^) and let a be a 
primitive clement of this field. Then using the standard array of this code given in Table 
5.6a, we foraa a mapping table with the received n-tuples taken in the order a , o , a 

, , as the domam values, and the corresponding code vectors (which are the 

elements in the top row of the standard array) as the range. This is shown in Table 5.7. 

It may be noted that, in the polar notation of Table 5.7, only the exponents of a are listed. 

The GP representing this maqiping may be obtained as 

|(x) = a^^x^ + a® X* + a® x®. 


5 7 Deccxiing Table for tbc Linear (4,2) Code considered in Example 5.9.1 
with the Received rj—tuplca as Domain and the Transmitted n— tuples as Range 


Receive! a— taple 

TiUBmitted n- 

-triple 


Pd«i 


Polu 

CaitedBa 


0 

0 

0 

0 

— ® 

0 

0 

0 

0 

0 

0 

0 

0 

1 

— tu 

0 

0 

0 

0 

1 

0 

0 

1 

0 

— QD 

0 

0 

0 

0 

2 

0 

1 

0 

0 

8 

0 

1 

0 

1 

3 

1 

0 

0 

0 

9 

1 

0 

1 

0 

4 

0 

0 

1 

1 


0 

0 

0 

0 

5 

0 

1 

1 

0 

8 

0 

1 

0 

1 

6 

1 

1 

0 

0 

12 

1 

1 

1 

1 

7 

1 

0 

1 

1 

9 

1 

0 

1 

0 

8 

0 

1 

0 

1 

8 

0 

1 

0 

1 

9 I 

1 

0 

1 

0 

9 

1 

0 

1 

0 

10 

0 

1 

1 

1 

8 

0 

1 

0 

1 

11 

1 

1 

1 

0 

12 

1 

1 

1 

1 

12 

1 

1 

1 

1 

12 

1 

1 

1 

1 

13 

1 

1 

0 

1 

12 

1 

1 

1 

1 

14 

1 

0 

0 

1 

9 

1 

0 

1 

0 


, 1 • j in nav 110 0. From the table, this is 

Now let us assume that the received vector is, say i i 

equal to «®. Evaluating f(x) at cr , we get 

f(a®) = + a®.a® + - of^® + “ - 1 1 1 1- 

Th. U 0 D i. deeded iato 11 11. Thi. b. v«ilied fcom the decoding table given in 


Table 5.7. 




(b) Decoding into a k-tuple Message Vector 

A second possibility of decoding using 1-D GSFs would be to decode the received 
vector directly into the corresponding k-tuplc message vector instead of the n-tuple code 
vector. Thus we first form a mapping table with the domain as the received n-tuple 
vectors (from GF{2 )) and the range as the message kHiuple vectors corresponding to the 
code vcctoiBi sud then find the coefficients of the GP representing this m&pping. 
Here the deccxliag polynomial thus obtained will have coefficients from GF(2^, (where L is 
the li.C.M. of n and k), the same field as that of the encoding polynomial. The decoding 
polyooraial will not be, in general, linearized, unlike the encoding poljmomial. However 

conjugacy relations always exist, since now the range values belong to GF(2^), a proper 

L' 

subfield of GF(2 ), where the coefficients lie. Thus the decoding polynomial is a Frobenius 
polynomial (FP) expressed as the sum of various Frobenius terms. The decoding problem, 
in this case, reduces to the computation of Frobenius sums which can be efficiently carried 
out in NB representation. Further, since each Frobenius term in the FP may be evaluated 
independently, this mak^ possible a paredlel implementation scheme for the decoder. 

We illustrate this method of decoding in the following examples: 

Example 5.9.3: Let us take a (4,2) hnear code with the code vectors being 0000 1111 0111 
1000. The corresponding message k-tuples are respectively 00 01 10 11. Let the primitive 
polynomial for generating GF(2^) be x^ + x + 1. Then the subfield GF(2 ) is generated by 
the minimal polynomial of cP which is equal to x^ + x + 1, where a is a primitive element 
of GF{2'*). Let ^ be a primitive element of GF(2^). Using the standard array in Table 5.8a, 
we form a mapping table with the received n-tuples taken in the order a , a ,Qr 

as the domain values, and the corresponding message k-tuples (instead of the code 
vectors) belonging to GF(2^) aa the range. This is given in Table 5.8b. 



Table 5 8 Decoding of a Linear (4,2) Code into k-tuple Message Vectors 

using 1-D GSFs 


(a) Standard Array for the Code 


0000 

nil 

0111 


00 0 1 

1110 

0110 

1001 

00 10 

1101 

0101 

1010 

0 100 

1011 

0011 



(b) Decoding Table for the Code with the Received n-tuples as Domain 


and transmitted k-tuples as Range 











u m.y be noted thv . m the ik, 1 m not,*ion of Table 5.8b, only the exponents of o and ,9 are 

respectively listed 

The GP representing this mapping may be obtained as 

f(x) = o® X + o® x’ + X® 4 a’ x^ 4 X® 4 o“ i* 4 o'^ x® 4 a“ x® 4 ot“ x'“ 4 
x‘®. 

The above expraision may be expressed as a sum of Frobenius terms as 

f(x) = fr 8 (o® x) + fr 8 (o^ x^) + fr 8 (x^) + fr 8 (x^) + fr 8 (a^‘’ x®) + fr 8 (a^° x^®), 
where frsfe) = © + e^ except in the case of fr 8 (x^) and fr 8 (o^“ x^®), which are respectively 

5 j 10^10 

X and a x 

Now let the received n-tuple be 1 0 1 1 = a^. Then 

f(a^) = frsCo® or^) + fr8(a^ + fr8(o®) + fr8(o®) + fr8(a^° + fir8(a^° = 

{(P + a^) + {a^ + Qf^) + (or® + oP) + {cP) + {oP + + (oP) =: cP =■ ^ = 01 . Thus 

the transmitted message is 0 1 , which may be verified to be true from Table 5.8b. 

Example 5.9.4: Let us take the example of a linear (5,2) code with the code vectors OOOOO 
01101 10111 11010. The corresponding message k-tuples are respectively 00 01 10 11. 
Since the L C.M of 5 and 2 is 10 , the coeflficients of the decoding polynomial belong to 
GF(2^*^), Let the primitive polynomial for generating GF( 2 ^®) be x^^ + x^ + 1 . Let the 
primitive elements of GF{2^°), GF( 2 ^) and GF( 2 ^) be chosen as 7 , o and ^ respectively. 
Then the subfieldb GF{ 2 ®) and GF( 2 ^) are respectively generated by the minimal 
polynomials of 7 ® and 7 ®^\ which are x® + + x + 1 and x^ + x + 1 respectively. 

The standard array for this code may be formed as in Table 5.9. 

We then form a mapping table with domain valuee from GF(2 ), which are aU the 
received fr-luple., in the order o'”, o", o, ..... o®", m>d the range value, from GF(2®) 
which are the message SMiuples coixMponding to the code vectors. 



T»b!e 5.9. Standard Array for the Linear (5,2) Code of Example 5.9.4 


0 0 0 0 0 

0 1101 

10111 

11010 

00 0 0 1 

0 1100 

10110 

non 

0 0 0 1 0 

0 1111 

10101 

11000 

00 100 

010 01 

10011 

lino 

0 10 00 

00101 

mil 

10010 

1 0000 

11101 

00111 

01010 

000 1 1 

OHIO 

10100 

11001 

1 00 0 1 

11100 

00110 

01011 


The GP representing this mapping, expressed as a sum of Frobenius terms, is 

f(x) = fri( 7^ x) + fra{ x^) + frs( 7 ®° x®) + 6 : 8 ( 7 ^^ x^) + fr 8 ( 7 ^®^ x^^), 

where fra(e} = © + o'* + 6 ^® + 6 ^^ + e?®®. 

Let the received n— tuple be 0 0 1 1 1 = = 7 ®®^ Then 

f(a2^) = = fr»(7'‘®^.7®'') + + frs(7''"-7'') 

+ fr8(7^^.7*^®^} s= fr8(7^^) + £r8(7^) + &8(7*^^ + fr8(7^®) + frs(7^^) 

= (.^ 361 ^ ^381 ^ ^501 ^ ^981 ^ ^ 856 ^ ^ (^403 ^ ^689 ^ ^310 ^ ^ 21 T ^ ^ 868 ^ 

+ ( ^463 ^ ^789 ^ ^87 ^ ^348 ^ ^ 369 j ^ (^396 ^ ^561 ^ ^198 ^ ^792 ^ ^ 99 ) 

+ (7 +7 +7 +7 +T i = 7 =P=1U. 

Thus the received n~tuple 0 0 1 1 1, ifl decoded into the message k-tuple 1 0. 


(ii) Using 2~-D GSFs 

Here the idea is to split each received n-tuple into an n^-tupie and nj-tuple such 
that n = 4- Hj. A decoding table is formed using the standard array, with the domam 

values from GF(2*‘i) and GF(2”2) and the range values from either GF(2^) (the code 
vectors) or GF(2‘‘) (the message k-^uples). A two-variable GP, say f(x, y), representmg 
this mapping whoee coefficients belong to GF(2^, where L is the L.C.M. of n^, an 



1( (ae the case may be), can then be found. If the requirement is to decode into messeige 
k— tuples, a suitable choice for n^ and n^ are k and n— k respectively, in which case, the 
extension order L of GF( 2 ^) is confined to the L.C.M. of k and n-k. 

Given a received n— tuple vector, decoding is done by splitt ing it into an n^— tuple 
and an n^—tuple, finding their polar representation x and y in the respective fields (ie., 
GF(2”0 GF(2**^) respectively) and computing the polynomial value at this x and y. 

We illustrate the procedure of decoding using 2-D GSFs into n— tuples and k-tuples 
respectively in the following examples: 


(a) Decoding into an n-tuple Code Vector 

Example 5 . 9.5 Let us awume that a two-variable decoding polynomial which decodes the 
received vector into the corrwponding n-tuple code vector, is required. We take the linear 
(4,2) code considered in &cample 5.9.3 with the code vectors being 0000 1111 0111 1000. 

We split each 4 -tuple into two 2-4uple8. The coefficients of the two-variable 
decoding polynomial would belong to GF( 2 ^). Let + x + 1 be a primitive polynomial for 
generating GF(2^). Then the subfield GF(2^) is generated by the minimal polynomial of a 
= which is x^ + X + 1 , where a and 7 are primitive elements of GF (2 ) and GF (2 ) 
respectively. Now with elements from GF( 2 ^) as domain values, and the n-tuple code 
vectors as the range, we form a decoding table as in Table 5 . 10 a. It may be noted that, in 
the table, x and y values both belong to GF( 2 ^) and they are in the order of the power of a 
primitive element. 

The two— variable GP representing this decoding table is of the form 

f(x.y)=ESayX^‘y^'. 

where i, j = -«, 0 , 1 , 2 ; x”®, y"^ = 1 and the coefficients belong to GF (2 )- 

The coefficients a., are listed as a power of 7 in Table 5.10b (Only the exp 7 

y 

listed). 


Conjug^y relMmn. do not ,«.t nmong the coefficiente. The decoding polynominl 
may be expr««ed aa 

f{x,y)= 7®y^+ 7®y^ + y + ^^X^y + 7^x + xy^ + 7 ’-°xy. 

Now let the received vector be, say 1 0 1 1 . We split it into two 2-tuple8, 1 0 = a = 7 ®, 
and 11 = a =7 Subetituting x = 7 ° and y = 7 ^° in f(x, y), we get 

f(x, y) = 7^® + 7^° + 7^® + 7^3 4 7^0 4 -ylO 4 7® + 7^° 4 7^° = 7^^ = 1 1 1 1. 

Thus 1 0 1 1 IS decoded into the code vector 1111. 


Table S.IO: I>ecodmg of a Linear (4,2) Code into n-tuple Code Vectors 

Using 2-D GSFs 


(a) Decoding Table with the Received n-iuples (split into k-tuples and n-k tuples) 
ae Domain and the Tranffinitted n— tuples as Range 


1 

0 0 

0 1 

1 0 

1 1 

00 

0000 

0000 

0000 

0111 

0 1 

0000 

0111 

0111 

0111 

1 0 

1000 

1000 

1000 

nil 


1000 

nil 

11 1 1 

11 1 1 


(b) Coefficients df the Two-Variable GP Representing (a) 


I 

i h 

—00 

0 

1 

2 


— tD 

10 

5 

0 

0 

— tD 

-00 

—00 

^co 

1 

3 

—00 

10 

5 

2 

3 

—00 

0 

10 





(b) Decoding into a k-tuple Message Vector 

BxampJe 5 , 9.6 Let us take the ( 5 , 2 ) linear code which was given in Example 5.9.4, and let 

us assume that the received vector is to be decoded into a k-tuple message using 2— D 

GSFs. We first split each 5 -tuple into a 2 -tuple and a 3 -tuple. Then the coefficients of the 

two-variabie GF which performs the decoding process belong to GF(2®). Let x® + x + 1 be 

a primitive polynomial for generating GF{2®). Then the subfields GF(2^) and GF(2^) are 

generated by the minimal polynomials of a = 7® and )? = 7^^ respectively, which are x^ + 

+ 1 and + X + 1, where 7. cr and ^ are primitive elements of GF(2®), GF(2^) and 

GF( 2 ^) respectively. Now with elements from GF(2^) and GF(2^) as the domain values, 

and the message k-Huples as the range, we form the decoding table in Table 5.11a As in 

Example 5 9 . 5 , x values belong to GF{2^) and y values belong to GF(2^) in the table, and 

they arc in the order of the power of a primitive element in the respective fields. 

The two-variable GP representing this decoding table is of the form 

f(x, y) =ESa.x^”V^^, 

i j 

where i = -®, 0, 1, .... 6; j = -®, 0, ...,2; x~®, y”“ = 1 and the coefficients belong to 
GF(2®). 


The coefficients a^ are listed as a power of 7 in Table 5.11b (Only the exponents of 7 are 
listed). 

We may note thsJi conjugacy relations exist among the coefficients and hence the 
two-variable decoding polynomial can be expressed as a sum of Frobenius terms. The 
coefficients satisfy the conjugacy relations as follows: 


(ajj) = a^j y ^ ^ j 3 

i = -«, 0, 1, 6, i = -w, 0, 1, 2. 

ThiB the decoding polynomial may be expressed as 

t(x,y) = + fi.(y x') + fr.(7“ ** + 

X* y) + fix(7^ x^ y), where frs(®) = ©+ ^ + w . 



Tabic 5 11 Decoding of a Linear (5,2) Code into k-tuple Message Vectors 

Using 2-D GSFs 


(a) Decoding Table with the Received n~tuples (split into k~tuple8 and n~k! tuples) 
as Domain and the Transmitted k-tuples as Range 


X 

i 

00 

01 

10 

1 1 

000 

00 

00 

00 

00 

001 

00 

01 

10 

10 

0 1 0 

00 

01 

11 

1 1 

100 

00 

00 

11 

10 

1 0 1 

10 

10 

10 

10 

1 1 1 

01 

01 

11 

10 

0 1 1 

01 

01 

01 

01 

1 1 0 

1 1 

1 1 

11 

11 


(b) CoefiBdenta d the Two— Variable GP Representing (a) 



—0) 0 1 2 


—00 

0 

0 — OD --00 — tX) 

1 

4 56 7 

2 

1 — tD 14 49 

3 

56 0 55 5 

4 

16 -to 35 28 

5 

35 0 31 20 

6 

14 0 61 17 


Now let the received vector be, say 1 1 0 1 0 . We split it into a 3 -tuple 
md a 2-tuple 1 0 » /3 = Sulxrtitutiiig x = 7 “ “'i y = ">“ “> f(*. »)> «=* 

f(x, y) = 7 “ + fr-(7“) +&>(/)+ ’ 






= 7 “ 


1 1. Thus 1 1 0 1 0 is decoded 


into the mensaff vector ] 1 

We conclude this chapter with a description of the GP representation of a syndrome 
table which plays an important role in standard array decoding. 


5.9.4 Syndrome Tables and their Representation Using GPs 

Syndrome is an important parameter of a standard array, which helps in simplifying 
the decoding process If fl is the parity check matrix of a linear (n.k) code, of size (n-k, n), 
and if I is a received n—tuple, then syndrome S is defined as 

S = rl'^, (5.9.2) 

where T denotes transpose. 

It may be noted that all the 2^ n-4uple8 of a coset have the same syndrome. 
Further, syndromes for different cosets are different. The syndrome of any code vector is 
equal to zero, 

In this section, we find the GP representation of a syndrome table. We note that a 
syndrome table is a many-to-one mapping from GF(2“) to GF(2’^ ^). Hence it can be 
represented by a GP with coefficients firom GF(2^2), being the L.C.M. of n and n-k. We 
state that this GP is a LGP. This is because the syndrome S, given by (5.9.2), is obtained 
by a linear combination of the rows of Further, since n— k is smaller than n, GF(2 ) 
is a proper subficld of GF(2^), and thus the coefficients satisfy conjugacy constraints 

resulting in the associated LGP being an LFP. 

All the roots of the LFP representing a syndrome table may not he in GF(2“), but 
may belong to an extension of it also. The rooU in GF(f), of the LFP representing the 
syndrome table, give the code vectors of the corresponding linear (n,k) code, because the 
value of this LFP at a code vector is equal to zero [In Chapter 6, we will study the 
properties and applications of special types of GSFs represented by LPs known as 
syndrome polynomials, all of whose roots lie in GF(2 ) and can be used to uniquely 


charactenzf linrax ( n.k i codes of a given pair of n and k]. 


Example 5.9 7 Let u« take the linear (5,2) code considered in Example 5.9.4. A basis for 

_ V [ 10111 ' 

this code is given by the generator matrix Q = [oilOlJ. Then the parity check matrix for 

[moo] 

this code may be obtained as I = lOOlO . By taking all possible linear combinations of the 

nooi_ 

matrix we get a mapping from GF(2^) to GF(2^). If we find the GP representing this 
mapping, we get a LGP, say f (x), which represents the syndrome table. The value of f (x) 
at any received n— tuple, pves the syndrome corresponding to that n— tuple. 

Since the L CIM of 5 and 3 is 15, the coefficients of f^(x) belong to GF(2^^). Let the 

i t 1 e 

primitive polynomial for generating GF(2 ) be x + x + 1. Let the primitive elements of 
GF(2^*^), GF(2®) and GF(2®) be chosen as % or and 0 respectively. Then the subfields 
GF(2®) and GF(2^) arc respectively generated by the minimal polynomials of and 
7 ^®®^ which are x® + + x + 1 and x^ + x + 1 respectively. 




CHAPTER 6 


SYNDROME POLYNOMIAL REPRESENTATIONS OF 

LINEAR BLOCK CODES 


In this chapter, we consider a special class of Galois switching functions (GSFs) 
from GF(2**) to GF(2*) which are represented by Galois polynomials (GPs) satisfying the 
following relations 

Six) =:0 ; xeU 

= y ; x^U.yeU'' (6.1«) 

where U is a k—dimerwiional subspace of GF(2“), and is an (n-k) dimensional subspace 
of GF(2*) wbch iatisfi« another GP, representing a GSF from GF(2^) to GF(2“), given 
by 

S^(x) =0 ; x6U^ 

= y ; x^U^yeU (6.1b) 

From the theory of linearised polynomials (LPs) (described in Appendix A), it 
follows that S(x) is a LP and S^(x) is its dual LP. The GSFs of the kind considered in this 
chapter provide an alternative representation of linear (n,k) block codes in terms of LPs by 
considering the subepace structure of linear block codes and forming polynomials with the 
code vectors as roots. We call these polynomials as syndrome polynomials (SPs) for reasons 
which will become evident in Section 6.2. 

We farther show that SPs represented in normal basis (NB) have interesting 
properties which help in the characterisation of well known linear block codes such as quasi 
cyclic codes and cyclic codes and that they lead to new methods for the study of wei^t 
distributions of such codes. 



In our ducuMion., th. term code' or . 'linev (n,k) code' impUe. . binury 

linear (n.k) block code, wherever it is used unless otherwise stated. 

6.1 Representation of a Linear Code as the Root Space of a 
Linearized Polynomial 

A linear (n.k) code is a k-dimensional subspace U of the vector space of n-tuples. 

The 2^ code vectors of this code are elements of GF(2“). We form the polynomial 

S(x) != H (x — 0) where 0 are the 2^ code vectors belonging to GF(2*^). This polynomial 
^ € U 

is a monic LP of degree 2^ . Thus we have the following theorem relating linear codes with 
the roots of appropriate LPs: 

'Ebeorimi 6.1.1 Any linear (n,k) code U can be uniquely represented by a monic LP over 
GF(2") of degree 2**, of the form 

S(x)= n (x~^ = x^ +a. ,x^ + +a-x, (6.1.1) 

where is a code vector coiwidcred as an element of GF(2“) belonging to U , and a^j # 0. 

Proof: We directly apply Theorem A.3.2 with the comment that the linear (n,k) code is a 
k-dimensional suhapace of GF(2“). Further, if a^^^ 0 , then S(x) has multiple roots 
meaning that the code vectors are not uniquely assigned to the message vectors, which is 
not true. Hence a^ # 0. Q.E.D. 

We also have a converse to the above theorem: 

Theorran 6.1.2; Any monic LP, S(x), of degree ^ of the form (6.1.1), with # 0, which 

X, . lin«r (p« code, th. cod. v«don. bring n.«nb,r. of th. root 

«paccofS(x). 



Proof: Lrt S(x| b. . nmn,c LP of degrte 2* with # 0, which diwdw A x. Now, the 

splitting firld for x - x, le . the field where all the roots of x are Ijring, isSF(2"). 

Since S(x) divide, x" - x. all the roots of S(x) He in GF(2*). Further, as S(ic) is a LP of ■ 

degree 2^, its roots form a k-dimensional subspace of n-tuples and since f 0, the roots I 

are simple In other words, the code vectors are members of the root space of S<x). I 

Q.E.D. I 

n 

Theorem 6.1.3 The number of LPs of the form (6.1.1) which divide x^ — x is given loy 

NdU. = VNl- 

where N_^ = (2‘-I)(2"-2)(2”-2“)..,(2"-2‘-‘) md 

= (2‘-l)(2'‘-2)(2‘-2^)...(2'‘-2‘“^). ; 

i'i 

Proof: The number of distinct binary linear codes of a given pair of n and Ic is eq|_ual to | 
^dkt Chapter 3. Since there is a one-to-one correspondence between LTs of the 

form (6.1.1) Sind linear codes of a given pair of n and k, the number of such LPs is eq|nal to 
the number of distinct linear codes of a given pair of n and k. Q.E .D. 

6.2 Linearized Polynomials for Decoding of Linear Codes 

We call the LPs whoee roots are the code vectors of a Uneai (e,1c) code, lu s-yndrome 
polynomials (SPs). This is because the structure of these polynomials may b« exploited for 
the decoding of linear codes. We show that SPs can be used for computing aymiroBnea of 

respective linear codas. ; 

A LP has the property that its range space can have values only from the root space 
of its dual polynomial. The SP representing a linear (n,k) code, say S(x) , » of degree 2^, | 

and its dual polynomial, say Sj(x), is of degree 2“ Thus the dual polynomial Las 2 
roots which appear as the range values of S(x). Each root of S^(x) appears in tlie range 


h. oth.r -ord.. v„tor r. in Ih. i'‘ co«t will hwve Ih. «m. r«g. v<Ju. S(t.). 

which actjs a» a eyndrome for that cotet, n r Pk 

Q.E/.D. 

Thu. *.v,„ nny r.c«v.d VKlor r, m, demmt of GF(2>), the procedure for decoding 

would be as follows 

Compute the n-luple .yndrome S(r). Identify the co«t lewler t correeponding to 
this syndrome Adding t to r . give* the transmitted code vector. 

Eximiple 6.2.1 Let us take the example of a linear (5,2) code with the code vectors OOOCX), 
10100, mil, 01011. Let X d” X "t” 1 be a primitive pol 3 momiaI for generating GF(2^) wdth 

Of as a primitive element. Then the above code vectors expressed as a power of a, is a~®, 

7 15 27 

Of , o and o respectively. The SP for this linear code may be computed as 

S(x) = x^ + o® x^ + X. 

This polynomial aasumcs the range values a®, a^, and a^, which 

are the roots of its dual polynomial S^(x) given by 

S,(x) = x8+cr'«x'+a'^'+a'®x. 

The standard array for this code may be formed as in Table 6.1. 

Table 6.1: Standard Array fOT a Linear (6,2) Code 


00000 

1010 0 

11111 

01011 

00001 

10101 

11110 

01010 

000 1 0 

10110 

11101 

01001 

00 100 

10 0 0 0 

non 

01111 

0 1000 

11100 

10111 

000 1 1 

00 110 

10010 

11001 

01101 

01100 

11000 

10011 

00111 

00101 

1000 1 

11010 

0 1 1 1 0 


In Table 6.2, we give the above array with the entries expressed as a power of a. We 
also hst the range value, S(r), for each cosct, in the first column, which acts as a syndrome. 




Oaly the exponents of or are listed in either case. 


Table 6.2: Standard Array of TaHe 6.1 incluifing SyndnaneB (expressed in Polar Form) 


IIQQII 



-tt. 7 15 27 

21 

0 22 24 6 

10 

1 28 14 29 

14 

2 4 16 23 

29 

3 13 26 18 

20 

19 30 25 8 

7 

20 21 17 11 

5 

5 10 9 12 


Now as an example of decoding using S(x), let us assume that the transmitted code 
vector c is 1 0 1 0 0 , and let the second bit be corrupted so that the received vector r is 
1110 0= a We compute the ^ndrome by substituting x = a in S(x). We get the 
syndrome as S(o*^) = + or®(a^^^ + cr^®(o^^) = + 1 = Now from the 

table, it is seen that the coset leader t corresponding to this syndrome isa = 0100 0. 
Therefore we get the transmitted vector ca8r + t=11100 + 01000=1010 0. 

6.3 Normal Basis Syndrome Polynomials 

SPs represented with rwpect to an appropriate normal basis (NB) have a special 

significance m coding theory for the following reasons; 

First, this helps us in the classification of linear codes on the basis of their weight 
distributions. Secondly, the class of t-cydic codes (quasi-cyclic codes which are closed 
under t cyclic shifts, t > 1) may be completely characterized by their SP representations m 
NB. Thirdly, and most importantly, cyclic codes (t = 1) have unique SP representations in 
the form of p^polynomials in NB. Further, the problem of finding weight distributions m 
cyclic codes may now be reduced to the problem of factorization of their NB p-po yn 




reprwentationa Finally, self dual cyclic codes and other well known cycUc codes Hke 
Bose— Chaudhun— HtKquengheni (BCH) and Golay codes may be compeictly represented 
using NB p-p<>lynonnals and their weight distributions studied. 

In the following sections, we bring out the above facts in detail. Hereafter, we 
that the code vectors are recognized as elements in someNB of GF(2^). 


6.4 Normal Basis Syndrome Polynomial Representations of 
Linear Codes with the Same Weight Distribution 

The following theorem gives a result relating codes with the same weight 
distribution 


Theorem 6.4.1 If the monic LP 

S^(x) = x^ + ... + ajjX (6.4.1) 

represents the SP of a linear (n,k) code, then the linear (n,k) codes represented by the SPs 

S/x) = x’" + (v/ + (Vz) + ■■■ + 

(6.4.2) 

where j = 0, 1. 2. t-1, {&/ = a. , i = 0, 1, .... k-1, a^^ ^ 0, have the same weight 

distribution, if a^ *8 are elements belonging to some NB of GF(2“). 


Proof: Let the roots of Sq(x) be r^ ^here p = 2^-1 and each r. is a code 

vector of a linear (n,k) code C^j , considered as elements belonging to some NB of GF(2 ). 


Let r^j be the zero code vector 


Now let u. cooxid^ Un.« (n.k) code., C. , whc»a code vector. «e obtained by 
cyclic .h.ft.ng each of the n-tupl. code vector, of C„ repretented in some NB of GF(?), by 

j places where j = 1, 2 t-1, and t cyclic shift, results in the code Cj itself. 

, n ' A 1 t^l *will have the same weight 

Evidently, the »et of codes Cj, j = Or !■» ***» ' 



distribution Let m now consider the SPs representing the codes in this set. Cyclic shifting 
of the code vectors r^ , i = 0, 1, 2, 2^—1, by j places is equivalent to raising r^ to 2^ th 

power, in NB It is known th^ [27], if r^ , r^ , rj^ form a basis for , the monic LP 
representing is given by 

Sq(x) = D(x)/Dj^ , (6.4.3) 

where Dj^ is the determinant given by 



and D(x) is the polynomial gjven by 




In the exprewion for I>(^)» ^ ^ " 

t-1, where r? =s r., then the corresponding coefficient 
1 r 


k, is replaced by r^ , j — 1, 2,..., 
of the LP representing is raised 



to the power 2^i j 1,2, t 1. 


Q.E.D. 


DluBtration: Let us consider a linear (4,2) code consisting of code vectors Tq i i Tj and r^. 
Let Tq be the zero code vector. Let and r^ be a basis for this code. Thus + 12 . 

Then 


D„ 


V2 ('1 + '2) 


and S-{x) may be obtained as 


So(x) = D(x)/D2 = x^ + a/ + agx 


where a^ = (r^ + and a^ - (r^ij (r^ + Tj)) 

Substituting r and r 2 by rj and respectively, we get the new coefficients, say 


; = rf +rjr^ = aj,andaja8aj = rjr^(rj + rp-aj. 

Thus Sj(x) = x^ + a^ x^ + aj X and so on. 

6.4,1. In to e«mpk, w. lirt in the form of a table (Table 6.3), dl monic LP. of 
tbe fol (6.1.1) wrtb a„ . 0 , -bleb .to n. Each of them repreeenta tbe SP of a 
bnear (4,2) code. The number of such polynomials is given by 

N . = N /Nj = (2‘-1).(2'-2)/(2'-1).{2 -2) = 35. 

We assume to the "polynomid coefficients belong to a NB of GF(2*). Let the 

X- + X + 1. Let the primitive elements of 

primitive polynomial for generating W I, 1 

■vT'o 1 . /3 «w/i ft rftsnectivelv. We choose the normal 
QF(2^) in standard basis (SB) and m NB e ^ ^ 

basm vectors for GF(2‘) as f. '' ' ’’ 


as a 


u - wt 



where c - 0000, and € GF{2). All the 36 codes are put into different classes. Each 
class contains cod<» whose SP representations are of the form 

2 ^ 

where j — 0, 1,2, t— 1, (a.) = a. , i = 0, 1, a^^ 0, and thus have the same weight 

distribution. The coefficients a are represented as a power of a, the exponents of which are 
listed in the respective column, in the order a^j , where = <r°. This is followed by 

the code vectors, again represented as a power of <r , the exponents of which are hsted. In 
the last column is listed the cartesian representation of the code vectors in NB in the order 



Class 

SI 

No. 

No. 

1 

1 


2 


3 


4 

2 

5 


6 

3 

7 


8 


9 


10 


Syndrome 

Polynomial 


0 14 11 

0 13 7 

0 11 14 

0 7 13 


0 10 10 

0 5 5 


0 1 
0 2 
0 4 

0 8 


Code vectors in 
polar form in 
normal basis 


2 3 6 

4 6 12 

8 12 9 

1 9 3 


3 10 12 
6 5 9 



Code vectors ia 
cartesian form 
in normal basis 

0000 

0011 

0001 

0010 

0000 

0110 

0010 

0100 

0000 

1100 

0100 

1000 

0000 

1001 

1000 

0001 

0000 

0001 

0101 

0100 

0000 

0010 

1010 

1000 

0000 

0001 

0110 

0111 

0000 

0010 

1100 

1110 

0000 

0100 

1001 

1101 

0000 

1000 

0011 

1011 


— ffl 















Table 6 3 (ccaitinuwi) 


Syndroroi* 



Code vector* ia 
poI«i form in 
Bonnil buis 


-w 3 5 11 

-« 6 10 7 

-CD 12 5 14 

9 10 13 


8 13 

1 11 
2 7 

4 14 


0 3 14 

0 6 13 

0 12 11 

0 9 7 


2 4 10 

4 8 5 

8 1 10 

1 2 5 


2 13 14 

4 11 13 

8 7 11 

1 14 7 


Code vectoiB in 
cartesi&n fonn 
in normal basis 


0000 0001 1010 1011 
0000 0010 0101 0111 
0000 0100 1010 1110 
0000 1000 0101 1101 


0000 0001 1100 1101 
0000 0010 1001 1011 
0000 0100 0011 0111 
0000 1000 0110 1110 


0000 nil 0001 1110 
0000 nil 0010 1101 
0000 nil 0100 1011 
0000 nil 1000 0111 


0000 0011 0110 0101 
0000 0110 1100 1010 
0000 1100 1001 0101 
0000 1001 0011 1010 


0000 0011 1101 1110 
0000 0110 1011 1101 
0000 1100 0111 1011 
0000 1001 1110 0111 


0 2 8 0000 nil 0011 1100 

0 4 1 0000 nil 0110 1001 


-in 10 11 14 

5 7 13 


0000 0101 1011 1110 
0000 1010 0111 1101 


0 5 10 0000 nil 1010 0101 
























e.5 Normal IWm Syndrome Polynomial Representations of 

Qua^i (Nrlic Codes 

A hnf&r (n.k) quMi cyclic code la a k-dimensional subspace which contains code 
vectors which are closed under block cyclic shifts. We denote a Imear (n,k) quasi cyclic 
code which are closed under cyclic shifts (t > 1) as a t-cydic code. 

In this aection, we characterise t-cyciic codes using SPs with respect to a NB. The 
following theorem give* a characterisation of t-cyclic codes by SPs in NB. 


Tbeorem 6 5 1 Any linear (n,k) t—cyclic code Q can be uniquely represented by a monic 
LP over OFC2*) of degree 2^, of the form 


SC*) 


as n (X - /f) as X'* + qu 4... + n x, 

^ C Q ^ 


(6.5.1) 


where GF(2') w a subfield of QF(2*), fi is a code vector considered as an element in some 


NB of QF(2*) belonipng to Q, and q^ # 0. 


Proof: A linear (n,k) quasi cyclic code Q which is closed under t cyclic shifts has the 
property that if ^ € GF(2*) is a code vector belonging to Q , then the element of GF(2’‘) 
which is obtained by cyclic shifting the n-tuple components of ^ by t positions, also 
belong! to Q Now. if 0 m conaidered as an elecnent in some NB of GF(2'‘), then ^ also 
bdonp to Q where q ae 2*, as cyclic shifting the iHiuple components of ^ by t positions 
amounts to rawng 0 to the power 2\ in NB. Thus code vectors in Q can be grouped mto 

cyd« ik, fem 0 . . fi . ' ''!>«« ^ . /»j >«;“« • representative 

member of the j’*' cycle and <i = 2’. Let us consider the polynomial (. which has /S , i = 0, 

1 m.-l , as ,(a roots, t is obviously the minimsl pdynomisl d 0. over GF(q), and thus 

c® have coefficients only fcom QF^. No» ‘1>« SP representing this code is a product of 



^ j*^ '• therefore cm have coefficienti only from GF{q). Further, S(x) i» a LP eince 
it, roote axe the r mfr vector* and the coefficient # 0. since there are no multiple roots. 

Q.E.D. 


Example 6.5 1 An an example, we refer to Table 6.3, which lists all the linear (4,2) codes. 
Classes 2 and Id of this table give 2-cychc codes, and we may see that the coefficients of 
their normal basm syndronie polynomial (NB SP) representation belong to GF(2^). 

Next theorem is a converse to Theorem 6.5.1: 

Tl»or«m 6.5.2 Any monic LP S(x) in NB, of degree 2^ over GF(2*) of the form (6.1.1), 

with < 1 q # 0, which divides x - x, represents a linear (n,k) t-cychc code, where the code 
vectors are member* of the root space of S(x), comidered as elements represented in some 
NB of GF(2*), and GFC2*) u a subfield of GF(2*). 

m 

Roof: We use the result that for any field GF(q), q = prime power, - x factors into 
monic irreducible polynoimal* over GF(q) whose degrees divide m. In our case, m = n/t 

and q « 2*. Since S( x) dhvidei x^*- x and q^j # 0, the roots of S(x) form the code vectors of 

a linear (n.k) code Now a* - x can be expressed as a product of monic irreducible 

polpomiali over GF(2*), and ^x) h» co^dents from GF(2 ), S(x) may be expressed as 
a product of monic irreducible polynomials over GF(2 ). This means that the roots of S(x) 

can be grouped into cycle#, the cycle containing the roots ^ , i -- 0, 1, 1, q 

In other wordb, S(x) !«• root# whose n-4uple components are closed under t y ' 

tb roots are considered as elements in #ome NB of GF(2“). Thus S(x) represents a b^ydic 

Q.E.D. 

code. 



11beor«n 6 6 3 : If t hi* N B SP 


c I \ 2 ^ 2^—1 

Sp{x) = x + + q^x, (6.5.2) 

repr«tent« & Iin<-iu (n.k) t-cyclic code, where the coefficients q.‘B € GF(2*), then the NB 

SPi fiven by 


S/X) 


+ {q 


t-l 


2 ' 

) X 


k-l 




k-2 


+ ...+ 


(Qq)^ X, 


(6.5.3) 

2 * 

where j = 1, 2, , t~l, (q^) = q^ , i = 0, 1, ..., k— 1, q^ ^ 0, also represent linear (n,k) 

t-cyclic code* Further, the t-cychc codes represented by S. , j = 0, 1, t-1, have the 

J 

laaae weight diitnbution 


hoofs Let SqCx) reprewent the linear {n,k) t-cyclic code Q^j , whose roots are code vectors 
considered a* element* belonging to tome NB of QF(2“). Now let us consider linear (n,k) 
codes whoie code vector* are obtained by cyclic shifting each of the n-tuple code vectors of 
Qq • by j places where j = 0, 1, 2, t~l (t cyidic shifts results in the code Q^j itself). We 
proved m Theorem 6 4 1 that the set of codes Q , j = 0, 1, .... t-1, will have the same 

J 

weight dustnbiition, and further S.(x), j = 0, 1, ..., t— 1, represent these codes. Now we 

J 

prove that if is t-cychc, then • i * 2, ^ t-cyclic codes, as follows: 

i 

Since Qq !» a t-cyclic code, it contains code vectors of the form ^ , i = 0, 1, ..., 
m^l where q « 2*. and member of the cycle. Now since , j = 1, 2, ..., t-1, are 

obtained by cyclic shifting the n-tuple code vectors of Q^j represented m a NB of GF(2 ), 

they contain code vectors of the form i i — 0, li -i ni^l , j — 1» 2, •••, t— 1. In other 

words, Q. . i « 1, 2, ... t-1, are also t-cychc codes, represented by the NB SPs S.(x), j = 1, 

J ' ' vn 



E«Dpl» In the tx«npl« ( 5 >»en Wow, „ W (6,3) q^xi cyclic codw, mi their NB SP 
repruenixm™ The r«Je veclon ve liited u » power of o primitive element, eoy cr, in 
wme NB of Ofi'J ) Only the exponent# of ^ are listed. The codes listed are grouped into 
classes, ea*-h claim corftaiiung codes with the same weight distribution. The primitive 

polynomiil uaM*d for generating GF(2®) is chosen as x® + x + 1. 

It may be noted that a cyclic code which is closed under single cyclic shifts is also 
closed under t cyclic shifts (t > 1) However, they are not listed. 

Example 6 6 2 2--cychc codes 

Here all the (6.31 2-cyclic codes are represented by NB SPs of degree 8, ie., 

2 4 S 2 

S(x) S5 s|^x 4* q^x 4 qj X 4 q^ x , with coefficients q. from GF(2 ) which is a subfield of 

M 

QF(2 ) q. « I. since the polynomial is monic. The coefficients of these 2-cyclic codes will 
be from the field OF(2^) given by where i = 0, 21 and 42. 

Table 6.4: Normal Bans Syndrome Pdyncanials of (6,3) 2-Cyclic Codes 
Grouped into Qamm on the bs^ of Same Wdght Distributions 


SI 

No 

Spd««Q« 

MysonisJ 

CotHi&mu 

Code vectOT k aormsl basis 

1 

% % % 

0 21 21 0 

0 42 42 0 

0 13 14 19 35 52 K 

0 26 28 38 7 41 49 

2 

0 21 42 0 

0 42 21 0 

3 12 42 43 46 48 58 

:: 6 24 21 23 29 33 53 

3 


-. 3 12 21 30 39 48 67 

6 24 42 60 15 33 51 

4 

21 21 0 0 

42 42 0 0 

n 1 4 6 16 24 33 

- g 1 8 12 32 48 3 






211 


Tabic 6.4 (continued) 


No 

1 

SP ^Cocflideiti 

Code vectors in normal basis 


% 

% 

% 

% 









5 

21 

21 

42 

0 

— m 

10 

14 

21 

34 

35 

40 

56 


42 

42 

21 

0 


20 

28 

42 

5 

7 

17 

49 

6 

21 

42 

0 

0 

"""“CD 

7 

21 

28 

47 

49 

59 

62 


42 

21 

0 

0 

--tD 

14 

42 

56 

31 

35 

55 

61 

7 

21 

42 

42 

o’ 

— (D 

11 

27 

42 

44 

45 

50 

54 


1 42 

21 

21 

0 

—0) 

22 

54 

21 

25 

27 

37 

45 


Example 6.5.3: 3-cyclic codes 

Here all the (6,3) S—cyclic codes are represented by NB SPs of degree 8, with 
coefficients from GF(2^) which is a subfield of GF(2®). The coefficients of these 3-cyclic 
codes will be from the field GF(2^) given by {s^}, where i = 9. 18, 27, 36, 45 and 54. 

TaUe 6.5: Normal Basis Syndrome Polynomials of (6,3) 3-Cyclic Codes 
Grouped into QaBses on the basis of Same Weigh* Distributions 


SI 

No 

Syndrome 

Pdynomial 

Coefficients 

Code vectors in normal basis 

1 

% 'll **2 % 

9 0^0 

18 0 9 0 

36 0 18 0 

— m Q 23 27 8® ^ 

18 S M 9 31 53 59 

^ ^ g 18 62 43 66 

2 

9 9 0 0 

18 18 0 0 

36 36 0 0 

n lA 18 27 38 49 52 

^ n M 36 54 13 35 41 

- “ 1 f 46 26 7 19 






Table 6.5 (continued) 








% ^ 
9 18 27 

18 36 54 

36 9 45 


9 27 54 

18 54 45 

36 45 27 


9 36 18 

18 9 36 

36 18 9 


9 45 45 

18 27 27 

36 54 54 


9 54 9 

18 45 18 

36 27 36 







27 9 54 

54 18 45 

45 M 27 


27 18 18 

54 36 36 

45 9 9 


27 27 45 

54 64 27 

45 45 54 


27 36 9 

54 9 18 

45 18 36 


27 45 36 

54 27 9 

45 54 18 


Code vectors in normal basis 


“®5 9 18 29 40 43 54 

-® 10 18 36 58 17 23 45 

-® 20 36 9 53 34 46 27 


0 9 20 31 34 45 59 

0 18 40 62 5 27 55 

0 36 17 61 10 54 47 


-® 0 11 22 25 36 50 54 

-^0 22 44 50 9 37 45 

-00 0 44 25 37 18 11 27 


-00 2 13 16 27 41 45 54 

4 26 32 54 19 27 45 

-o 8 52 1 45 38 54 27 


0 -00 4 7 18 32 36 45 56 

0 8 14 36 1 9 27 49 

0 -a 16 28 9 2 18 54 35 


0 -a 0 9 11 21 25 42 45 

0 -a 0 18 22 42 50 21 27 

0 -a 0 36 44 21 37 42 54 






2 12 
4 24 

8 48 


7 24 

14 48 

28 33 


18 36 

36 9 

9 18 


9 27 

18 54 

36 45 


18 27 

36 54 


16 33 

32 3 

1 6 


27 45 

54 27 

45 54 


45 47 

27 31 

54 62 


36 38 

9 13 

18 26 


29 39 

58 15 



9 45 53 30 


18 20 30 34 

36 40 60 5 

9 17 57 10 


36 54 

9 45 

18 27 


54 56 

45 49 

27 35 


57. 61 

51 59 

39 55 


48 52 

33 41 

3 19 


43 60 

23 57 

46 51 


51 54 

39 45 

15 27 


14 


27 54 

54 45 

45 27 


— tX) 
—00 






















6,6 Normal Basis Syndrome Polynomial Representations oi 

Cyclic Codes 

The NB SPs of cyclic codes (t-cyclic codes where t = 1), have other inter-esting 
properties when compitfed to those representing t-cyclic codes where t > 1, and therefore 
deserve special attention Therefore, in this section, we study the structure of SPs, 
whose roots form cyclic subspaces representing linear (n,k) cyclic codes. 

Since a t cyclic code can be represented by a NB SP whose coefficients belong to 
the subfield GF{2*) of GF(2®), and since cyclic codes can also be regarded as t-cyclic codes 
with t = 1, it is logical to assume that its NB SP will have coefficients from the ground 
field. However, we will prove this r«iult differently to emphasize the additional structure of 
a cyclic subspace m NB 

6.6.1 Representation of a Cyclic Code as the Root Space of 
a Normal Basis P-Polynomial 

If we recognize the elements of a cychc subspace as elements in some NB of GF(2'‘), 
we immediately see that the same has the structure of a modulus M. According to 'Theorem 
A.3.8, 0 LP whose roots form a modulus has coefficients from the ground field 'Thus we 
have the following important result: 

Theorem 6.6.1 Any linear (n.k) cyclic code over GF(p) can be represented by a 

L 

p-polynomial of degree p of the form 

G(x)= n = / + + 

fi € M ^ 

if the code vectors are recognized as elements in some NB of GF(p ), where g^, M 

and g.’s € GF(p). 


P,„ 0 f: We hm,t our d.»ru»,on to p = 2. By Theorem 6.1,1, o lmo„ (o,k) cyclic code aleo 
CH. be repr«ented by a momc LP over GF(2*) of degree 2^. Now, it is required to prove 
that the coefficients are rwtncted to the ground field GF(2). Any linear (n,k) cyclic code 
has a basis consisting of the generator polynomial g(x), x g(x), x^ g(x), x^”^ g(x) 

modulo x"- 1 , where x* gfx) modulo x“- 1, i = 1. 2, .... k-1, amounts to cyclic shifting the 
code vector representing g(x). Now, if we consider the code vector corresponding to g(x) as 
an element y in some NB of GF(2*), then a basis of the cyclic code consists of k linearly 

2 2 ^ 2 ^“^ 

independent vectors of the form y , y , y , y , since cyclic shifting the n tuples of 
y by j plac« corr«iponds to raising y to the 2^ th power, in NB. Thus the cyclic subspace 

consists of elements of the form y , y , y , y , and their linear combinations. This 
subspaice is thus having the structure of a modulus. We have, from Theorem A. 3.8, that the 
LP whose roots form a modulus, is a p-polynomiaL Further, ^ 0, as in the case of any 
linear (n,k) code Thus any linear (n,k) cyclic code can be represented by a NB 
p-polynomial of degree 2^ with gg # 0. Q.E.D. 

We state a converse to the above theorem: 

Theorem 6.6.2: Any p-polynomial of degree of the form 

k k-1 

Gtx)= n (x-i5} = xP +g. + + goX. (6.6.2) 

with ^ 0 and g^ 6 GF(p), which divides x*" -x, represents a linear (n,k) cyclic code if its 
code vectors recognized m elements with respect to an appropriate NB are considered as 
roots of the same. 

Proof: We limit our discussion to p = 2 as before. Now since G(x) is a LP of degree 2^ 

with gjj # 0, imd It dividw X, the roots of the same represent a linear (n,k) code 
according to Theorem 6 1 .2 To prove that this code is cyclic, we note the fact that G(x) is 
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a p— polynomial whose roots satisfy the property that the p^^ power of a root is agsiin a 

root, ie., the roots have the structure of a modulus consisting of a union of sets of the form 
2 

{y ( ^ ^ cyclic subspace if we consider the roots as belonging to an 

appropriate NB. Thus any G(x) of the form given in (6.6.2) represents a cyclic code. 

Q.E.D. 


6.6.2 Computation of the Normal Basis P-Polynomials 

Representing a Given (n,k) Cyclic Code and its Dual 
(n,n-k) Cyclic Code 

Unlike the case of determination of SP representation of a general linear (n,k) code, 
the NB p— polynomial representation of a given linear (n,k) cyclic code can be found 
relatively easily. This follows from the results available on the class of p— polynomials 
(outlined in Appendix A). We proceed as follows: 

Let g(x) be the generator polynomial of the given linear (n,k) cyclic code and let 
h(x) be its parity check polynomial. Then g(x) and h(x) both divide x^— 1, and generate the 
cyclic code C and its du 2 d code (which is also cyclic) respectively. Further, they satisfy 
the relation 

x“- 1 = g(x).h(x). (6.6.3) 

We connect this relation, with the p— polynomieils representing C and using the 
notion of q— associates. We assume that G(x) is the linearized q— associate of h(x) and H(x) 
is the linearized q— associate of g(x). Then G(x) and H(x) satisfy the relation 

x^'^- X = H(x) (x) G(x) = G(x) (X) H(x), (6-6.4) 

where (x) denotes symbolic multiplication. 

This is obtained by converting (6.6.3) to its linearized cj-associate form. From the 
theory of p-polynomials, it follows that H(x) is the dual LP of G(x) and vice versa. Since 
g(x) is of degree n— k, and h(x) is of degree k, their linearized q— associates, namely H(x) 
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and G(x) have degrees 2 and 2^ respectively. The NB p— polynomied representing C , 
then must be G(x) which is the linearized q-associate of x“-l/g(x) = h(x), and the NB 
p— polynomial representing must be H(x) which is the hnearized q— associate of 
x“-l/h(x) = g(x). 

Note; Because of the q— associate relationship, the NB SP representing the dual code of a 
cychc code coincides with the corresponding dual LP. However, this is not so, in the case of 
any general linear code. 


Example 6.6.1: Let us illustrate the case with the NB p— polynomial representations of a 
(7,3) cychc code and its dual, namely a (7,4) cychc code. First, we factorize x^— 1 into 
irreducible factors over GF(2)[x] as 

-1 = (x + l)(x^ + X + l)(x^ + x^ + 1). 

. Let g(x) = (x + l)(x^ 4- X + 1) = x^ + x^ + x^ + 1. 

Then h(x) = (x + x + 1) generates the dual (7,4) cychc code. 

Thus x^ —1 = (x^ + x^ + x^ + l)(x^ 4 x^ + 1) 

Turning to their hnesurized q— associates, we get the relation 


x^ — X = G(x) (x) H(x), 

^ 1 

8 4 3 2 2 * 

where G(x) = x 4 x 4 x is the hnewized q— associate of x 4 x 4 1 = x 4 x 4 1 

The roots of this polynomial axe the code vectors of the (7,3) cychc code whose 

generator polynomial is x 4 x 4 x 4 1. 

T 

Let us determine the roots of G(x) in a NB of GF(2 ). We choose the primitive 
polynomial for generating GF(2 ) as x 4 x 4 x 4 x 4 1. Let yd and cr respectively be 

Q 

primitive elements of this field in SB and in NB. The roots of G(x) = x 4 x 4 x in 
GF(2^) may be found as 0, (X®, and This set of roots expressed in 

any of the NBs of GF(2^) as polynomials in ^ , i = 0, 1, .., 6, where ^ is a normal basis of 



GF(2^), gives the (7,3) cyclic code, the coefficients of the polynomials giving the n— tuple 
code vectors. We choose a NB, e?‘, for GF(2^) as j^^}. Thus 

any tr" = + “j6 ^ + n“j4 + °^j3 ^ + ^-2 1 ^, 

where m^. € GF (2) . 

The roots expressed in terms of are given in Table 6.6, where the m^ ’s are 
listed in the order m^g m^g ... m^. 


Table 6.6; Representation of a (7,3) Cyclic Code in Normal Basis 

a~^ = 0000000 

= 1010 011 
(T® = 010 0111 

= 1001110 
= 0011101 
=0111010 
(T®® = 111010 0 

(T®® = 11010 01 


Now let us determine the NB p— polynomial representation, H(x), of the dual of this 

code, ie., a (7,4) cyclic code generetted by the parity check polynomial h(x) of the (7,3) 

cyclic code. This polynomial may be easily seen to be the linearized q-associate of g(x) = 
4 3 2 16 3 4 

X + X + X + 1. Thus H(x) = X + X + X + x. Using the same primitive polynomial 
and NB for GF(2 ) as in the case of the (7,3) cyclic code considered in this example, the 
roots of H(x) in GF(2 ) may be fotmd asO, <r,(r ,<r ,<r , cr , a , <r , a , <r , (r , 
^116, ^106^ ^83^ and <r^. The roots expressed in terms of m..*8 are given in Table 6.7, 
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Table 6.7: Representation of a (7.4) Cyclic Code (which is the Dual of the (7,3) Cyclic 


Code given in Table 6.6) in Normal Basis 



0000000 


=: 

1111111 


= 

0100011 


= 

1000110 



0001101 


= 

001 1010 



0110100 

100 

(T 

= 

1101000 

a"" 

=: 

1010001 

^29 

= 

1110010 


zz 

1100101 



1001011 

105 

(T 

z= 

0010111 


=: 

0101110 


zz 

1011100 


= 

0111001 


This gives the (7,4) cychc code whose generator polynomial is the peurity check 
polynomial of the (7,3) cyclic code amd whose NB p— polynomial representation is given by 
H(x). 

Theorem 6.6.3: Any j>— polynomial G(x) of degree 2^ of the form 

ok „k-l 

G(x) = + g^_j x'^ + + gg ^ ^ 

which divides x — x, represents a linear (n,k) cyclic code, and the corresponding dueJ 

n-k 2“ 

p-polynomial of degree 2 which divides x — x represents its dual (n,n-4c) cyclic code, 
the roots of both the polynomials in some NB of GF(2^) representing the respective cyclic 
subspawes. 
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2 ^ 

proof: Since G(x) divides x — x in the ordinary sense, it also divides x^ — x symbolicsdly, 

according to Theorem A.3.6. Thus it is possible to write 

X — X = G(x) (x) H(x), 
for some p— polynomial H(x) of degree 2“~^. 

Turning to their conventional q-^issociates, we have 

x^ -1 = h(x).g(x) 

where h(x) is of degree k atnd g(x) is of degree n— k. Thus g(x) is a divisor of x^ — 1, of 
degree n— k, and represents the generator polynomial of a hneeur (n,k) cyclic code. Similarly 
h(x) is a divisor of x“ —1 and is of degree k, which is the generator pol5momied of a (n,n— k) 
cyclic code this being the dual of the (n,k) cyclic code generated by g(x). 

Q.E.D. 


6.7 Study of Weight Distributions in Cyclic Codes 

In a cyclic code, the code vectors cem be grouped into cycles. The code vectors in 
each cycle are closed xmder cyclic shifts. Further, eaK:h cycle has code vectors of the same 
weight. Thus determination of weight distribution of a cyclic code reduces to the problem 
of identifying the cycles in the code. In this section, we show that the NB p— polynomial 
representation of a cyclic code, say G(x), (where the code vectors eu:e considered as 
elements represented in some NB of GF(2*‘)) facilitates in finding these cycles, and hence 
the weight distribution. We formulate a new method for finding the weight distribution in 
a cyclic code fi-om their NB i>-polynomial representations, and illustrate it with sxiitable 
examples of well known block codes. 
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6.7.1 Determination of the Weight Distribution of Cyclic 
Codes from their Normal Basis P-Polynomial 
Representations 

When the code vectors of a linear (n,k) cychc code are considered as elements 

‘) ‘P‘ 

represented in a NB, a cycle in the code will have code vectors of the form y , y"^ , y"^ 

y^ , where t is the length of the cycle. The minimal polynomial of y of degree t divides 
the p-^olynomial G(x) representing the cyclic code. Thus the factorization of G(x) into 
ineducible polynomials over GF(2)[x], helps in identifying the cycles in a cyclic code. The 
number of cycles is equal to the number of irreducible polynomials in the factorization. The 
number of members in each cycle is equaJ to the degree of each irreducible polynomial in 
the factorization. The weight distribution of the given cychc code can be found by 
determining the weight of one representative root of each fju:tor. The order of the 
representative root of each irreducible factor of degree t must be of order t. 

We have developed a method for the factorizadiion of polynomials over finite fields 
using the concept of DFT over finite fields. This is given in Appendix B. This is essentially 
a root finding algorithm and is particularly efficient if there are no repetitive roots and 
further, if the field in which the roots lie are known. Thus factorization of SPs can be 
efficiently done by this method. 

We illustrate the method of determination of weight distribution of cyclic codes 
with some examples. In all the examples, we assign and o as primitive elements of 
GF(2“) in SB and in NB respectively. We denote the number of code vectors of weight i as 
A.. Since x is always a factor of G(x), the root x = 0, which corresponds to the all zero 
code vector, is always present, and A^ = 1. Therefore, we list only the non— trivial cycles in 
the following examples: 
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Example 6.7.1: (i) We choose the (7,3) cychc code given in Example 6.6.1 with 

g(x) = x^ + + X +1 and h(x) = x^ + x^ + 1. Let the primitive polynomieJ for 

generating GF(2 )bex +x +x +x+l. Let the NB for GF(2'^) be chosen as 

^ ^ ^ 1 ^}- G(x) has been obtained as G(x) = x® + x^ + x. Therefore G(x)/x 
= x^ + x^ + 1 which is an irreducible polynomial over GF(2)[x]. Thus the number of 
non-trivial cycles in this case is equal to 1 and its length is equal to 7. One root of G(x)/x 
in NB is given bycr =1010011 whose weight is 4. Thus the weight distribution of this 
cyclic code is = 1 , = 7. 

(it) Let us now compute the weight distribution of the dual of the above cyclic code 
ie., a (7,4) cyclic code (also given in Example 6.6.1) whose g(x) = x^ + x^ + 1 and h(x) = 
x^ + x^ + x^ + 1. 

G(x) = x^® + X® + x^ + X. 

The q— associate relationship between ‘G(x) and h(x) helps in the factorization of G(x). 

q 

Since h(x) may be factorized into irreducible factors as h(x) = (x + l)(x + x + 1), G(x) 

2 

may be symbolically factorized into symbohceJly irreducible factors as G(x) = (x" + x) (X) 

8 2* 

(x + X + x). Since, each of these factors divides G(x) symbohcally, they divide G(x) in 

2 8 2 

the ordinary sense also. Thus (x + x) and (x + x + x) are factors of G(x), or (x + 1) 
and (x + X + 1) are irreducible factors of G(x)/x. The remaining irreducible factor can be 
found to be equal to x + x + x + x + x + x +1. Thus the number of non— trivial 
cycles in this case is equal to 3, with cycle lengths 1,7 and 7 respectively. The 
representative roots sure 

(1) <r® = 1 1 1 1 1 1 1 (root of X + 1) 

(2) =1110010 (a root of x^ + x + 1) 

(3) (r^^ = 0 1 0001 1 (arootofx^+x® + x® + x^ + x®+x^+l) 

Thus the weight distribution of this cyclic code is given by 

'^0 ~ "^3 ~ "^4 ~ '^7 ~ 
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Example 6.7.2 Let n - 9, k _ 3. Let the primitive be 

i T i *>, TJR f nvfo^ u u ^^yDomial for generating 

X® + + 1 I'®* GF (2 ) be choeen aa * 

/-I = (X + l)(x^ + X + 1)( x« + :^3 

(.) «(’') = ** + + 1- Th™ h(x) = (x ^ , 

,,,,., +x+l) = (x^+l)- 

G(x) = Imeanzed q-associate of h(x') s-j 8 

0(x)/x = (x + l)(x^ + X + l)(x® + 3^2 J 

Th„ tee .re 3 non-trivij cycle, of j 3 ^ The 

representative roots are 

(1) 0'*' =111111111 (root of X 4 - 

(2) ,r” =011011011 (arootofx^ -4- x+ 1) 

(3) ^219^ 1 0 0 1 0 0 1 0 0 (aroot of + 1 ) 

Thus the weight distribution of this cyclic code is 


Ajj = 1 , Ag = 3, Ag = 3 and A^^ = 1. 


(it) Let us take the dual of the (9,3) cyclic code in (,•) ^ code, and 

find its weight distribution by the factorization of its NB tw i . , station. Let 
® P~i>olynonual represenv^*'* 

the primitive polynomial for GF(2 ) and the NB be same as in Then g(x) " ^ 

b(x) = X® + x^ + 1. Therefore G(x) = linearised q-associate of h(x) + 
G(x)/x=:x®^ + x^+ 1. 

Since h(x) is irreducible in GF( 2 )[x], the degree of every irreducible factor of ^WA 
is equal to the order of h(x), according to Theorem A.3.7. The order of h(x) may ^ 
to be equal to 9. Thus G(x)/x can be factorized into 7 irreducible polynomial® ^ 
degree 9. Thus there are 7 nonr-trivial cycles each of length 9 These irreducible 
polynomials and their representative roots are listed in Table 6 8 Only the expo®®®*® ^ 


polyBOinials, they are not listed. Thus an entry * 9 6 5 2^ would mean the irreducible 
9 6 S 2 

polynoniial x + x + x + x +1. The roots are listed as a power of <t , the exponents of 
which are hsted in the respective column. 


Table 6.8; Irreducible Polynomials in the Factorisation of x®^ + + 1 

and their Representative Roots in Normal Basis 


SI 

No. 

Irredndble Polynomials 
in tie factorization of 

63 7 ^ , 

Ilq>reBeittative loots 
in normal basis 

Polar 

Cartesian 

1 

9 7 4 2 

53 

101011110 

2 

9 7 5 1 

107 

010110100 

3 

9 6 5 2 

63 

010011001 

4 

9 5 4 1 

253 

110111001 

5 

9 7 6 4 3 1 

17 

110000110 

6 

9 6 5 4 3 2 

45 

111000111 

7 

9 7 6 3 2 1 

59 

010000010 


Thus the weight distribution of this cyclic code is 

A- = 1, A. = 9 ,A. = 3 X 9 = 27 and A = 3 X 9 = 27. 

Example 6.7.3: Let n = 4, k = 3. Let the primitive polynomial for generating GF(2^) be x** 
+ X + 1. Let the NB for GF(2^) be chosen as {^ , ^ , ^}- 

x*-l = g(x).h(x) 

where g(x) = x + 1, and h(x) = x^ + x^ + x + 1- 
G(x) = linearized q— associate of h(x) = x + x + x + x. 

G(x)/x = (x + l)(x^ + X + l)(x‘ + X + 1). 

Thus there ere 3 nontrivial cycles of length 1, 2 and 4 respectively. The representative 
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roots BXt 

(1) (T® = 1 1 1 1 (root of X + 1) 

(2) <r = 1 0 0 1 (a root of + x + 1) 

(3) = 1 0 1 0 (a root of x^ -f x + 1) 

Thus the weight distribution of this cyclic code is 

Au = 1,A2 = 4 + 2 = 6 and A^ = 1. 

Example 6.7.4: Let n = 3, k = 2. Let the primitive polynomial for generating GF(2^) be 
+ x^ + 1. Let the NB for GF(2^) be chosen as 

x^-l = g(x).h{x). 

where g(x) = x + 1, and h(x) = x + x + 1. 

4 2 

G(x) = linearized q— associate of h(x) = x + x + x. 

G(x)/x = x^ + x + 1. 

Thus there is only one non— trivial cycle whose length is 3. 

= 1 0 1, is a root of G{x)/x. 

Thus the weight distribution of this cyclic code is 

•^0 “ ^2 ” ^ 

Next we give a few examples of SP representations of BCH codes. Since BCH codes 
are cyclic, they may also be represented by p-^olynomials in NB. 

6.7.2 Examples of Normal Basis P-Polynomial 
Representations of BCH Codes 

We list the NB p-poljmomial representation of 3 BCH codes of block length 15 
along with their dual codes in the following examples. We find the wei^t distributions by 
factorizing the respective NB p-polynomials. In all the examples, we take the primitive 
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(T as a primitive element in NB. We choose the NB for GF(2^^) as 

^28^ ^ 866 _ ^712^ ^7424^ ^4848 ^696 ^9626 ^0483 ^6398j 

In all the examples, we denote the generator polynomial as g(x) and the parity 
check polynomial as h(x). The NB p— fwlynomial representation of the respective cyclic 
code is denoted by G(x) and that of the dual code is denoted by H(x). 

Example 6.7.5; (a) (15,7) BCH code 

g(x)= X® + + X® + X^ + x^ + X + 1 = (x^ + X + 1) ( x^ + + 1). 

h(x)= x'^ + X® + X® + x^ + X + 1 . 

= (x + l)(x^ + X + 1)( X^ + X® + X^ + X + 1). 

G(x)= linearized (^-associate of h(x) = x^^® + x®^ + x®^ + + x^ + x. 

The nontrivial irreducible factors (other than x) of G(x) are listed in Table 6.9 
eJong with a represent ed;ive root. The possible degrees of the irreducible factors are Ij 3, 5 
and 15 corresponding to the possible cycle lengths which divide n. Only the exponents of x 
in the irreducible polynomials are listed in the second colunm. Further, the last term ’ + 1’ 
which is present in every irreducible polynomial, is not listed. Thus a polynomial, say, 

r f\ 

X + X + 1, is listed as 5 2. Similarly, in the third column, only the exponents ’i' of the 
representative root, tr\ in NB, are listed. 

It may be seen from the table that the weight distribution of this code is given by 
Ap = 1 ; A 3 = 5; Ag = 3; Ag = 25; A^ = 30; Ag = 30; A^ = 25; A^^ = 3; A^^ = 5; Ajg = 1. 

(b) The dual of the BCH code in (a) is the (15,8) cyclic code generated by the h(x) 
of the same. The NB p— polynomial representation of this code, B(x), is given by the 
hnearized q— associate of g(x). Thus H(x) is given by 

H(x) = + x‘“ + x“ + x'® + x8 + x" + X. 

The nontrivial factors (other than x) consisting of 17 irreducible polynomials of degree 15, 
are listed in Table 6.10. There are no factors of degree 3 and 5. 
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Tl^ir f, W IrrHucU, Pol,™™), 

i-acwniatKai of Q(x)/x and their 

R«pn«BiU»,„ r™ ), 


JruNlao^if 

i» tk*. iwtonumn 
of G(*)/a 


1 

31 

32 

52 
5321 
5421 

5431 

5432 

53 

15 125432 
„ 15 138621 

15 14 13 11 1087621 
IS 14 II 10876543 
IS 14 13 12 1096541 
15 11 109765431 


r~ 

R«presentative 


ftootfi in ftomal 


basis 

Pdar 

Cartesian 

form 

form 


xflo? 111111111111111 

011011011011011 
1^3 100100100100100 

5^ 101111011110111 

10^ 011000110001100 

7399 000100001000010 

3171 111001110011100 

15855 011010110101101 

11627 001010010100101 

19 010011111100100 

261 001011001101000 

1263 101100000011011 

1227 001100101111101 

2485 lllOeOlOlOlOOOl 

3477 100001110101011 


Table 6. 10; lirediadble Poljnoiaiabi k the Factoriiation of H(x)/x and thdr 


R«ixrea«ntative Ro(^ in Kcsnnal Basis 


Pol^emitk 
i» t&e factonsatioa 
ofH(x)/x 


15 121185 421 
IS 13876321 
15 13 11 10765432 
15 1211 76 521 
151 
15 7 

15 1311 1098765432 
15 13 129865431 



Representative 
Roots in normal 
basis 


Cartesian 

form 


010010000001001 

110111101100000 

000100001100001 

OOOOlllllOllllI 

010111100010011 

011110101100100 

000010101101010 

110111010101110 
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Table 6.10 (continued) 


SI 

No 

Irreducible Polyuomials 
in the factorization 
of H(x)/x 

Representative 

Roots in normal 
basis 

Polar 

form 

Cartesiaa 

form 

9 

15 13 11 6 3 2 

3235 

011111111010001 

10 

15 11 10 9 8 6 

4077 

100000001110011 

11 

15 12 10 7 6 2 

4983 

100111011100100 

12 

15 13 12 10 8 6 4 2 

5287 

001010101001111 

13 

15 13 12 10 9 541 

5563 

111111001101100 

14 

15 13 12 11 9 8 7 4 

7415 

101101101001100 

15 

15 12 11 10 6 5 4 3 

7839 

000110011000101 

16 

15 11 10 9 3 1 

11643 

111010010111000 

17 

15 11 8 6 5 2 

15327 

011010000101100 


From Table 6.10, the weight distribution of this code is given by = 1; = 30; 


A, = 60; 

Ag=105; Ajq = 60. 


Example 

6.7.6: (a)(15,5)BCH 

code 

g(x)= 

x^® + X® + X® + x^ + 

x^ + X 4- 1 

= 

(x^ + X + 1) (x^ + X + 1 ) ( xH x^ + X^ + X + 1) 

h(x)= 

X® + x^ + X + 1 = (x 

+ l)(x^ + x^ + 1) 

G(x)= 

linearized q— associate 

ofh(x)= x^ + x® + x^ + : 


The irreducible factors of G(x)/x are listed in Table 6.11. 
The weight distribution of this code is given by 
Aq = 1; A.y = 15; Ag = 15; A^^ = 1. 
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Table 6.11: Irreducible Pol]rBoinial8 in the Factorization of G(x)/x and their 
Representative Roots in Normal Basis 


SI 

No 

Inaudible Polynomials 
in tbe factorization 
of G(x)/x 

Representative 

Roots in normal 
basis 

Polar 

form 

Cartesian 

form 

1 

1 

0 

111111111111111 

2 

15 7 

24909 

000111101011001 

3 

15 14 13 12 11 10 9 8 

22239 

000010100110111 


(b) The dual of the BCH code in (a) is the (15,10) cyclic code generated by its h(x). 
The NB p— polynomial representation of this code, H(x), is given by 

H(x) = x““ + x“' + x“ + x“ + x* + x2 + x. 

The nontrivial factors (other than x) consist of 17 irreducible polynomials of degree 
15. There are no factors of degree 3 and 5. 

Some of the irreducible factors of H(x)/x which are directly derivable from g(x), are listed 
as follows: 

(1) (Linearized q— associate of x + x + l)/x = x + x + 1 

(2) (Linearized q— associate of x^ + x + l)/x = x^^ + x + 1 

and (the linearized q— associate of x^ + x^ + x^ + x + l)/x having 3 irreducible factors of 
degree 5 (Since x^ + x^ + x^ + x + 1 is irreducible in GF(2)[x], the degree of every 
irreducible factor of its linearized q— associate/x is equal to its order, which, in this case, is 
equal to 5): 

(3) x^ + x^ + 1 

(4) x' + x^ + x^ + x+l 

(5) X® + x^ 4- 1 
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The remaininj^ irreducible factors are of degree 15, 66 in number. 

Thus in this code, there are 1 cycle of length 1, 1 cycle of length 3, 3 cycles of length 
5 and 67 cycles of length 15. 

Example 6.7.7. (a) (15,11) BCH code 
g(x) = (x^ + X + 1) 

h(x) = x^^ + X® + x^ + X® + x^ + x^ + X + 1 

=(x^ + X® + x^ + X + l)(x^ + X® + l)(x^ + X + l)(x + 1) 

G(x) =x2®«+ x2®® + x^28^^32^^8^^4^^2^^ 

Some of the irreducible factors of G(x)/x, which are directly derivable from h(x), 
are listed as follows: 

j o n 

The (linearized q— associate of x + x + x + x + l)/x having 3 irreducible factors 
of degree 5 as 

(1) X® + x^ + 1 

(2) X® + X® + x^ + X + 1 

(3) x® + x®+l 

(4) (lineeuized q-associate of x^ + x® + l)/x = x^® + x^ + 1 

(5) (linearized q-^associate ofx+x + l)/x = x +x+l 

(6) (hnearized q— associate of x + l)/x = x 4- 1 

Out of the remaining irreducible factors, there is one polynomial of degree 3, 
namely, 

(7) x® + x^ + l 

and 3 polynomials of degree 5 namely, 

(8) x® + x^ + x2 + x+l 

(9) X® + + X® + X + 1 

(10) X® + x^ + X® + xH 1 

The remaining 133 irreducible factors are of degree 15. 
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Thus in this code, there are 2 cycles of length 1, 2 cycles of length 3, 6 cycles of length 5 
and 134 cycles of length 15. 

(b) The dual of the BCH code in (a) is the (15,4) cyclic code generated by its h(x). 
The NB p— polynomial representation of this code, H(x), is given by 
H(x) = x^® + x^ + X = x{x^® + X + 1). 

H(x)/x is known to be irreducible over GF(2). One root ofx^®-+x + lis o - 
010111100010011. Thus the weight distribution of this code is A. = 1, A. = 15. 

In the next subsection, we give the exeunples of NB p-polynomial representations of 
cyclic codes which are equiveilent to the (23,12) Golay codes: 

6.7.3 Examples of Normal Basis P-Polynomial 
Representations of (aolay Codes 

23 

X +1 may be factorized m 
+ 1 = (x + 1) gl(x) g2(x), where 
gl(x) = x^^ + X® + x^ + x® + X® + X + 1 
and g2(x) = x^^ + x^® + x® + x® + + x^ -+ 1. 

The cyclic codes equivalent to the Golay code are generated by gj(x) andggCx). 

Example 6.7.8: (») The parity check polynomial corresponding to g^(x), say (x), is given 

by 

hj(x) = (x + 1) = x^^ + x^“ + x^ + x^ + x^ + x^ -h X + 1. 

Thus the NB p-polynomial representation of this Golay code is given by 
Gj^(x) = linearized q-associate of hj^(x) 

= X^«^® + x'°'^ + x'^ + x'® + X® + x^ + x^ + K. 

Gj(x)/x has one irreducible factor of degree 1, namely (x + 1), and tke remaining 
irreducible factors are of degree 23, 178 in number. 

(*i) The parity check polynomial corresponding to SqC*) ,8ay B 2 C*) » ^ P-'ven by 
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^(x) = (x + 1) gj(x) = x^^ + x^^ + + X® + X® + x^ + x^ + 1. 

Thus the NB p— polynomial representation of this Golay code is given by 
G 2 (x) = hnearized q— associate of h 2 (x) 

= + x^'"* + x''"^ + x'‘2 + x^“ + ^32 + ,4 + ^ 

Similar to the first code, G 2 (x)/x also has one irreducible factor of degree 1, namely, 

(x + 1), and 178 irreducible factors of degree 23. 

We conclude this chzq>ter with a description of the NB— polynomial representations 
of self dual cyclic codes and their weight distributions. 


6.7.4 Normal Basis P-Polynomial Representations of 
Self Dual Cyclic Codes 


A binary self— dual code is a code whose dual code is the code itself. Such 
codes then must be of even block length with n = 2k. Some self— dual codes have the 
additional structure of being cyclic. We characterize these codes in this subsection by their 
NB p>— pol 5 rnomial representations. 

Since these codes are cyclic as well as self dual, they have a generator polynomial of 
the form x^ + 1, since h(x) = g(x) in their case and n = 2k. 

Thus their NB p— polynomials jire of the form 


S(x) = + X. 


(6.7.1) 


It is well known that this polynomial splits in GF(2^). Thus we get the following 
information from their NB p— polynomial representations: 

(1) Number of cycles in this code is equal to the number of Frobenius classes in GF(2^). 

(2) Number of elements in each cycle is equal to the order of the Frobenius class. 


cample 6.7.9: For example, the linear (4,2) code listed in class 11 of Table 6.3 is a self 
lual (4,2) cyclic code with its NB p-polynomial being given by x^ + x. 



CHAPTER 7 


CONCLUSIONS 


We have studied the clauss of Galois switching functions (GSFs) with regard to their 
algebraic theory and structures, and their utility in representation, chaxeicterization, 
analysis and classification of discrete signals encountered in switching and coding theories 
by means of Galois polynomials (GPs). Our studies have been confined to GPs over finite 
fields of chauraicteristic 2. Specifically, GSFs representing discrete signals charaicterized by 
the following mappings have been taken up for our study: 

(1) Mappings from GF(2^) to GF(2“) in generad, with paixticular reference to n = 1 , 
resulting in the class of Boolean functions (BFs) and their characterizations. 

(2) Linear mappings from GF(2^) to GF(2’^) where k is not necessarily equal to n and 
the mapping generally many— to— one, described by linearized Galois polynomials 
(LGPs); they being cailled hnearized Frobenius polynomiails (LFPs) if their 
coefficients satisfy nontriviail conjugacy constraints and called simply linearized 
polynomials (LPs) if the conjugaicy relations are trivial. 

(3) Linear mappings from GF(2^) to GF(2“) where k < n, and the mappings one-to- 
one, leading to hneair (n,k) block codes and their representations by LGPs. 

(4) Speciadized many— to-one linear mappings from GF(2^) to GF(2”) characterized by 
pairs of linearized polynomials (LPs) cadled syndrome polynomials (SPs), the 
k— dimensional root space of one LP constituting the range space of the other and 
vice versa, thus providing alternate characterization of block codes, other than (3), 


by means of SPs. 
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Some of the notable features of GSFs representing mappings of the kind described 
above and their GP representations are; 

(1) GSFs possess well defined algebraic properties thus opening up the possibility of the 
study of signals auid systems described by them in terms of algebraic models. EKie to 
this algebraic characterization, it is possible to conduct tremsform domain studies of 
those discrete signals whose lengths are not relatively prime to the characteristic of 
the finite field by means of DFT like finite field transforms. 

(2) GPs allow compact representation of discrete signzds and systems. They provide a 
very effective meains for the utilization of GSFs in various applications. 

(3) GP representations of GSFs exhibit remarkable properties connected with conjugacy 
relations if the rzmge values belong to a proper subfield of the finite field to which 
the coefficients of the polynomial belong. This leads to implement ational advantages 
by the use of normal basis (NB) representation for realization of discrete signals. 

(4) GSFs allow representations of hnear transformations and linear block codes in terms 
of LGPs. Representatipns of block codes open up alternative methods for their 
encoding and decoding. 

(5) NB LP representations of GSFs have special significance to coding theory, 
particularly, in the characterization of well known block codes and in the study of 
their weight distributions. 

71 Summary of Results 

Results obtained in this thesis axe summarized as follows: 

GSFs represent mappings from GF(2^) to GF(2^) eind are defined as discrete signals 
with finite index sets having the structure of a multiphcative cyclic monoid M(2^) and 
assuming values from a finite field GF(2^). The monoid structure of the index set has 
resulted in attributing the structure of a monoid algebra to the class of GSFs with 
r^Airstwise addition and an appropriately defined convolution. Further, a DFT like finite 
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field transform called the Galois Transform (GT) is defined on these signals, thus enabling 
a finite field transform domain study of discrete signals whose lengths are not relatively 
prime to the chaxau:teristic of the field. 

It is shown that the monoid algebra model of GSFs eiccommodates the existing 
representations of GSFs. Frobenius cycles among the coefficients of GPs representing GSFs 
are examined and it is shown that when k^^f^n , nontrivied conjugacy relations exist 
whereas when k|n , in general, the relations axe trivial, even though in some cases, 
nontrivial Frobenius cycles show up. It is observed that the Frobenius cycles existing in 
GPs in fact correspond to members of minimal ideeds in an appropriate monoid algebra. 
The advantage of NB representation in the computation of Frobenius sums is pointed out. 
Further, ein existing expression for the number of conjugate cycles in the case of DFT is 
suitably modified to obtain the number of Frobenius cycles in the case of GPs representing 
GSFs. 

Since the class of ‘BFs constitutes a subclass of the general class of GSFs, the former 
is also characterized by an appropriate monoid algebraic structure. It is shown that any BF 
has a GP representation in the form of a Frobenius polynomial (FP) (ie., a polynomial 
consisting of Frobenius terms) out of which the standard class of hnear Boolean functions 
(LBFs) has GP representations in the form of linearized Frobenius polynomials (LFPs), 
which are LGPs whose coefficients satisfy conjugacy constraints. A study of the ideal 
structures in the monoid algebra of BFs shows that the class of LBFs forms a minimal ideal 
in this algebra. Further, the class of generalized Reed-Muller (GRM) codes constructed 
from LBFs, also has the structure of an ideal in the appropriate monoid algebra, this being 
expressed by a direct sum of certain minimal ideals determined by the order and dimension 
of the code. GP representations of the basis vectors of a GRM code are determined in 
terms of those of LBFs and it is shown that an r*^ order GRM code of block length 2”^ , has 
at least 2™”^— 1 consecutive GP coefficients equal to zeroes. 
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Classification problems in BFs are exeunined. The traditional equivalence relations 
used to classify BF s commonly known as the five invariance operations are studied in terms 
of their effect on the GP coefficients of the corresponding BFs. This study has enabled the 
modeling of a system which realizes BFs from a prototype function in a cleiss of functions 
(classified using the fire invariemce operations), which entirely employs finite field modules. 
A class identification procedure for 2 euid 3 variable BFs by verification of their GP 
coefficients is proposed. The suitability of certain operations connected with the monoid 
algebraic structure of BFs in the classification of the same, is then examined for 2 and 3 
variable BFs. It is observed that the classes obtained by these relations contain elements 
from different ideals in the corresponding monoid algebra. A finite field model which 
realizes BFs as a sum of elements from minimad ideals in the monoid algebra is proposed. 
This turns out to be a Frobenius sum computer and the use of NB representation in its 
implementation is suggested. 

The study of the five inveurisince operations and its efi'ect on the GP coefficients has 
helped in characterizing /^-self dual (SD)/anti self dual (ASD) BFs in the transform 
domedn by means of their GP coefficients. Thus the constraints on the GP coefficients of 
any BF to be ^SV/kSD, are derived for 2, 3 and 4 variable cases. 

A linear (n,k) transformation is defined as a linear transformation from the k— tuple 
vector speice to the n— tuple vector space, where k is not necessarily equal to n. The 
possibility of a transform domain study of hnear (n,k) transformations which includes the 
class of linear (n,k) block codes (those transformations which represent one-to-one 
mappings) is pointed out as another advantage of treating discrete signals and systems as 
members of a monoid algebra. Unlike DPT over finite fields, which can be defined only on 
code lengths that are relatively prime to the characteristic of the finite field, it is shown 
that the extended UFT defined in a monoid algebra allows all linear {n,k) transformations 
to be studied in the transform domain by treating them as discrete signals over 
multiplicative cyclic monoids 1^(2*") which assume values from GF(2“). The conditions for 
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a GSF to be linear are derived. The resulting functions which represent linear mappings 
from GF(2‘') to GF(2’') are denoted as linearized GSFs (LGSFs) and their GP 
representations are called linearized Galois polynomials (LGPs). It is shown that there 
exists an isomorphism between the class of linear (n,k) transformations and the 
correspKjnding class of LGSFs. Further, the class of LGSFs is shown to exhibit the property 
of an ideal in a monoid algebra. It is shown that the LGP coefficients of a LGSF 
representing a linear (n,k) transformation is derivable from the matrix of n— tuple vectors 
which generates the transformation, and that they are related to these vectors by meems of 
a Vander monde matrix assuming values from GF(2^). The standard basis (SB) and NB 
representations of this Vander monde matrix are then derived. 

Conjugacy relations eunong the coefficients of LGPs representing LGSFs are studied 
and those functions whose LGP coefficients exhibit nontrivial conjugacy relations we 
shown to be represented by a LFP. Those functions whose LGP coefficients possess trivial 
conjug 2 u:y relations are denoted simply as linearized functions (LFs) and they are 
represented by LGPs denoted simply as hnearized polsmomials (LPs). Algebraic structures 
for LGPs are formulated imder an operation commonly known as symbohc multiplication. 
Even though this operation is noncommutative, it is shown that by grouping the 
polynomials in a particular manner, the class of single term LGPs under both cases of 
trivial and nontrivial conjugeicy relations possess the structure of a finite field isomorphic 
to GF(2^) under the binary operations of pointwise axldition and symbolic multiplication. 

Only those LGPs of a given pair of n and k satisfying certain nonzero determinant 
property among its GP coefficients are shown to represent linear (n,k) block codes, the rest 
of these functions for the same n and k representing many-to-one mappings. LGP 
representations of classes of linear block codes with the same weight distribution are 
derived in the NB representation. It is shown that by grouping LGPs in the same way as in 
the case of single term LGPs, it is possible to separate out LGPs representing one-to-one 
mappings (linear block codes) and those representing many-to-one mappings, provided the 
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nature of at least one of the mappings in each group is known. Further, the properties of 
the class of single term LGPs are investigated and it is first shown that when k|n, single 
term LGPs always represent one— to— one mappings. Secondly, a study of the distinctness of 
codes generated by single term LGPs which are members of a finite field, are undertaken. 
The number of distinct codes in each field is computed. It is shown that when n and k are 
relatively prime, all the codes in the corresponding finite field are distinct. 

The roots of the LGPs representing hneax block codes are examined and it is 
observed that they are not in general confined to the same field. Further, the possibility of 
characterizing individual codes by the roots of their LGPs is explored. It is found that roots 
characterize group of codes rather than individual ones. It is proved that the roots of a 
LGP representing a linear (n,k) block code cannot assume nonzero values from GF(2^). 

Expressions for LGP representations of cycUc codes both in SB and in NB are 
derived. It is shown that it is possible to represent some cyclic codes whose k|n, by a 
p— polynomial, ie., a LGP whose coefficients belong to the grovmd field. 

Role of GSFs in the decoding of hnear block codes is considered. A standard array 
for a linear (n,k) block code consists of a matrix of 2”~^ rows and 2^ colmnns containing 
GF(2^) vectors 2 ind therefore any standard zurray is shown to be representable by a 2— D 
GSF, the coefBcients of its 2— variable GP obtained by computing the 2— D Gedois 
transform (GT) of the matrix of GF(2“) vectors constituting the standard array. T, is 
shown that the two-variable GP representing a standard array has, in general, noiizero 
coefficients only in the first row and in the first column of the matrix of the resultant 2-D 
GT coefficients, corresponding respectively to the single variable GP coefficients 
representing the linear block code (which is a LGP), and the coset leaders. It is shown that 
a variety of techniques are possible for the standard array decoding of a linear block code 
using both 1-D and 2-D GSFs depending on one’s choice of the received vector to be 
decoded into an n— tuple code vector or a k— tuple message. It is shown that a decoder 
which implements standard array decoding of a received vector into a k— tuple message 
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using 1-D GSFs always has the form of a Frobenius sum computer. As a final result on the 
application of GSFs in coding, the GP representations of syndrome tables associated with a 
standard array are examined and it is shown that any GP which computes syndrome has a 
LFP representation. Further, those roots of this polynomial which belong to GF(2^), form 
the code vectors of the corresponding linear (n,k) block code. 

Syndrome Polynomiids (SPs) are defined as LPs over GF(2^) of degree 2^ which 
• • 2 ® 

divide x — x whose roots are nonrepetitive and form the code vectors of a linear (n,k) 
block code. They describe special types of GSFs representing m 2 my— to-one linear 
mappings from GF(2^) to GF(2’'‘) described by a pair of LPs, the root space of one forming 
the range space of the other and vice versa. For the roots to be nonrepetitive, it is argued 
that this LP in X should have the coefficient of x nonzero. It is shown that any linear (n,k) 
block code has a SP representation and conversely, any LP in x over GF(2”^) of degree 2^ 

with the coefficient of x nonzero, which divides x — x represents a linear (n,k) block code 
as its root space. It is proved that, because of the existence of a dual LP for every SP which 
is of degree 2“~^ over GF(2“) with the coefficient of x nonzero and which also divides 

— X, every SP can be used for computing syndromes for the code which it represents, 
the syndromes being members of the root space of the corresponding dual LP, they being 
n— tuples instead of the conventional (n-k) tuple syndromes associated with a standard 
array. 

It is pointed out that SPs in NB representation have a special significance in coding 
theory. To support this argument, it is first shown that it is possible to classify codes on 
the basis of same weight distribution by means of their NB SP representations. Secondly, 
the class of t-cyclic codes (quasi cyclic codes that are closed imder t cychc shifts where t > 
1) are shown to be completely characterized by their NB SPs which has coefficients 
belonging to GF(2*), where GF(2*) is a subfield of GF(2’‘). Conversely, it is shown that any 

NB SP in X over GF(2^) with the coefficient of x nonzero, which divides x - x, represents 
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a linear (n,k) t— cyclic code. Further, t— cyclic codes of the same weight distribution are 
classified on the basis of their NB SP representations. From the result on the 
representability of t-cyclic codes by a SP over GF(2*), it follows that when t = 1, the 
coefficients belong to the ground field and hence the associated SP represents a cyclic code 
in the form of a NB p— polynomial. However, this result is proved from a different angle by 
taking note of the fact that a cyclic subspeu:e has the structure of a modulus and that a 
I>— polynomial is associated with every modulus, the latter forming the root space of the 
former. It is further shown that the NB p— polynomial representation of a cyclic code is 
easily derivable from the generator polynomial of its dual cychc code and is equal to the 
linearized q— associate of the same. A new method to determine the weight distributions in 
cyclic codes is proposed. This is by few:torization of the NB p— polynomi 2 il representations of 
the same. A procedure for factorization of polynomiiJs over finite fields is also developed, 
which is a root finding algorithm and which makes use of the DFT over finite fields. 
Factorization of the NB p— polynomials representing cychc codes gives the following 
information about their weight distributions: 

(1) The number of cycles in the code is equal to equed to the number of irreducible 
I)olynomials in the factorization of the p— poljmomial. 

(2) The number of members in each cycle is equal to the degree of the corresponding 
irreducible polynomial in the factorization. 

(3) The weights of the representative roots of each factor in its NB cartesiem 
representation determine the weight distribution of the code. 

BCH and Golay codes (which are essentially cychc codes) and their weight 


distributions are studied with the help of their NB p-polynomials. Finally, self dual cychc 
codes are shown to have NB p-polynomial representations which spht in GF(2^), with the 
result that the number of cycles in a self dual code is equal o the number of Frobenius 
classes in GF(2^), with the number of members in each cycls Ibeing equal to the order of 


the Frobenius class. 
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7.2 Suggestions for Further Work 

In this section, we give some suggestions for further studies on GSFs, their 

polynomial representations, and possible applications. 

(1) In this thesis we have char 2 u:terized the standard classes of LBFs and /?-SD/ASD 
BFs in terms of their algebraic structures and transform coefficients. But there are 
other classes of BFs, such as linearly separable functions, bent functions etc., on 
which a study may be conducted in terms of their GP coefficients to see whether 
they possess any algebraic structure or whether their GP coefficients satisfy certain 
constraints which help in their identification in the transform domain. Further, in 
this thesis, characterization of ,i^-SD/ASD BFs of only upto 4 variables is 
considered. However, it is possible to derive constraints for higher variable cases 
also, by proceeding on similar lines as in the cases considered here. This work may 
be prirsued. 

(2) Implementational details of finite field models for synthesizing BFs 

may sdso be worked out. 

(3) Various decoding procedures based on the standard array have been proposed in this 
thesis. It would be interesting to take up a structural study of GPs which represent 
these decoding procedures. 

(4) Study of GSF representations of codes has been restricted to the class of linear block 
codes. It is possible to have GSF representations of codes which are 
not linear. Extension to codes with memory, especially convolutional codes, is also 
possible. Research in these directions may be initiated. 

(5) Multi— dimensional GSFs have been studied with reference to 2— D GSFs only. Study 
of GSFs of higher dimensions and their applications may be rmdertaken. 

(6) Applications of GSF theory in this thesis has been restricted to the areas of 
switching functions and error control codes. However, they can be utilized in other 
areas too. Applications of GSFs in permutation and substitution networks may be 
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investigated for their use in cryptography. Representation and processing of 
pictorial information in the form of GPs is another potential application of 
GSFs. Study of both 1— D and 2— D GSF representations of pictorial data may be 
helpful in the compzict representation of images in the form of structured 
polynomials. Applications of GSFs in fault tolerant computing systems may also be 
investigated. 

(7) Study of SPs has been m£iinly centered around quasi— cyclic and cychc codes. 
SPs of other well known codes may also be taken up for study to see whether they 
help in the charew:terization of these codes. 

(8) Study of SPs in this thesis has been confined to the field of coding. Possibility of 
their utility in other areeis may be explored. For example, it is known that the class 
of ASD BFs of a given number of variables has the structure of a vector space. This 
allows all ASD BFs of a given number of variables to be considered as the roots of a 
single LP, thus giving rise to a compeict representation of these functions. Structure 
of such polynomials may be investigated. 

(9) Throughout this thesis, we have worked with GSFs and their GP representations 
over finite fields of characteristic 2. It will be worthwhile to conduct a study of 
GSFs mapping from GF(p^) to GF(p^), where p is any prime. This may lead to 
significant generalizations of results obtained in this thesis for p = 2. 



APPENDIX A 


MATHEMATICAL BACKGROUND 


This appendix gives a brief introduction to various mathematical topics relevamt to 
this thesis. The material presented here is available in any of the standard text books on 
Algebra, Finite Fields and Coding Theory emd is compiled for easy reference. This 
appendix is divided into three sections. First section reviews the basic algebraic structures 
which are employed in the thesis. Second section is on discrete Fourier transform over 
finite fields which includes a discussion on conjugacy constraints. The last section deals 
with the special class of polynomials known as linearized polynomials whose theory is 
frequently applied in the thesis. 

A.l Basic Algebraic Structures 

This section discusses the various algebraic structures which are employed in the 
thesis. Standard text books on Algebra and Finite Fields such as [34, 35, 36, 27] have been 
referred to for describing the concepts involved. 

A. 1.1 Semigroups 

The simplest algebraic structure that one can think of is a set D with a binary 
operation {t}) defcned on any two elements in the set, satisfying the following axioms: 

1. The set D is closed under the operation rj. 

2. The operation rj is associative, ie., if a b and c are three elements 
in the set D, then j^a,J 7 (b,c)) s= 7 (j;(a,b),c). 

A structure satisfying the above is called a semigroup. 
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[The operation rj is said to be commutative or Abelian if i 7 (a,b) = 7 (b,a).] 

Ebcample A. 1.1: For the illustration of a semigroup, consider an electrical signal sampled 

at regular intervals. Let the sampled values be denoted by f^, f^, fg, The index set of f 

is the set of all positive integers. We define addition as the binary operation (ij) on this set. 
It can be seen that this operation is associative. Thus this set is an example of a semigroup. 

A. 1.2 Monoids 

An identity element is defined as some clement 'e' in the set such that rf(e,a) = a for 
any elemoit 'a* in the set. 

If the identity element is also added to the semigroup structure, we get another 
algebraic structure called a monoid. 

Rrium ple A.1-2: In Exetmple A. 1.1, if we also include fg to the sampled values, then the 

index set of f becomes the set of all natural numbers 0, 1, 2, This has the structure of a 

monoid in which the element *0’ is the identity. 

A. 1.3 Groups 

Inverse of an element a is defined as a"^ such that ^(a, a"^) = e where e is the 
identity element. 

If, for every element a, there exists an inverse a"^ in the monoid, then it has the 
structure of a group. 

Example A.1.3: If we add to the sampled signal mentioned in Example A.1.2, sampled 

values with negative indices also, then the index set becomes the set of integers { —2, 

-1, 0, 1, 2, } which has the structvire of a group. 

The order of a group is the number of elements in the group. 
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A. 1.3.1 Cyclic Groups 

A multiplicative group is said to be cyclic if there is an element a in the group such 
that for any b in the group, there is some integer j with b = a^. Such an element a is called 
a generator of the cychc group. 

A. 1.3.2 Subgroups 

A subset of a group which itself has a group structure with respect to the oj>erations 
of the group is known as a subgroup. 

Subgroups other than the trivial subgroups [the identity element emd the whole group itself 
are examples of trivial subgroups] are known as nontrivial subgroups. 

The order of a finite subgroup divides the order of the finite group which contains it. 
It may be noted that, depending on whether the set is finite or infinite and whether 
the binary operation is commutative or nonr-commutative, additional zuljectives can be 
added to the basic structured names of the algebraic structures being discussed in this 
appendix. 

A.1.3.3 Cosets 

Let H be a subgroup of a group G and let *a' be in G. Then the set Ha == {ba | b € 
H} is called a right coset of H. Similarly the set aH = {ab | b € H} is called a left coset. For 
commutative groups, left and right cosets are identical emd we will simply call them as 
cosets. The number of elements in a coset is same as the order jHj of the subgroup H. 
Two cosets of H in G are either disjoint or identiced. The number of cosets of H in G is 
called the index of H in G and is denoted as [G:H] . The index of any subgroup divides the 
order | G | of the group. 
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A. 1.4 Morphisms 

Morpkisms are mappings that preserve the operations between algebraic structures. 
A mt^ping f of an algebraic structure such as a group Gl into another group G2, is 
called a Homomorphism of Gl into G2 if it preserves the operation of Gl, ie., if we denote 
*** and as the operations of Gl and G2 respectively, then f preserves the operation of Gl 
if for all a, b € Gl, we have f(a * b) = f(a).f(b). If f is onto, then f is called an 
Epimorpkism. If f is a one-to-one homomorphism of Gl onto G2, then f is called an 
Isomorphism. An isomorphism of Gl onto Gl is called an Automorphism. 

A. 1.5 Rings 

So far we d ?sed sets with one operation. Now we consider sets with two 
operations. Let us coiiLi.>..der one such structure R with the opereUiions of addition (denoted 
by ’+’) and multiplication (denoted by *.’) satisfying the following axioms: 

Rl (R, +) is an Abelian group. 

R2 (R, .) is a semigroup. 

R3 Multiplication distributes over zuldition. 

ie., if a, b and c € R, then 

a.(b+c) =: a.b + a.c 
and (a+b).c = a.c + b.c. 

The above structure is called a ring. If a.b = b.a, then R is called a 
commutative/ Abelian ring. 

Example A.1.4: The set of all even integers with operations and is an example of an 
infinite commutative ring. 

If (R, .) is a monoid, then it is called a Rinj uatfc identify. 


Example A. 1.5: The set of all integers with operations '+* and is an example of an 
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infinite commutative ring with identity. 

Example A. 1.6: The set of all real matrices with matrix addition and matrix 
multiplication as the two operations is an example of an infinite non— commutative ring 
with identity (non— commutative, since matrix mxiltiplicettion is non— commutative). 

Example A.1.7: The set of integers modulo 4, ie., {0, 1, 2, 3} is an example of a finite 
commutative ring with identity. We see that the order of this ring is 4 and is finite. 

An important property of a ring is the presence of zero divisors in it. Nonzero 
elements in the ring;, which when multiplied gives zero, are called zero divisors. The 
elements in the ring can thus be broadly classified into zero divisors and nonzero divisors. 
The nonzero divisors are called regular elements. There is a subset of the regular elements 
called unit elements. These are elements of the ring possessing multiplicative inverse. 

Example A.1.8; In the ring of integers modulo 4, considered in Example A.1.7, elements 1 
and 3 are unit elements (since they possess multiplicative inverses which are 1 and 3 
respectively). 2 is a nontrivial/proper zero divisor, since 2.2 = 0 modulo 4 (0 being the 
trivial zero divisor) . 

It may be noted that the set of unit elements with multiplication operation possesses a 
group structure. 

A. 1.5.1 Subrings 

A subset S of a ring R is called a subring of R, if S is closed \mder and and is 
itself having the structure of a ring under these operations. 
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A. 1.5. 2 Ideals 

A subset J of & conunutative rin^ R is called a txoo~sidtd ideal or simply an ideal, if 

(i) J is a subring of R, and 

(ii) for all a 6 J, r € R ,we have (a) ar 6 J and (b) ra € J. 

In non— commutative rmgs, depending on whether condition (ii, a) is satisfied or 
whether (ii, b) is satisfied, we have a right ideal e^d a left idea/ respectively. 

Principal Ideal 

An ideal generated by a single element r of R is called a Principal ideal, denoted by 
< r >. If every ideal of R is principal, then R is called a Principal ideal Ring. 

Proper Ideal 

The ideal < 0 > generated by 'O’ is {0}, whereas the ideal < 1 > generated by 
[the multiplicative identity element] is the ring R itself. These are trivial ideals. An ideal 
which is neither < 0 > nor < 1 > is called a proper ideal in R. 

Idempotent 

An element e ^ 1 in the ring R such that c = e is called an idempotent element in 

R. If two elements e. and e. are such that e.e. = 0, then they are said to be orthogonal. 
1 J ^ J 

Orthogonal idempotents of R generedie proper ideals. We call these ideals as orthogonal 
ideals. 


Maximal Ideal 

An ideal J in R is called a maximal ideal if J # < 1 > and there is no ideal J such 
m m 

that J C J C < 1 >. 

m 
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Minimal Ideal 

An ideal which does not contain any smaller nonzero ideal is called a minitnoil ideul. 


A. 1.6 Int^ral Domains 

A commutative ring with identity and without proper zero divisors is called an 
integral domain. 

Examine A. 1.9: In the set of integers, with *+’ and as the two operations, we see that 
the only zero divisor is the trivial 0. Thus there are no proper zero divisors in this set amd 
hence is an example of an integral domain. 

A.1.7 Fields 

A ring in which all the nonzero elements possess a multiplicative inverse is called a 

field. 

Example A. 1.10; An example of am infini te field is the set of all real numbers with the 
operations of addition and multiplication. 

Example A.1.11: An example of a finite field is the set of integers modulo a prime number 
'p’ with the operations of awidition and multiplication modulo p. 

It may be noted that the order of amy finite field is some power of a prime number 
’p’. [Finite fields are named as Galois Fields after their discoverer Evariste Galois. We use 
the terms 'finite field' and 'Galois field} interchangeably and denote them as <jF(.).] 
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A.1.7.1 Subfields 

Let F be a field. A subset K of F that is itself a field under the operations of F is 
called a $uh field of F. H K ^ F, then K is said to be a proper subfield of F. A field 
containing no proper subfields is called a prime field. Any finite field of prime order is 
called a prime field. 

A. 1.8 Polynomials 

A polynomial is an expression of the form 

n 

f(x) = S ax* = + a^x + ^x^ + + a^x** (A.1.1) 

i»0 

where n is a nonnegative integer, a’s, i = 0, 1, n, are called the coefficients which can 

be real or complex numbers, and x is a variable. 

If the coefficients a.'8 belong to a ring R, then the above expression is called a 

Polynomial over a Ring. We can use f as a designation for the polynomial f(x). 

It may be seen that the set of polynomials over a Bing R forms a ring called the 

Polynomial Ring over R, denoted as R[a:], under the operations of polynomial ewldition and 

polynomial multiplication. Let f(x) and g(x) be two polynomials over a ring R, given by 

n 

f(x) = E a.x* 
i*0 

and 

g(x) = S b xj 
j-0 

Then (i) Polynomial addition of f(x) and g(x) implies 

f(x) + g(x) = S (a. + bp X*, (A.1.2) 

i»o 

and 


(ii) Polynomial multiplication of f(x) and g(x) implies 
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n+m 

fW-g(x)= S c^x^ (A.1.3) 

^ k»0 

where Cj^ = E ab., 0 < i < n, 0 < j < m. 

i+j-k ‘ ^ 

TTie zero element of R[x] is c&Iled the zero polynomial (denoted ss 0) which hnn all 

its coefficients zero. 

a 

Let f(x) = E ax^ be a polynomizd over R not equal to the zero polynomial. Then 

the leading coefficient a^ 0, is czJled the leading coefficient of f(x), is called the 
constant term, and n is the degree of f(x) denoted as deg(f). We set deg(O) to be equal to 
—m. Polynomials of degree < 0 jure called Constant Polynomials. If the ring R has identity 
element equal to unity, and if the leading coefficient c of f(x) is ako equal to unity, then 
such a polynomial f(x) is called a Monic Polynomial. 

Similar to the definition of R[x], we can also define Polynomial ring over a Field F 
(not necessarily finite), and denote it as F[x]. F[x] is an integral domain. This is because 
F[x] is an integral domain iff F is an integral domain, and every field is an integral domain. 

A. 1.8.1 Irreducible Polynomials 

A polynomial f € F[x] is said to be irreducible over F (or, irreducible in F[x]), if f has 
positive degree, and f = p.q with p, q € F[x], imphes that either p or q is a constant 
polynomial. In other words, an irreducible polynomi 2 d is a polynomial over F of positive 

tl 

degree which allows only trivial factorizations. A polynomial in F[x] of positive degree that 
is not irreducible over F is said to be reducible over F. 

Since we will be dealing only with polynomials over fields which are finite, 
henceforth F[x] would mean a polynomial ring over a finite field F. 

Let f € F[x] be a nonzero polynomial and let f(0) ^ 0. Then the least positive integer 
e for which f(x) divides x® —1, is called the order of f, and denoted as ord{f}. 
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A. 1.8.2 Primitive Polynomials 

A poi}rnomial f of degree n over a finite field F of characteristic p, is said to be 
primitive iff f is monic, f(0) # 0, and order of f is equal to 

It may be noted that all primitive polynomials are irreducible, but the converse is 
not true. 

Example A.1.12: Let f = + x + 1 which is known to be irreducible over GF(2). The 

order of f is 15 = 2^—1, and hence is primitive. On the other hand, let us take f = x^ + x® 
+ x^ + X + 1, which is again an irreducible polynomial over GF(2). The order of f is 5 
which is less than 2^—1 = 15, and hence is not primitive. 


Table A.l: last of Primitive Polynomials over GF(2) of degree n; 2 < n < 15 


XL 

Primitive 
polynomial 
over GF(2) 
of degree n 

2 

2 1 

3 

3 2 

4 

4 1 

5 

5 2 

6 

6 1 

7 

7 3 

8 

8 4 3 2 

9 

9 4 

10 

10 3 

i 

11 

11 2 

12 

12 6 4 1 

13 

13 4 3 1 

14 

1410 6 1 

15 

15 1 
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A list of primitive polynomials over GF(2) of degree n is given in Table A.l, for 
2 < n < 15. We list only the exponents of x in the table. The constant term '1' is present in 
all the polynomials and hence is not listed. Thus an entry 7 3 corresponds to the primitive 
polynomial x + x + 1. 

Irreducible polynomials axe essentieJ for constructing extension fields, as we will see 
shortly. 

A.L8.3 Roots of Polynomials 

An element a € F is called a root or a zero of the polynomiiil f € F[x], if f(o() = 0. 
Further, an element a € F is a root of the polynomial f € F[x], iff (x — a) divides f(x). 

Let a € F be a root of the polynomial f € F[x]. If k is a positive integer such that 
f(x) is divisible by (x — a)^, but not by (x - then k is called the multiplicity of a. If 

k = 1, then a is caliec a simple root or a simple zero of f, and if k > 2, then a is called a 
mvlUple root or multiple zero of f. 

A. 1.8.4 Derivative of Polynomials 

If f(x) = a^j + aj X + x^ + + a^ x“ 6 F[x], then the derivative f of f is 

defined as 

f = f (x) = aj + 2 a^ X + + n a^ x'^”^ € F[x]. (A.1.4) 

The element a € F is a midtiple root of f € F[x] iff it is a root of both f and f . 

Thus if f is a constant, then the roots of f axe simple. 

A. 1.9 Extension Fields 

Now we come to the topic of finite field extensions. For this we draw an analogy 
from the real field. We have seen that irreducible polynomials axe polynomials which 
caimot be factorized into factors with coefficients from the base field. For example, x + 1 
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i» an irreducible polynomial over the real field. Let us introduce a ’j' such that + 1 = 0, 
or j = f=I, which does not belong to the real field. Now using this »j‘, we can factorise + 
1 mto linear factors (x + j)(x - j). By introducing j, we can thus extend the real field into 
the field of complex numbers. In the Izgrger field of complex numbers, instead of a single 
number, we have ordered pairs (a, b), (c, d) etc., corresponding to the complex numbers 
(* d" j^)) (*- d" j^) etc., respectively. Fimte fields can also be extended in a similar way. 

Example A. 1.13: Consider the finite field of order 2, namely GF(2), consisting of (0, 1) and 

with operations •+’ and modulo 2. Now we consider extending GF(2). As in the case of 

the real field, here also we need an irreducible pol 3 momial. Consider pol}momials with 

coefficients from GF(2), ie., polynomials over GF(2). Degree 1 polynomials are x and x + 

0 0 0 0 

1. Degree 2 polynomials are x,x+l, x + x+ l and x + x. It can be readily seen that, 
of these, x + x + 1 is an irreducible polynomial over GF(2). So we use this polynomial for 

o 

extending GF(2). Let us introduce an a such that a + a + 1 0. We can thus extend the 

base/ground field of {0, 1} to {0, 1, a, o+l} consisting of 4 elements. This extension field is 
denoted as GF(2^). 

In general, using an irreducible poljmomial of degree n, we can extend the base field 
GF(p) to a field of order p’^ and the extension field is denoted as GF(p®) where p is a 
prime. 


A.1.9.1 Representation of Elements in an Extension Field 

We have various ways of representing the elements of an extension field. One is the 
polynomial notation, as a polynomial in x. Thus the fom elements of GF(2 ) in polynomial 
notation are 0 + Ox, Ox + 1, lx + 0 and lx + 1. Secondly, if we represent them using only 
the coefficients of x, we have an ordered tuple notation or cartesian representation. In this 
form, the above becomes (0, 0), (0, 1), (1, 0) and (1, 1). A third notation is the polar 
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representation where the elements are denoted by the power of an element a in the 
extension field. We can see thjit all the nonzero elements of GF(p“) can be denoted as cr®, 

2 2 

® » t I i they can be generated by a power of a. Such an element a in the field 

whese powem generate all the nonzero elements of the field is called a primitive element 
F or the sake of umformity, we can denote the element 0 also as a power of a, namely 

Example A. 1.14; The elements of GF{2^) represented in polar form are a®, a and 
whereas the same represented in cartesian form are 00, 01, 10 and 11 respectively. 

The prime number ’p' is called the characteristic of the field. Thus in Example 
A.1.14, p = 2. 

A. 1.10 Frobenius Cycles 

If we consider the roots of an irreducible pol}momial over the real field, we see that 

they occur in complex conjugate pairs, ie.,if (a + jb) is a root, then (a — jb) is also a root. 

This property can be applied to irreducible polynomials over fimte fields also. Thus if a is a 

2 i— 1 

root of an irreducible polynomial over GF(p), then c^, , , o** are also roots of the 

i ^ J 

same irreducible polynomied where cP ^ a, the powers taken modulo p —1 and cr € 

GF(p’‘‘), j = 0, 1, , i— 1. The irreducible polynomial whose roots are , j = 0, 1, ..., 

j 2 

i— 1, is called the minimal polynomial of (P . We can denote the set {a, P, P , , 

} as a set oj conjugate elements or a Frobenius cycle. We can drop o and group the 
exponents alone in which case the set can be called as a conjugacy class. 

Example A. 1.15: If we take an irreducible polynomial over GF(2) of degree 3, say x + x 
+ 1, and if 0 is a root of this polynomial, then and are also roots of the same 
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polynomial where a = a° = o and aU € GF(2^), j = 0, 1, 2. Then the set {a, a^, a^} is 
a set of conjugate elements or a Frobenius cycle. {1, 2, 4} is a conjugacy class. 

A. 1.10.1 Frobenius Sum 

A feature worth noting is the fact that the siun of the elements in a Frobenius cycle 

belongs to the ground held. This sum is called a Frobenius sum and denoted as frs{,). 

Thus Frobenius smn of a, where a € GF(p*), is given by 

2 i“l 

fr8(a) = a + 8** + a** + + , (A. 1.5) 

i 

where = o. 


A.1.10.2 Trace 


We also define trace of an element a, to distinguish it from Frobenius sum, as 

tr(u) = a + o** + 0*^ + + 0^ , (A.1.6) 

where n is the order of extension of the field to which a^ ‘s belong to. K the nmnber of 
elements in the Frobenius cycle is equal to n, then the trjtce function and Frobenius sum 
are identical, otherwise not. However both belong to the groimd field. 


Example A.1.16: Let us compute the Frobenius sum and trace of a® in GF(2^ where a is a 
root of the primitive polynomial x + x + 1. The Frobenius cycle contaii ing a is given by 



whereas 


10 


fr8(a^) = a** + a*" = 1, 

, / 5\ 5 1 10 I 8 1 _10 _ n 

tr(a )=sa+a +o+a -0. 


Frobenius sum and trace of an element of an extension field can also be defined with 
respect to a subfield of it other than the ground field GF(p). Let © 6 GF(p^), which is an 
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extension field of GF(p), and let GF(Q) [where Q is some prime |X)wer, say p®] be a 

subfield of GF(p^). From finite field theory, since GF(p®) is a subfield of GF(p^), n|L. 

2 i— 1 i 

The set {©, 0^, 6^ , ,0^ ]■, where = 0, is a Frobenius cycle. 

We define 

frs(©) = ©+©'^ + 0^ + +©Q , (A.L7) 

where ©Q'=: ©and 

tr(©) = ©+©'^ + ©^ + + 0'*^ (A.1.8) 

A.1.11 Vector Spaces 

Now let us introduce the notion of a vector space. A vector space V is defined with 
respect to a field F. There is a binzury operzition called vector addition (+) defined on the 
set V and a unary operation called scalar multiplication (@) involving multiplication of a 
vector belonging to V by a scalar belonging to F. 

The following axioms are satisfied; 

(1) (V, +) is an Abehan group. 

(2) Let a and /? € F and v € V, then 

(i) There is an identity element '1' of the field F such that 1 @ v = v. 

(ii) Associative law is satisfied; 

ie.,Qr @ @ v) = (a @ @ V. 

(3) Distributive law is satisfied: 

ie., if Vj and v^ € V, and a and € F, then 

(i) a © (vj + V 2 ) = o @ Vj + a @ Vg, 
where is the vector addition, and 

(ii) (a <+> /?) © Vj = a © Vj <+> 0 © v^, 
where <+> is the field addition. 
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Example A. 1.17; Example of a vector space is the finite field GF(p“) with vector addition 
and scalar multiplication with respect to GFfp) as the two operations. 

A. 1.11.1 Subspaces 

A nonempty subset of a vector space V, is a subspace if it itself is a vector space 
under the same operations of vector addition and scalar multiplication with respect to the 
same field as defined for V. The dimension of a subspace of an n— dimensional vector space 
is < n. 

Example A. 1.18; Two trivial subspeices are the set containing the vector {0} and the whole 
space V. An example of a nontrivial subspace is a linezu (n,k) block code which is a 
k— dimensional subspace of the vector space of n— tuples, where n is the block length, k is 
the dimension of the code and k < n. 

A.1.11.2 Notion of Linear Independence 

A set of vectors v^, v^ is said to be linearly dependent, if there exist elements 

a,, a-, ..... a in the field F, not all zero, such that a,v, + a„v„ + + a^v = 0. They 

are said to be linearly independent if not Unearly dependent. No vector in a linearly 
independent set can be expressed as a linear combination of any other vectors in the set. 

A.1.11.3 Basis 

A minimal set of linearly independent vectors which generates the vector space is 
called a basis. Dimension of the vector space is the number of elements in the basis. All the 
elements in the vector space can thus be expressed as a linear combination of ’n’ Hnearly 
independent vectors. However, there can be more than one linearly independent set, ie., the 
basis of a vector space is not unique. 
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A, 1.1 2 Different Ba^es for Finite Fields 

A finite field has a vector space structure and therefore can be generated by a basis. 
The number of pcMsible bases for a finite field can be very large. However, we will discuss 
only two important bases in this subsection, namely, the standard basis and the normal 
basis. 


A.1.12.1 Standard / Polynomial Basis 

In constructing GF(p’‘) firom a primitive irreducible polynomial p(x), we used the 
basis, a®, a, c?, ...., where a is a root of p(x). This basis is known as the standard 

basis (SB) or polynomial basis. 

A.1.12.2 Normal Basis 

A normal basis (NB) of GF(p“) is a set of linearly independent vectors of the form 

2 p— 1 

•y, 7 ^, 7 *^ , 7 *^ consisting of an element y € GF(p ) and its conjugates. It has been 

proved that there exists a NB for every finite field. Since this basis hM been employed in 
this thesis more often, we elaborate on it below; 

(A) Advantages of Normal Basis 

There are certain implementational advantages of working with NB in fimte field squarers 
and multipliers. 


(a) Squaring 

Let us consider the squaring of any finite field element expressed in NB. We will 
limit our discussions to finite fields of characteristic 2. Let *a* be any element of GF(2 ). 

Let 7 , 7^, 7^^. ••••. 7^ be any set of linearly independent vectors belonging to GF(2“) 
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elements, is 


„n-l 


„ii-2 




a= a ,7 
n-1 ' 

where a’s (i = 0, 1, n-1) £ GF(2). 

With the following facts in mind, theit 


+ ai'r +a.7, 


1 


^ W + + + *^0^ 




\_lT+ V jT 


,^n-l 


+ .. 

„a-2 


\-2'y 


+ a. 


a— 3 


. 2 . 2 

+V 

2^ 2 

+ + v ■‘■V +Vi'>'- 


(A.1.9) 


(1) 

for any a, b e GF(2^), (a + b)^ = a^ + b^ 

(ie., squaring is a linear operation in GF(2)), and 

(A.l.lO) 

(2) 

for any a € GF(2*), a^ = a, 

(A.1.U) 


let us square a. Thus 



(A. 1.12) 


Now omitting the basis elements, and expressing a and a only using a’s (the 
cartesian representation), we have 


a = a , a « 
a— 1 a— 2 




and 


^ =V2\-3 


®i \-r 


This evidently sugg^ts a simple method for s<)uaring a fimte field element expressed 
in NB, namely, by merely cyclic shifting the cartesian representation of the element in NB 
towards the left by one bit. 


(b) Multiplication 

Now let us consider multiplication of two elements a and b, expressed in NB. Let us 
denote the product of a and b as c. 

Let a = ®‘n _2 

and ^ = ^^0 
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Now c = a.b 


= K-1 V2 ^ \-2 h V- (A113) 

where the a. *8, b. 's and c. *8 € GF(2) and c. *8 are some function of a *8 and b. *8. fi = 0 1 
n-1), 

> c. =f(aj, bp. (A. 1 . 14 ) 

Let the coefficient c^_j corresponding to the highest power of 7 be expressed as 

"... = V2 “1 V *>.-1 *>.-2 N V 

Now let us square c 

0=^ = .V 

*'■' ‘=^=['.- 2 '.-3 

= K-2 *-3 *1 ‘0 Vll '^-2 ‘■•-3 ‘'l ‘>0 Vll’ (A l l®) 

since squaring of an element as mentioned earlier, is a cyclic shift of the corresponding 
cartesian representations towards left. 

2 

Now, the coefficient corresponding to the highest power of 7 of c is c „, which can 
be obtained by the same function f(.) as used to C2dculate c^_j , but with the a ’s and b. *s 
which are input to the function, cyclically shifted towards left by one bit. In this manner, 
all the c. ‘s, i = 0, 1, ...., n-1, can be calculated. 

Implementation Schemes 

The implementation of the multiplier can be done in two ways: 


(a) Serial Implementation 

In this implementation, store the numbers to be multiplied, namely, a and b, in two 
registers A and B, the output of which is input to a block F which realizes the function f(.), 
to Mt c , at the first clock ptilse. At the arrival of the next clock pulse, cyclically shift 
left the contents of A and B by one bit to get at the output of F. This process is 
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repeated till we get all the c. ’b, i = 0, 1, , n— 1. Thiia the serial implementation requires 

n clock periods and one functional block to perform one multiphcation operation in NB. 

(b) Parallel Implementation 

We can have a parallel implementation hardware, in which case, the speed is 
increased by n times, *md we can perform multiplication in one clock period. In this 
implementation, we have n identical blocks, each block having the seune components aa in 
(a). The input to the first block is the a 's and k 's which realize The remjiining n— 1 
blocks realize c ^_2 , c ^_2 , ..., c^j respectively. The input to these blocks will be cychc 
shifted versions of a 's and b. 's, each succeeding input differing from the preceding input 
by one cycle. Thus in this cruse, the speed is increased by a factor of n, but the hardware 
requirement also has increased by the same factor. 


(B) Conversion from Standard Basis to Normal Basis 

It is frequently required to convert elements represented in standard basis (SB) to 
NB and vice versa, to do operations like squaring. So it is desirable to have an idea as to 
how these conversions are carried out. The procedure is as follows: 

First, one has to find a suitable set of linearly independent vectors of the form 7, 7 , 


2 n*””! 

^ ^ g GF(2*^) which can constitute a NB for GF(2^). We know that each of 

these vectors can be represented m a linear combination of the SB vectors, a , a, or , 

1^ where a is a primitive element of GF(2^). Thus, this relation is expressed in matrix 


form, as 
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or, 

:X = Aa (A. 1 . 16 ) 

where the ajj's , 1 < i, j < n, € GF(2). 

From this relation, we find the linear transfonnattion matrix which expresses the SB 
vectors in terms of the NB vectors, by simply inverting the matrix A in the right hand side * 
of (A.1.16). 

Thus^ = A‘^J, (A.1.17) 

ie., 



where the n x n matrix A"' of h.^'s € GF(2), is the inverse of k. 

Now, to find the cartesian representation of an element d 6 GF(2^), in NB, first find 
its cartesian representation in SB, ie., 
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^ + '^-2“*”^ + + + do"”' 

where d. € GF(2). 

To express d in NB, it is required only to multiply the 1 x n matrix of d. 's with the 
n X n matrix For finite fields of characteristic 2, this amounts to taking the linear 
combination of those rows of A'^, corresponding to d. = 1. 

For conversion of an element represented in NB to SB, we follow the same 
procedure as above, but with replaced by A. 

Number of Different Normal Bases in a Finite Field 

As mentioned earlier, it has been proved that there exists a NB for every finite field. 
The number of different NBs in a finite field GF(p’‘) over GF(p) has also been derived 
elsewhere [27]. This number, say #, is given to be 

# = (l/n) (A.1.18) 

where f = x“— 1 and ^^(f) is the analog ofi Euler's phi function, which is the number of 
polynomials over GF(p) that are of smaller degree than f, as well as relatively prime to it. 

Further, if the degree of f >1, then 

^p(f) = p’‘.(l-^“‘^l)(l-p”’‘2) (l-p-^r), (A.1.19) 

where m are the degrees of the distinct monic irreducible polynomials in the canonic 
factorization of f over GF(p). 

As examples, we find the nxunber of different NBs in GF(2®) and GF(2^^) over 

GF(2). 

Example A.1.19: n = 9 

X® + 1 = (x + l)(x^ + X + l)(x® + x® + 1) . 

+ 1) = 2®(1-2-')(1-2-2)(1-2-®) = 18. 

Therefore, the number of different NBs of GF(2®) = ^ = 189/9 = 21. 



Example A. 1.20; n = 12 


+ 1 = (x + l)^(x^ + X + 1)^. 

^2(x^2 + 1) = 2^2(1-2“^)(1-2-2) = 1536. 

Therefore, the number of different NBs of GF(2^^) = 

# = 1536/12 = 128. 

The number of different NBs (#) of GF(2“) over GF(2) are tabulated in Table A. 2 
for 2 < n < 15. 

Ti^le A.2: Number of Different Normal Bases in GF(2*); 2 < n < 15 


n 

# 

2 

1 

3 

1 

4 

2 

5 

3 

6 

4 

7 

7 

8 

16 

9 

21 

10 

48 

11 

93 

12 

128 

13 

315 

14 

448 

15 

675 
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Before concluding this section, we give the definition of an algebra as below: 

A. 1.13 Algebra 

A ring R endowed with a vector space structure over a field F is called an Algebra A 
over F if 

a Q (vj Vj) = (a @ v^.v^ = Vj.(a @ v^) 
where a € F, v^ , v^ € R and denotes the multiplication operation in the ring 

In the next section, we will have a brief discussion on discrete Fourier transform 
over finite fields whose theory is fi-equently applied in this thesis. 

A.2 Discrete Fourier Transform (DFT) over Finite Fields 

Fourier transforms (FT) are useful in the study of real or complex valued signals 

when the time variable is continuous. When the time variable is discrete, discrete Fourier 

tranrform (DFT) pla)rs the same role as FT. FT and DFT are widely used in signal 

processing and communication. The concept of DFT can be extended to vectors over finite 

fields also. To steurt with, we define DFT over the complex field as foDows; 

The DFT of a vector of length N over the complex field is defined as 

N-1 j2irik 

C. = E e " c. , (A.2.1) 

* i*0 

k = 0. 1, ..... N-1, where j = The Fourier kernel e^^ is called an root of unity in 
the field of complex numbers. 

In the finite field GF(q™), sn element a of order n is an root of unity. We 
immediately see that elements of all orders do not exist in GF(q’‘^). Elements of GF(q”'^) 
can only have orders which divide q™ — 1. Thus, unlike in the case of DFT over the complex 
field, DFT over a finite field can be defined only for vectors whose lengths n divide q°‘-l . 
Now, the DFT of a vector over a finite field can be defined as follows; 
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Let V _ [vq Vj Vj be a vector where v. , i = 0, 1, n-1, € GF(q) and 

where Let a be an element of order n in GF(q“). Then the finite field DFT of the 

vector Y, la the vector Y = [Vp J over GF(q“), where 

n-1 

V. = S a-* V. , j = 0, 1, ..... n-1, (A.2.2) 

1-0 

where i.j is taken modulo q“— 1. 

Similar to the existence of complex valued FT for real valued functions, there exist 
GF(q™) valued DFTs for GF(q) valued signals. 

We naturrdly call the discrete index 'i’ as time, and y as the time domain function, 
and the discrete index 'j* as frequency and Y as the frequency domain function. 

Before concluding this section, we look into the conjxigacy relations among DFT 
coejEBcients; 


A.2.1 Conjugacy Constraints 

As mentioned earlier, the DFT of a vector over GF(q) of length n takes values in an 
extension field GF(q™). However, the inverse DFT of any arbitrary n length vector over 
GF(q™) does not in general give a vector whose components belong to GF(q). Thus the 
frequency domain vector should satisfy certain constraints in order to ensure that all the 
components of its inverse DFT (ie., the time domain vector) lie in GF(q). These 
constraints axe similar to the case of Fourier transform over the complex field. Over the 
complex field, a spectrmn F(f) has a real valued inverse Fourier transform iff F (— f) = 
F(f), where denotes complex conjugate. Analogously, we can define constraints for the 
finite field case also. Thus we state the following theorem known as conjugacy theorem 
without proof (For proof, see [20]); 

Theorem A.2.1: Let Y = [Vq V J be a vector of length n over GF(q“) where 

Then the inverse DFT y is a vector over GF(q) iff the following equations are 
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satiisfiedl. 

\ mod n ' j = ■> ““I- (A-2.3) 

In the next section, the last in this ^pendix, we discuss the theory of linearised 
polynomials which finds an important place in this thesis. 

A.3 Linearized Polynomials 

This special class of poljmomisds assiunes considerable importzmce in this thesis and 
hence an elaborate study of its relevant theory is in order. Thus we devote this section to 
the description of the available theory and results on this topic, which are relevant to this 
thesis. 

Linearized polynomials (LPs) were first investigated by Ore [23, 24, 25, 26] who 
called them as p— polynomials. However this term was later on restricted to those 
polynomials in this class whose coefBcients belonged to the ground field GF(p), p being a 
prime number, eind the general term of ’q-polynomiab over GF(^ )\ where q is a prime 
power, was used. Berlekamp [28] has called these polynomials as ^linearized polynomials 
over GF(^P for reasons which will become evident shortly. 

The theory of LPs described in this section is on the lines of Lidl and Niederreiter 
[27] with occasional references to Berlekamp [28] and MacWiUiams and Sloane [19]. 

A.3.1 Definition and Terminology 

Let q denote a power of a prime, say, q = p^. 

Then a ^polynomial over GF(q^) or alternately, a LP over GF(q^) can be defined as a 
p>olynomial of the form 

^ i 

F(x) = S ajx^ , (A.3.1) 

i*0 * 

where the coefficients a. € GF(q™). 
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If the cocfBcients are from GF(q), the corresponding polynomial will be called a 
q— polynomial over GF(q). 

Our studies axe limited to q = p = 2. Thus in this thesis, the terms p— polynomials 
over OF(p^) and LPs are used interchangeably wherever needed. Some authors define the 
polynomial to be monic, ie., the leading coefBcient aj^ = 1. However we use the terms, 
p-polynomials over GF(p™) and LPs, for both monic as well as nonmonic cases. If the 
coefficients belong to the ground field, the same will be called simply as a p— polynomial or 
a q—polynomiai 

LPs derive its terminology from its linearity property stated in the following 
theorem; 

Theorem A.3.1: Let GF(q*) be itn eu-bitrary extension of GF(q”^) where s > m and q is a 
prime power. Let 0^ and 0^ € GF(q"). Then, 

(1) F(/J, + (9j) = F(.9,) + F(^j), {A.3.2) 

(2) F(c/?,) = c F{/?,), where c € GF(q). (A.3.3) 

Proof: (1) F(^, + = S = S + ff/) 

i«0 i-O 

= ¥{ 0 ^) + ¥{ 0 ^), 

since {0^ + 0^f - 0^"^' + 0^"^' in fields of characteristic p, for all 0^, 0^ € GF(q“), and q a 
power of the prime p. 

(2) ¥{c0^) = S a/c/?^^' = c S = c F(/3^), 

1*0 

since = c for all c € GF(q), and i > 0. Q.E.D. 


Because of the above property, the LP is said to induce a linear operator on GF(q*), if 
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GF(q*) ia considered as a vector space over QF(q). 

A. 3. 2 Roots of a Linearized Polynomial 

We now discuss about the roots of a LP. The roots of a LP over GF(q™) may not lie 
in the same field. They may belong to an extension of GF(q“) also. The next result is 
about the nature of the set of roots of a LP over GF(q“), which hes in GF(q“), s > m. 


Theorem A.3.2: Let F(x) be a nonsero LP over GF(q“) and let all the roots of F(x) he in 
the extension field GF(q*) of GF(q°^) where s > m. Then this set of roots forms a hnear 
subspace of GF(q*) where GF(q") is considered as a vector space over GF(q). Further, each 
root of F(x) has the same multiplicity which is 1 or a power of q. 


Proof: Let and be two roots of F(x) which belong to GF(q’). Thus 

F(/?j) =.F(^2) = 0* 

Now, from the hnearity property of F(x), F(^j + — F(jdj) + is also equal to 0, 

meaning is also a root of F(x). In general, any linear combination of the roots with 

coefficients from GF(q) is also a root. In other words, the roots form a linear subspace of 
GF(q*), where GF(q*) is considered as a vector spzice over GF(q). 

Now, let the derivative of F(x) be denoted as F*(x). Then it may be seen that F’(x) is equal 

to a^. Thus if ajj # 0, then F(x) has only simple roots. Otherwise we have, a^ = aj= .... = 

a^ , = 0, but a^ ^ 0 for some t > 1. Therefore 
t— 1 ’ t ~ 

i 

F(x) = S 


mt 


Now since a € GF(q”^). it satisfies the relation = a. Thus F(x) may be written as 

^ mt J , ^ (m— l)t 


F(x) = E a.^ x^ = ( S 


i-tv t 


\mt 


i«t 


1 


y 


which is the q* th power of a LP having only simple roots. Thus each root of F(x) has the 
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same multiplicity q*. 


Q.E.D. 


The next theorem is a partial converse to the above theorem. 

Therein A. 3.3; Let U be jui h— dimensional subspace of GF(q”^), considered as a vector 
space over GF(q). Then for any non-negative integer t, the polynomial 

F(x)= n 
/!? € U 

is a LP over GF(q“). 

Pro<rf: Since the q* th power of a LP over GF(q”“) is also a LP, we need to consider only 
the case t = 0. 

ie., It is s uf ficient to prove that F(x) is of the form 

h-l 

(A.3.4) 


h h-l 

F(x) = n (x-P) = x^ + a^. x^ +.... + ax, 
€ U 


where h is the dimension of the sub8paw:e. 

Let ..., 0 ^) be a basis of U over GF(q). Since /?., i = 1, 2, ...., h, is a basis, the 

matrix 


^0 ^ ^ 




h-1 




t-1 


^ h-l ^-1 ^-1 


h-l 


^-1 


(A.3.5) 
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is invertible, since det jAj is known to be nonzero if i = 0, 1, h— 1, are lineeirly 
indep>€ndent [27]. Thus there is a solution a^, a^, in GF(q™) to the equations 


^ + a/j + aj/Sj + a^^ +. . . =0 


^-1 * 1^-1 *^ 2^-1 


i-1 



(A.3.6) 


rp JU JU. » rn 

since [a^ a^ a|i_il ~ ^ transpose. 

Therefore /?j, , are the roots of the LP 

h h-l 

F(x) = + aj ^_2 x^ + + a^ x. 

Now since ;5l. i = 0. li -i are the roots of a LP, any linear combination of i = 0, 1, 

..., h— 1, which belongs to U, is also a root of F(x). Hence 

F(x)= n ix-0) Q.E.D. 

^ € U 

A.3.3 Symbolic Multiplication 

For the study of the algebraic properties of LPs, suitable binary Operations should 
be defined on this set such that the set is closed under these operations. One obvious 
operation is ordinary addition, since addition of two LPs is again a LP. However, ordinary 
multiplication of two LPs, in genered, need not be a LP. Thus a new operation of 
composition is introduced on this set. This operation of composition is commonly known as 
symbolic multiplication and is denoted as (x). Thus if F 2 (x) and F 2 (x) are two LPs over 
GF(q“), then their symbolic product defined as F 2 (x) (x) F^Cx) = F 2 (F 2 (x)) is again a LP 
over GF(q”^). The symbohc multiplication is ,in general, not commutative. 
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A. 3. 4 Dual Polynomials 


1 m 

For every monic LP over GF(q”“) of degree q , which divides — x, there exists a 

unique monic LP called a dual polynomial [28] of degree q“ , which also divides x^ — x, 
such that the root space of one polynomial is the range space of the other. 


V 

Let F(x) be any monic LP over GF(q™) of degree q , which divides x^ — x. Then 
all the roots of this polynomial lie in GF(q™), and they form a subspace of GF(q“). Let r^ 

■ ^2 be » b«i» for the root space of F(x), and let r^ , r^ , r^ , r^^j , be a 

basis for GF(q“‘), considered as a vector space over GF(q). Then the dual of F(x), denoted 

as F^(x) is defined as a monic LP of degree q , such that F^(x) is given by 

q-i q-i q-i m 

Fj(x)= n n n (x- e c.F(r.)). (a.3.7) 

C *0 C «o C bQ i*k+l 

» »-l k+1 


while F(x) is given by 

q-lq*l q-1 k 

F(x)= n n n (x- s c.rp. (a.s.s) 

C «0 C *0 C «o i*l 

k k-1 1 


Theorem A.3.4: F(x) and F^(x) satisfy the relation 

Fj{x) (x) F(x) = F(x) (i) Fj(x) = x’”- X. (A.3.9) 


q-lq-l q-1 m 

Proof: F^(F(x)) =1 H H (F(x) -Sc. F(r.)), 

C .0 c .0 i-k+1 

m m -1 k “rl 

on substituting x by F(x) in the expression for F^(x). 

Each product term on the right hand side of the above expression is an affine polynomial 

(ie., a LP plus a constant term) A^ = F(x) — u^, t * 1, 2, , q™ all the roots of which 

m 

lie in GF(q“). Thus each A^ is a factor of x"^ - x. Therefore the right hand side of the 

m na 

expression gives a factorization of x^ — x and is equal to x^ — x. Similarly it may be 
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m 

shown that F(x) (x) Fj(x) = x^ - x. Q.E.D. 

A. 3. 5 Q - Associates 

t i 

Let F{x) = E ax^ be a LP over GF(q™). Then the polynomial 

i-0 

h 

f(x) = E ax*, (A.3.10) 

i-O 

is called the conventional q— associate of F(x) and F(x) is called the linearized q— associate 
of f(x). 

A. 3. 6 Q-Polynomials over GF(q) 

LPs whose coefficients are restricted to GF(q) are called q— polynomials over GF(q) 
or simply q— polynomials. The results available on this topic axe discussed below: 

A.3.6.1 Algebraic Structure of Q-Polynomials 

The operation of symboUc multiplication is commutative in the case of 
q— polynomials over GF(q), besides being associative. Further it distributes with respect to 
ordinary addition. It may thus be seen that the set of q— polynomials forms an integral 
domain imder the oi>erations of symbolic multiplication and ordinary addition. 

A.3.6.2. Relating Symbolic Multiplication of Q-Polynomials to 

Ordinary Polynomial Arithmetic 

The operation of symbolic multiplication of q— polynomials can be related to 
conventional polynomial arithmetic in terms of q— associates, as stated in the following 
theorem: 
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HieorfflPQ A.3.S: Let Fj(x) and F^(x) be two q-polynomials over GF(q) and let their 
conventional q— associates be fj(x) and f 2 (x) respectively. Then the conventional 
q— associate of Fj(x) (x) F 2 (x) is equal to fj(x).f 2 (x). 


Proof; Let Fj(x) (x) F^(x) = F(x) and let fj^(x).f 2 (x) = f(x). 



Let f(x) = S ax* 

i 


f,(x) = E 

‘ j 1 

and 

f2(x) = E c^x^ 

Then their linearized q-associates are 


F(x) = E ax** 
i 

Pj(x) = Ebx'^ 

j 

F2{x) = S Cj^x** 

and 

Now 

F(x) = Fj(x)(x)F2(x) 


i k J k+j 

ie.,Ea.x'» =Eb.{Ec^x’)'^ = Eb.Sc^x'> 

as Cj^ e GF(q). 

Similarly f(x) = fj(x).fj(x) 


ie., S slx ^ = S b.x^ E c, x^ 
i » j J k ^ 

(A. 3. 11) and (A.3.12) are each true iff 


a. = S b.c^ for every i. 
* j+k=i ^ 


(A.3.11) 


(A.3.12) 

(A.3.13) 

Q.E.D. 
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A.3.6.3 Symbolic Divisibility 

Let F(x), Fj(x) and F^Cx) be qf-polynomitda over GF(q) where F(x) = Fj(x) (x) 
FjCx). Then we aay that Fj(x) symbohcally divides F(x) or that F(x) is symbolically 
divisible by Fj(x). 

Theor«tn A.3.6: Let Fj(x) and F(x) be q-polynonxials over GF(q) with conventional 
q-associates fj(x) and f(x) respectively. Then 

(t) Fj(x) symbolically divides F(x) iff fj(x) divides f(x). 

(u) If Fj(x) symbolically divides F(x), then Fj(x) also divides F(x) in the 
ordinary sense. Conversely, if Fj(x) divides F(x) in the ordinary sense, then 
Fj(x) divides F(x) symbolically. 

Proof: (i) is a consequence of Theorem A. 3.5. 

(*i) Since Fj(x) symbolically divides F(x), we can write 

F(x) = Fj(x) (x) FjCx) for some q-^olynomial over GF(q). 

h i 
Let F.(x) = S a.x^ . 

i*0 

Then we can write F(x) = F 2 (x) (x) Fj(x) = F 2 (Fj(x)) 

= a„(F,W) + «,(F,(x))« + aj(F,(x))’“ + + .^ (A.3.14) 

from which it is evident that Fj(x) divides F(x) in the ordinary sense as Fj(x) is a common 
fau:tor. 

Conversely, suppose F^(x) divides F(x) in the ordinary sense. We assume Fj(x) ^ 0. 
Using the division algorithm, we can write 

f(x) = k(x).fj(x) + r(x), (A.3.15) 

where deg(r(x)) < deg(fj(x)). 

Then their corresponding linearized q-associates satisfy the relation 

F(x) = K(x) (X) Fj(x) + R(x). 


(A.3.16) 
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Now «iace Fj(x) divides F(x) in the ordinary sense, it divides K(x) (x) Fj(x) and 
R(x) also in the ordinary sense. But since deg(R(x)) < deg(Fj(x)), Il(x) must be the zero 
polynomial. Thus F(x) = K(x) (x) Fj(x) meaning that Fj(x) symbolically divides F(x). 

Q.E.D. 


A.3.6.4 Relating an Irreducible Polynomial with the 

Irreducible Factors of its Linearized Q-Associate 

The order of an irreducible polynomial f(x), which is the least positive integer e such 
that f(x) divides x* — 1, is related to the degrees of the irreducible factors of its linearized 
q-associate. This is brought out in the next theorem; 

Theorem A.3.7; Let f(x) be irreducible in GF(q)[x] and let F(x) be its linearized 
q-associate. Then the degree of every irreducible factor of F(x)/x in GF(q)[x] is equal to 
the order of f(x). 

Proof; Let e be the order of f(x). Let Fj(x) 6 GF(q)[x] be an irreducible factor of F(x)/x of 

e 

degree d. Since f(x) divides x*— 1, its linearized q-associate divides x^ — x. Since Fj(x) is a 

e 

factor of F(x)/x, Fj(x) also divides x^ — x. Therefore d should divide e. 

By division algorithm, we can write 

x^-1 = g(x).f(x) + r(x), (A.3.17) 

where g(x), r(x) € GF(q)[x], and deg(r(x)) < deg(f(x)). 

Turning to their linearized q— associates, we get 

d 

x^ — X = G(x) (x) F(x) + R(x), (A.3.18) 

where the capital letters denote the respective linearized q-associates. 

d 

Since Fj(x) divides x^ — x and G(x) (x) F(x), it also divides R(x). 

If r(x) is not the zero polynomial, then r(x) and f(x) are relatively prime. Therefore there 
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exist polynomials k{x) and 8(x) € GF(q)[x] such that r(x).8(x) + f(x).k(x) = 1. 

Turning to their linearized q-associates, we get 

R(x) (x) S(x) + F(x) (x) K(x) = x. (A.3.19) 

Since Fj(x) divides R(x) and F(x), it follows that Fj(x) divides x, which is impossible. 
Thus r(x) is the zero polynomial. Therefore Fj(x) divides x**— 1, and thus e divides d. 
Further d = e. Q.E.D. 

A.3.6.5 Duals of Q-Polynomials 

The existence of a dual q-i>olynomial over GF(q“) for any q-polynomial over 

m 

GF(q”“) which divides x** — x, was establ hed in Theorem A.3.4. The duals of 

q-polynomials over GF(q) may be found with ease from their relation with conventional 

m. 

q-associates. Let F(x) be a q— polynomial over GF(q) which divides x^ — x , and let F^(x) 

be its dual. Let f(x) and f^(x) be their respective conventional q-associates. Then we know 

that the following operations are equivalent: 

m 

— X = F(x) (x) F^(x). {A.3.20) 

x”A_i - f(x).f^(x). (A. 3. 21) 

Thus F^(x) may be calculated by first finding its conventional q-associate f^(x) 
from the relation (x“— l)/f(x), and then taking its linearized q-associate as F^(x). 

A.3.6,6 Symbolic Irreducibility and Symbolic Factorizations 

A q— polynomial F(x) over GF(q) of degree greater than 1 is said to be symbolically 
irreducible over GF(q) if the orxly symbolic decompositions of F(x) axe of the form 
F(x) = Fj(x) (x) F 2 (x) where Fj(x) and F 2 (x) are q— polynomials over GF(q), and one of 
the factors has degree 1. A symbohcally irreducible polsmomial is always reducible in the 
ordinary sense, since x is always a nontrivial factor of any LP of degree greater than 1. 

It is evident from the relationship between the q— associates that, a q— polynomial 
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over GF(q) in aymbolically irreducible over GF(q) iff its conventional q-associate f(x) is 
irreducible over GF(q). 

Every q-polynomial over GF{q) of degree greater than 1 has a unique 5 ym 6 o/jc 
factonzation into symbolically irreducible polynomials over GF(q). Further, the symboUc 
factorization of F(x) can be obtained by factorizing its conventional q— associate f(x) into 
irreducible polynomials in GF(q)[x], and then taking the hnearized q— associates of these 
irreducible factors to be the symbolically irreducible factors. 

We conclude this appendix after a brief description of the special structure of the roots of 
q— polynomials over GF(q). 

A.3.6.7 Structure of the Roots of Q-Polynomials 

Let all the roots of a q— polynomial over GF(q) lie in GF(q°^). Then the roots form a 
linear subspace of GF(q™), considered as a vector space over GF(q), as per Theorem A. 3. 2 . 
The roots have the additioned property that the q*^ power of a root b again a root. A 
subspace M having the property that the q^ power of every element of M is again in M, is 
called a q—modidus, or simply a modulus. 

Theorem A.3.8: The monic polynomial F(x) is a q-polynomial over GF(q) iff each root of 
F(x) has the same multiplicity, which is 1 or a power of q, and the roots form a 
q— modulus. 

Proof; The necessity of the conditions follows from Theorem A.3.2. Conversely, the |?ven 
conditions and Theorem A.3.3 imply that F(x) is a q— polynomial over GF(q )i an 
extension field of GF(q). 

Now if U = M, then we have 

F(x)= n (x-/?)Sfort>0. 

/? 6 M 


(A.3.22) 
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Now 

since if € M, ^ also belongs to M. 


(F(x))^= n n =F(x‘l), 

0 £U /? € M 


(A.3.23) 


hi h i+i 

If F(x) = S , then (F(x))‘^ = S x*^ . 

i«0 

Now we have ((F(x))** = F(x^), 
t i+1 ^ i+1 

or S a*? x*^ = S a. X 

1 . . 1 

i«0 ’*0 

Thus for 0 < i < h, we have a^ = a., or in other words a. € GF(q). Therefore F(x) is a 

\ Q.E.D. 

q— polynomial over GF(q}. 


(A.3.24) 



APPENDIX B 


FACTORIZATION OF POLYNOMIALS OVER FINITE 
FIELDS USING DFT OVER FINITE FIELDS 


We propose an algorithm for factorization of polynomials over finite fields which ciin 
lake use of fast Fourier transform (FFT) algorithms for the computation of discrete 
ourier transform (DFT). This is essentially a root finding algorithm which computes the 
x»ts of a polynomi 2 d by DFT methods. This algorithm may be efficiently used if the field 
1 which the roots lie are known and there are no multiple roots. For example, the roots of 
imdrome polynomials (SPs) discussed in Chapter 6 are known to lie in GF(2*‘) and 
aerefore factorization of these polynomials can make use of this algorithm. Thus 
-polsmomials representing cyclic codes can be factorized by this method to determine 
lek weight distributions. 

We describe this factorization procedure in the following paragraphs: 

A polynomial over a finite field GF(q) [q a power of 2] may be expressed in the form 

n 

f(x) = S ax* ; where a, x € GF(q). 

1*0 

= a^d- ajX + a^x^ + + a^x“ , (B.l) 

The polynomial f(x) has a zero at x = jQ* iff f(^) = 0, where ^ is a primitive element 
a GF(q“), m > 1. Substituting in (B.l) gives 

^ a,= Sa/ (B.2) 

Let us assume that n = q“-l. Then the right hand side (BBS) represents the 

pectral component E. obtained by taking the finite field DFT of the sequence a. a^ , a^ , 

J 
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• ^ # 0. The DFT coefficients will then be in GF(q°^) since n|q“^-l. Note 

that since , the component a^ occupies the first position in the sequence a. 

However, n may not always be equed to q™— 1. But it can be mzide to, by appending zeroes 
to a such that its length be equal to q^— 1. To find the roots of f(x), our first task is to 
check whether x = 0 is a root. This is trivial since if a^ = 0, f(x) = 0 at x = 0. Further it 
has 'p' multiple roots at x = 0, if the least exponent term in x is x^. The nonzero roots can 
be obtained as follows: 

The first step would be to see whether the number of terms in x, excluding the 
constemt term a^ , is equal to q™— 1. If not, append zeroes to the sequence a such that its 
length is extended to the nearest q°^* —1 where mj is the least positive integer which 

satisfies this relation. Find the DFT of the sequence a^ , a^ , a^ , , a^_j of length 

( = q™i— 1 over GF(q). The DFT coefficients lie in GF(q“^). Search for those spectred 
components E^ whose value is equal to a^. Then those ^ (where is a primitive element of 
GF(q™*)) form the roots of the polynomial f(x) in the extension field GF(q°^'). 

If the number of roots so obtained (including x = 0) is equal to the degree of the 
polynomial f(x), then the factorization is complete. 

If the nonzero roots of the polynomial f(x) lying in GF(q°^^) correspond to ’s' 
conjugacy classes, then f(x) gets factorized into 's' irreducible polynomials over GF(q), 
each irreducible polynomial being the minimal polynomial of , where ji is a member of 
the conjugacy class modulo q“* —1. 

If there are no roots at x = 0, and if all the roots so obtained (their number being 
equed to the degree of the polynomial f(x)) in GF(q°^') correspond to a single conjugsu:y 
class, then the polynomial f(x) is irreducible over GF(q). 

If the number of roots obtained is less than the degree of the polynomial f(x), we 
have the following two cases: 

(i) The remaining roots lying in an extension field GF(q™) where m > m^. 

(ii) occurrence of multiple roots. 
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Consider case (i) first. To search for the remaining roots lying in a further extension 
field, the sequence length is further extended to p = _i where m 2 = mj+ 1, and the 

DFT of the sequence a^ , a^ , a^ , , a^^ is found. Search for the roots lying in 

GF(q“2) as before. The procedure is repeated for m = mj , mj + 1 , mj + 2 , t, where t 
is the degree of the polynomial f(x), or till all the roots are obtained, whichever is earlier. 

If the number of roots obtained is still less even at m = t, this indicates case (ii), ie., 
occurrence of a multiple nonzero root. 

We present some examples below to illustrate the above concepts; 

jEbcampIes 

Example B.l: Let f(x) = 1 + x + x^ + x® + x^ + x® + x^^ = 1 + f(x) (say). 

In this case, = 1, and a-'s 6 GF(2). Since f (x) has only 12 terms, we can extend 
it to 15 terms (nearest 2“- 1) by adding Ox^® + Ox^* + Ox^^. Thus let us put f (x) plus 
these 3 terms as ^'(x) = lx + Ix^ + Ox® + Ox^ + Ox® + lx® + Ix^ + lx® + Ox® + Ox^® + 
Ox^^ + Ix^^ + Ox^® + Ox^* + Ox^®. 

Taking the coeflBcients of x as the sequence whose DFT is to be found, in the order 
mentioned earlier (ie., with the coefficient of x^® first, followed by the coefficients of x, x , 
X®, ..., x^^), the sequence whose DFT is to be found isOllOOOlllOOOlOO. The 
DFT of this sequence exists in GF(2^). However, it can be verified that none of the DFT 
coefficients in GF(2^) is equal to a^ (= 1). 

Hence we proceed to the next extension field GF(2®). Extend the polynomial f'(x) 

by adding Ox^® + Ox^^ + + Ox®^. A sequence a. of length 31 is obtained with the 

coefficient of x®^ in the first position followed by the coefficients of x. , i = 1, 2, , 30. 

Taking the irreducible polynomial for genersdiing GF(2 )a8X + x + x + x+ l, the 
spectral components whose vedue is = 1, are Ej^ , E^ , E^ , Eg and Ej^g. Thus the roots 
in this field are /?, ^ and It may be noted that they correspond to the sam< 

conjugacy class. Thus we get a factor of f(x) which is an irreducible polynomial over GF(2 
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of degree 5 namely (x + 0){x + ^){x + ^)(x + /)(x + = x® + x^ + x^+ x + 1 

[which is the minimal polynomial of 0\. Since 7 more roots are to be obtained, we proceed 

to GF(2^). It can be verified that there are no roots in GF(2^). We proceed to GF(2^) in 

the same way. Choosing irreducible polynomial for GF(2 ) as x + x + x + x + 1, we 

get the remaining 7 roots in this field s£ 0, 1^, ^ if* which correspond to 

one conjugacy class and produces another factor of f(x) which is an irreducible polynomial 

7 5 4 3 

of degree 7 namely x + x + x + x + 1. Since iJl the roots are obtained we do not 
proceed upto m = 12. Thus 

x^^ + X® + x^ + X® + x^ + X + 1 = (x® + x^ + x^ + X + l)(x’' + X® + x^ + X® + 1). 

Example B.2: f(x) = x^ + x® + x^ + x + 1. 

Number of coefiBcients of x = 4. 

The nearest 2°^— 1 = 15. 

The sequence isOllllOOOOOOOOOO. 

DFT coefficients lie in GF(2^). Choosing the irreducible polynomial for GF(2^) as x^ 
+ X + 1, the roots are obtained as yl9®, /S® and 0^^. All the roots are obtained in this field 
and they correspond to the same conjugacy class. Hence the above pol 3 rnomial is irreducible 
over GF(2). 

Example B.3; f(x) = x^ + x^ + 1 = 1 + Ox -I- Ix^ + Ox® + Ix^. 

Number of coefficients of x = 4. 

The nearest 2™— 1 = 15. 

The sequence whose DFT is to be found isOOlOlOOOOOOOOOO. 

Choosing irreducible poljmomial for GF(2^) as x^ + x + 1, the roots are obtained as ^ an<| 
The minimal polynomial of/3® = x^ + x+l. Since the degree of f(x) is 4, and m ii 
also 4, the procedure is terminated here. Since two more roots are to be obtained still, f(x 
has multiple roots at ^ and Therefore 
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f(x) = (x + l^){x + /°)(x + ^)(x + = (x^ + X + 1)^. 

Example B.4: f(x) = /V + V + if^x = ^^x + ^®x^ + Ox^ + /V, 

where the coefficiente of f{x) are from GF( 2 ®) and jd is a root of the primitive p>olyiiomial x® 

+ X + 1. Since the constant term is 0, and the least exponent of x is 1 , the polynomial has 

fi 

a single root at x = 0. Here q = 2 . The sequence is extended to the nearest q — 1 . In this 
case, m = 1 . Hence the length of the sequence is 2 —1 = 63. The sequence whose DFT is to 

foimd is 0 0 0 0 0 0. The spectral component whose value is (= 0 

in this case) is only. Hence a second root is Two more roots remain, and hence the 
sequence is extended to q —1 where m = 2. The length of the sequence is now 2 — 1 = 
4095. Then the DFT of the sequence (of length 4095 over GF( 2 ®)) is found. The spectral 
components lie in GF(2^^). Let 7 be a primitive element of GF(2^^), a root of the primitive 
polynomial x^^ + x^^ -f x® + x® + 1. Then ^ s= -y®®. Expressing all ^ s in 

terms of 7 , we have the resulting sequence as 0 7 ^?®® 7 ®^ 0 7 ®^®® 0 0 0 0 

[4095 data points in this sequence]. On finding the DFT, we see that GF( 2 ^^) is the 
splitting field for the above polynomial. Thus all the roots are obtained in this field. Three 
EL ’s whose value is a^j (= 0 ) are E^ , and roots are 7 [already 

found in GF( 2 ®) as since 780 = 12 x 65], 7 ^^®^ and 7 ®^®® apart from x = 0 . It may be 
noted that since the DFT coefficients are in an extension field of GF(q), they sstisfyi 
conjugacy constraints [only the last two, since the first namely 7 ^ = € GF( 2 ®)]: 

(E.)^ = E. / , m -V. In this case, the indices satisfy the relation j s= 64j (mod 4095). 

^ / jq(mod q — 1 ) 

Thxis 7 ^^®^ * ®^^ ^®®® sr -y32®®, Xhe procedure is terminated since all the four roots ar^ 

obtained. 
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TABLES OF FINITE FIELDS 


T«a)leC.l: GP(iP) 

Minimal Polynomial: x + x + 1 


Standard Basis = {cr^, a} 


0^ = m., a 4- m.. d 
jl jO 


0 


Normal Basis 


{a, a^} 


^ = m., 0 ^ + m.„ a 
jl . jO 


j 

m.,m.„ 
jl jO 

—to 

0 0 

0 

0 1 

1 

1 0 

2 

1 1 


j 

m.,m.n 
jl jO 

— TB 

0 

0 

0 

1 

1 

1 

0 

1 

2 

1 

0 


Table C.2: GF(2®) 

3 2 

Minimal Polynomial = x + x + 1 


Standard Basis = {a®, a, a^} 
J 2 , , 0 

or = m.-a +m.-a+m.-Qr 
j2 jl jO 


2 

Normal Basis = {a, a , a } 

1 4 2 

^ = m.„o + m., a + m.„a 
j2 jl jO 


j 

m._m.,m.n 
j2 jl jO 


0 

0 

0 

0 

1 

1 

1 

1 

0 

0 

1 

2 

0 

1 

0 

3 

1 

0 

1 

4 

1 

0 

0 

5 

1 

1 

0 

6 

i 

0 

1 

1 


j 

m.„m..m.- 
j2 jl jO 

-noo 

0 0 0 

0 

0 0 1 

1 

0 1 0 

2 

1 0 0 

3 

1 0 1 

4 

1 1 1 

5 

0 1 1 

6 

1 1 0 
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Table C.3; GF(2^) 


Minimal Polynormal: + x + 1 


Standard Basis = {a®, a, a^, a^} 

j 3 , 2 , , 0 

or = m.„a + m.-a + m.,cr+ m-nO 
j3 }2 jl jO 


Normal Basis = { a ^, a ®, a ®} 

^ m., 0;®+ m.-or^ 

j3 J2 Jl jO 



j3 j2 jl jO 

j 

— 13D 

0000 

0 

0 0 0 1 

1 

0010 

2 

0100 

3 

1000 

4 

0 0 11 

5 

0 110 

6 

1100 

7 

10 11 

8 

0 10 1 

9 

1010 

10 

0 111 

11 

1110 

12 

1111 

13 

110 1 

14 

1 0 0 1 



j 3 j 2 jl jO 

j 

‘—*00 

0 0 0 0 

0 

1111 

1 

10 0 1 

2 

0 0 11 

3 

0 0 0 1 

4 

0 110 

5 

10 10 

6 

0 0 10 

7 

0 111 

8 

110 0 

9 

10 0 0 

10 

0 10 1 

11 

10 11 

12 

0 10 0 

13 

110 1 

14 

1110 








Table G.4: GF(2®) 

Minimal Polynomial: x® + 4- 1 

Standard Basis ={a®, o, a^, a^} Normal Basis = {a, a^, a^, or®, or^®} 

4 3 2 '0il6 8 4 2 

: m..cx + m.-a + m.-a + m., a+ m.„or y=m,,o + m.-a + m.^o + m ., a + m.„a 



m.. 


m.j 

j2 

jl jO 

j 

— tD 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

1 

0 

2 

0 

0 

1 

0 

0 

3 

0 

1 

0 

0 

0 

4 

1 

0 

0 

0 

0 

5 

1 

1 

1 

0 

1 

6 

0 

0 

1 

1 

1 

7 

0 

1 

1 

1 

0 

8 

1 

1 

1 

0 

0 

9 

0 

0 

1 

0 

1 

10 

0 

1 

0 

1 

0 

11 

1 

0 

1 

0 

0 

12 

1 

0 

1 

0 

1 

13 

1 

0 

1 

1 

1 

14 

1 

0 

0 

1 

1 

15 

1 

1 

0 

1 

1 

16 

0 

1 

0 

1 

1 

17 

1 

0 

1 

1 

0 

18 

1 

0 

0 

0 

i 

19 

1 

1 

1 

1 

1 

20 

0 

0 

0 

1 

1 

21 

0 

0 

1 

1 

0 

22 

0 

1 

1 

0 

0 

23 

1 

1 

0 

0 

0 

24 

0 

1 

1 

0 

1 

25 

1 

1 

0 

1 

0 

26 

0 

1 

0 

0 

1 

27 

1 

0 

0 

1 

0 

28 

1 

1 

0 

0 

1 

29 J 

0 

1 

1 

1 

1 

30 

1 

1 

1 

1 

0 



m.. 

3 * 

m.„m.„i 
j3 j2 

m..m.. 
jl jO 

j 

—to 

0 

0 

0 

0 

0 

0 

1 

1 

1 

1 

1 

1 

0 

0 

0 

0 

1 

2 

0 

0 

0 

1 

0 

3 

0 

1 

1 

1 

0 

4 

0 

0 

1 

0 

0 

5 

1 

0 

1 

1 

1 

6 

1 

1 

1 

0 

0 

7 

0 

1 

1 

0 

1 

8 

0 

1 

0 

0 

0 

9 

1 

1 

1 

0 

1 

10 

0 

1 

1 

1 

1 

11 

0 

0 

1 

1 

0 

12 

1 

1 

0 

0 

1 

13 

1 

1 

0 

0 

0 

14 

1 

1 

0 

1 

0 

15 

1 

0 

1 

0 

0 

16 

1 

0 

0 

0 

0 

17 

0 

0 

1 

1 

1 

. 18 

1 

1 

0 

1 

1 

19 

1 

0 

1 

1 

0 

20 

1 

1 

1 

1 

0 

21 

0 

0 

0 

1 

1 

22 

0 

1 

1 

0 

0 

23 

0 

1 

0 

1 

0 

24 

1 

0 

0 

1 

1 

25 

0 

1 

0 

1 

1 

26 

1 

0 

0 

0 

1 

27 

0 

0 

1 

0 

1 

28 

1 

0 

1 

0 

1 

29 

1 

0 

0 

1 

0 

30 

0 

1 

0 

0 

1 









REFERENCES 


1. Ninomiya, I., ’A Theory of Coordinate Representation of Switchinj 
Functions', Memoirs. Fac. Engg. Nagoya Univ., vol.lO, 1958, pp 175—190. 

2. Ninomiya, I., 'A Study of the Structures of Boolean Fimctions and it 
Applications to Synthesis of Switching Circuits', Memoirs. Fac. Engt 
Nagoya Univ., vol.13, 1961, pp 149—363. 

3. Bartee, T.C. and Schneider, D.I., 'Computation with Finite Fields’, Inforn 
Contr., vol.6, 1963, pp 79—98. 

4. Benjauthrit, B. and Reed, I.S., 'Galois Switching Functions and the 
Applications', IEEE Trans. Gomput, vol. C— 25, 1976, pp 78—86. 

5. Benjauthrit, B. and Reed, I.S., 'On the Fundamental Structure of Gale 
Switching Fimctions', IEEE Trans. Gomput., vol. C— 27, No.8, 1978, j 
757-762. 

6. Menger, K.S., Jr., 'A Transform for Logic Networks', IEEE Trans. Gompv 
vol. 0-18, 1969, pp 241-250. 

7. Pradhan, D.K. and Patel, A.M., 'Reed— Muller like Canonic Forms j 
Mxiltivalued Functions', IEEE Trans. Gomput (Gorresp.), 1975, | 
206-210. 

8. Mukhopadhyay, A. and Schmitz, G., 'Minimization of Exclusive— or | 
Logical Elquivalence Switching Circuits', IEEE Trans. Gomput, vol. Or 
1970, pp 132-140. 

9. Pradhan, D.K., 'A Theory of Galois Switching Functions', IEEE Tr 
Gomput, vol. C-27, 1978, pp 239-248. 

10. Takahashi, I., 'Switching Functions Constructed by Galois Extension fii 
Inform. Contr., vol.48, No. 2, 1981, pp 95—108. 



289 


11. Davio, M., Deschamps, J.P and Thayse, A., Discrete and Switching 
Functions, Georgi Publishing Co. and McGraw Hill, Switzerland, 1978. 

12 Siddiqi, M.U. and Sinha, V.P., 'Signals and Systems over Finite Groups and 
Monoids', Proc. Indo—US Workshop on Systems and Signal Processing, 
I.I.Sc., Bangalore, Jan, 1988. 

13. Hurst, S.L., The Logical Processing of Digital Signals, Edward Arnold, 
London, 1978. 

14. Hurst, S.L., Miller, D.M. amd Muzio, J.C., Spectral Techniques tn Digital 
Logic, Academic Press, 1985. 

15. Keirpovsky, M.G., Finite Orthogonal Series in the Design of Digital Devices, 
Halsteeid Press, 1976. 

16. Mukhopadhyay, A. (Ed.), Recent Developments in Switching Theory 
Academic Press, New York, 1971. 

17. Eldwards, C.R., 'The Application of Rademacher-WjJsh Transform ti 
Boolean Function ClassiHcation and Threshold Logic Sjmthesis', lEEi 
Trans. Comput., vol. C— 24, No.l, 1975, pp 48-62. 

18. Mattson, H.F., Jr., and Solomon. G., 'A New Treatment of Bose-Chaudhm 
Codes', J. Soc. Indust. Appl. Math., vol. 9, 1961, pp 654—669. 

19. MacWilliams, F.J. and Sloane, N.J.A., The Theory of Error— Correctii 
Codes, North— Holland, Amsterdam, 1977. 

20. Blahut, R.E., Theory and Practice of Error Control Code 

Addison— Wesley, 1983. 

21. Blahut, R.E., 'Algebraic Codes in the Frequency Domain', CISM Cours 
and Lectures, No. 258, Springer— Verlag, New York. 

22. Kasami, T., Lin, S. and Peterson, W.W., 'New Generalizations of t 

Reed-MuUer codes, Part-I : Primitive Codes', IEEE Trans. Inform. Theo 
vol. IT-14, No.2, 1968, pp 189-205. | 



290 


23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 


Ore, 0., 'Theory of Non Commutative Polynomials', .4nn. of Math., vol34 
1933, pp 480-508. 

Ore, 0., 'On a Sp>ecial Class of Polynomials', Trans. Amer. Math. Soc. 
vol.35, 1933, pp 559-584. 

Ore, 0., 'Contributions to the Theory of Finite Fields', Trans. Amer. Math. 
Soc., vol. 36, 1934, pp 243-274. 

Ore, 0., 'Some Studies on Cyclic Determinants', Duke Math. J., vol. 18, 
1951. pp 343-354. 

Lidl, R. euid Niederreiter, H., Finite Fields, Encyclopedia of Mathematics 
and its applications, vol.20, Cambridge University Press, Cambridge, 1983. 
Berlekamp, E.R., Algebraic Coding Theory, McGraw-Hill, New York, 
1968. 

Peterson, W.W. and Weldon, E.J., Jr., Error-Correcting Codes, 2nd ed., 
M.I.T. Press, Cambridge, Mass., 1972. 

Jamison, R.E., 'Covering Finite Fields with Cosets of Subspaces', J. 
Combinatorial Theory Ser. A, vol. 22, 1977, pp 253—266. 

Siddiqi, M.U., A Study of Permutation-Invariant Linear Systems, 
Ph.D. Thesis, Indian Institute of Technology, Kanpur, India, 1976. 
Madhusudhana, H.S., On Abelian Codes Which are closed under Cyclic 
Shifts, M.Tech. Thesis, Indian Institute of Technology, Kanpur, India, 1986. 
Blake, IF. and MuUin, R.C., An Introduction to Algebraic and 
Combinatorial Coding Theory, Academic Press, New York, 1976. 

Birkhoff, G. and Bartee, T.C., Modem Applied Algebra, McGraw Hill, New 
York, 1970. 

Herstein, IN., Topics in Algebra, Vikas Publishing House, New Delhi, 1976. 
Zariski, O. and Samuel, P., Commutative Algebra, Vol.1, Van Nostrand, 
Princeton NJ, 1958. 



j J 4iJ 


Th 

c 





